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REPRESENTATION OF SOLUTIONS OF A SECOND-ORDER SYSTEM OF TWO DIFFERENCE
EQUATIONS WITH VARIABLE COEFFICIENTS

AHMED GHEZAL* AND IMANE ZEMMOURI

ABSTRACT. A definition of system of two nonlinear difference equations with variable coefficients is given. Our
main result shows that the difference equation is solvable in closed form and thus for the constant coefficients.
Some applications of the main result are also given.

1. INTRODUCTION

The nonlinear difference equations and systems have been considered in a number of papers recently (cf.
in particular [1]- [14] and the references cited therein). However, there are some classical classes of solvable
difference equations and methods for solving them can be found (see, for example, [8], [9], [12], [16], [17],
[18], [19]). In particular, Stevi¢ [15] gave some additional information on the behavior of the solutions of

the following difference equation
Tn-1

—— ,n € Np.
1+xnxn—1, 0

Tnt+1 =

In Clark and Kulenovic [7] investigated the global asymptotic stability and asymptotic behavior of the

following system
Ty

 Yn
a+cynayn+l - b—l—d.’L‘n
Elsayed [8] has got the solutions of the following systems of the difference equations

Tpnyl = NS NO'

Tp—1 Yn—1

—_—_— = ————— neNp.
1+ ypTn_1 rYntl Fl+20Yn-1’ 0

Tp+1 =

Motivated by all above mentioned work, and especially by [8], here we investigate the form of the solutions
of the system of two-dimensional nonlinear difference equations

(11) CnTn—1 CnYn—1

Tn+1 = sy Ynt+1 = —7n€N0'
an + bnynxn—l an + bnxnyn—l

Now, we consider system (1.1) in the case when a ¢,, # 0 for all n € Ny. Noticing that in this case, system
(1.1) can be written in the form

Tp—1 Yn—1

= sYnt1= =N S NO.
an + bnynxnfl an + bnmnynfl

Tn+1 =
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N a ~ b
where @, = — and b, = —, for all n € Ny, we see that we may assume that ¢,, = 1, for all n € Ny. Hence
c c

mn n
we consider, without loss of generality, the system

Tn—1 Yn—1
(1.2) Tpp1 = ———————,Ynt1 = ————, N € Np.
" ap + bpYnTn_1 n+ ap + bpTnYn—1
using the same notation for coefficients as in (1.1) except for the coefficients ¢,,, assuming that ¢, = 1, for

alln € Ny.

2. MAIN RESULTS

Assume that {z,,, y, } is a well-defined solution to system (1.2). In this section, we investigate the solutions
of the two-dimensional system of rational difference equations (1.2). Following the idea in Bastinec et al.
[3], we use a transformation which reduces rational system (1.2) to system of nonhomogeneous linear
difference equations. If we multiply the first equation in system (1.2) by y,,, the second by x,,, and then use
such obtained system to change the variables

1 1
, Uy = , n € Ng.
YnTn—1 TnlYn—1

(2.1) Uy =
the system is, for n € Ny, transform into,

(22) { Up+1 = ApUp + bn

Un41 = ApUn + bn

System (2.2) implies that for n > 1,

(2 3) Un+1 = AnAp—1Un—1 + anbn—l + bn
Un4+1 = Aplp—1Un—1 + anbnfl + bn ’
where values for ug, vg are computed by (2.1) with n = 0. System (2.3) implies that the sequences

(U2n+m) nen, A0 (V2n4m) ,en,, M € {0,1}, are solutions of the system of linear difference equation

2 2 (r=1
Uy = {H a2n—i} U(n—1) + D { 11 a2n—i} ban—r
i=1 i=1

r=1

2 2 r—1
Uop+1 = {H A2n+1— z} u2(n 1)+1 + Z { H A2n+1— z} b2n+1 —r
=1 T:l =1
2 2 ’
Von = H A2p—j U2(n—1) + Z H A2n—i an—r
=1 r=1

T2
Voan+1 = {H A2n 41— 1} V2(n—1)+1 T Z { IT a2ny1- 1} ban+1—r

i=1 r=1 Li=1

where [] a; = 1if r < 1. Thus, we have that the general solution of system (2.2) is

=1
— r—1 2 2
L A2(n—s) }+ Z {51:1 11:[1 2(n—s)— 2} <Z {H as(n—r) z} b2(nr)t>
n—1 (r—=1 2 2
} + { H H (n—s)+1— z} (Z { a2(nr)+1i} b2(nr‘)+1t)
n 2 n—1 rfl 2 2 — = ’
Van = Vo { H H a2(ns)i} + Z H H 2(n s)— z} (Z {H (n—r)— z} b2(nr)t)
c —1 2 ‘ nizl = t—1
Voan4+1 = V1 {5—0 21:[1 a2(ns)+1i} 2 {SHO 7ll_I aQ(n s)+1— 1} ( {H a2 (n—r)+1— z} b2(nr)+1t>
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foralln € Nand m € {0,1}, where Z a; = 0if r < 1. The following theorem gives us the main result for

system of difference equations (2.2).
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Theorem 2.1. Let {un, vy}, be solutions of system (2.2). Then {un},,5, and {vn},,~ are given by the formulas

forn=0,1,..
(2.4)
n—1 — t—1
U2 _UO{H Ha2ns ’L}+Z{H Ha'2ns 2}<Z{Ha2(nr z}b(nr)t>
s=0i=1 r=0 (s=0i= t=1 (i=1
{un},>0 1 u2ns1 = (aovo + bo) ,
n—1 2 n—1 (r—1 2 t—1
X { [1 11 a2(n—s)+1—i} + > { [1 H Ag(n—s)+1— z} (Z { a2(n—r)+1—i} b2(n—r)+l—t)
s=01i=1 r=0 (s=01i= t=1 li=1
and
2.5)
n—1(r=1 2 2 t—1
_UO{H Ha2n s) z}+ Z {H H a2(n—s)—i} (Z{Ha2(71 T)— z}bQ(n r)— t)
s=01i=1 r=0 (s=01i=1 t=1 Li=1
{Un}nzo : Vany1 = (aouo + bo)
n—1 2 2 2 t—1
X { HO H A2(n—s)+1— z} + Z { HO H a2(ns)+1i} (;31 {Hl a2(n7’)+1i} b2(nr)+1t>
s=0i= r=0 \s=0i= =1 li=

Corollary 22. In the constant case, ie., when the coefficients are constants
(an, = aand b, = bfor all n € N), in the Theorem (2.1), the solution (2.4) — (2.5) reduces to

n—1
Uy = upa®” +b(14+a) Y a®
{“n}nzo : =0 n—1 )
Uani1 = (agvo +bo)a® +b(1+a) > a*"
r=0
and
n—1
Von, = v9a*" +b(1+a) > a*"
{Un}nzo : =0 n—1
Vont1 = (agug +bo)a® +b(1+a) 3 a*"
r=0
Now note that from (2.1) we have
Un—1 Un—1
Tp = Tp—2 and Yn = Yn—2,
n n
from which it follows that
U2n—1 V2n—1
Ton = ——T2(n—1) Yan = —Y2(n—-1)
vz?&zn and uz%n , forall n € N.
L2n+1 = T2(n—1)+1 Yon+1 = —Y2(n—-1)+1
V2n+1 U2n+1

On the other hand, we get explicit solutions of system (1.2), for all n € Ny,

n—=1 Yo _1\_ =1 Vo —k)—
$2n_l‘0{H2(n k)l} yzn—yo{HQ(" k)l}
k=0 1112(7;71@) and k=0 iUQ(nfk)
n=h U2(n—k) =L U2(n—k)
ff o ) e

Y2n+1 = Y1
k=0 V2(n—k)+1

Ton+1 = T1
k=0 U2(n—k)+1

Hence we have the following result.

Theorem 2.3. Let {,yn}, > be solutions of system (1.2). Then {x,},~ , and {yn}, , are given by the
formulas forn = 0,1, ...

n—1
Tayn = x0 (ag + bozoy—1)" [1 Ank
(2.6) =0 .
Tont1 = 21 (ag + boyor—1) """ I] B
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and
n n—1
Yon = Yo (a0 + boyor—1)" 1] Ank
k=

(27) Sn—l n—1

Yont+1 = Y—1 (ao + boxoy—1) Il Bk

E=0

where

s=0 1i=1
Angk = n—k—1 2 ’
{ a?(n—k—s)—i} + Dn,k
s=0 =1
n—k—1 2
Ha2(n7k75)7i +Dn,k'
s=0 =1
Buk = —o1 3 ’
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t—1
{H a2(nk:r)1i} b2(nkr)1t> ;
t=1 =1

r=0 s=01i=1
n—k—1 (r—1 2 2 t—1
Dn,k = { H aQ(n—k—s)—i} (Z {H a2(n—k—r)—i} b2(n—k—r)—t> )
r=0 \s=0i=1 t=1 Li=1
n—k—1 (r—1 2 t—1
Enk = {H H a2(n—k—s)+1—i} (Z { a2(n—k—r)+1—i} b2(n—k—r)+1—t> :
r=0 s=01i=1 t=1 \i=1
Corollary 2.4. In the constant case, in the Theorem (2.3), the solution (2.6) — (2.7) reduces to

N 1
Ton = o (ag + bozoy—1)" (02(n+1) +b(1+a) ). a2r)
{xn}nzo : 1 r=1
Tont1 =1 (a+byor_1)" "~
and
" -1
) y2n = vo (a0 + boyor—1)" (az("ﬂ) +b(1+a) a2r>
{y”}nZO . r=1

Yont1 = Y—1 (a + bxoy—l)_n_l

Remark 2.5. In this remark we use the formulae in Theorem 2.3 to get solutions of system (1.1), when ¢,, # 0

for n € Ny. So, we replace sequences (ay,) and (by,)

(a”) and (l),,) .
Cn neNy Cn n€Ny

Remark 2.6. The solutions of the one-dimensional nonlinear rational difference equation

in formulas of Theorem 2.3 with sequences

n€Ng n€Ny

CnTn—1

—  n€Ny
Gp + bnxn'rnfl ’ ’

Tn+1 =
can be obtained from system (1.1) by taking x_; = y_;, i € {0,1}.

Example 2.7. We consider interesting numerical example for the difference equations system (1.1) with the
initial conditions z_; = —2, 7y = —0.6, y_1 = 0.6 and yo = 2. Moreover, choosing the sequences a,, = ¢" !,
b, =In(n+2) and ¢, = n + 3, the system (1.1) can be written as follows:

(n + 3) Tp—1 . (n -+ 3) Yn—1
e +1In(n+2)yprn_1’ Ynt1 = entl +1n(n+2) Tnyn_1’

(28) Tn4+1 =
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n = 0,1, ... The plot of the system (2.8) is shown in Figure 1.

plot of system (2.8)

%nYn
o
\
\

05 b .

Figure 1.This figure shows the solutions of the system (2.8), when we put

the initial conditions x_1 = —2, 29 = —0.6,y_1 = 0.6 and yo = 2.

Example 2.8. We consider interesting numerical example for the difference equations system (1.1) with
the initial conditions x_; = —2, o9 = 0.2, y_1 = —0.2 and yo = —5.4. Moreover, choosing the sequences
an = 0.2, b, = 0.45 and ¢,, = 1, the system (1.1) can be written as follows:

Tn—1 Y _ Yn—1
0.2+ 0.45ynan_1 °" ' T 0.2+ 0.4520yn_1

(29) Tn+l =

n = 0,1, ... The plot of the system (2.9) is shown in Figure 2.

plot of system (2.9)

n
o
T

X

Figure 2. This figure shows the solutions of the system (2.9), when we put

the initial conditions z_; = —2,z9 = 0.2,y_1 = —0.2 and yy = —5.4.
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Corollary 2.9. In this corollary, we summarize the solution of system (1.1) in some particular cases

The case Formulas for well-defined solutions of system (1.1)

¢, =0foralln € Ny Tp =Y =0,neN

n

C2(n—i
cn #0foralln e Ny | z,, =0 for -1 =0 | 22n+1 = 0,y2n —yg{]_[ 2(")“} ,n €N
i=1 @2(n—i)+1

someng €N | g =0 x2n207y2n+1:y—1 HM ,n €N
i=0 @2(n—1)

2 Co(n—i)+1
[[———
i=1 A2(n—i)+1
o C2(n—i)
[I—-
i=0 @2(n—1i)

Yny =0 for Y—1 =0 Ton :{EO{ y Yan+1 :07TL€N

somen; € N|yp=0 Tont1 = T—1 Yan = 0,m €N

Table 1 : Formulas for well-defined solutions of system (1.1) for certain cases.

3. CONCLUSION

In this paper, we have consider the following two nonlinear difference equations with variable coefficients,

CnTn—1 CnYn—1

s Yn+1 = —————/——————, N S No
an + bnynxnfl o an + bnl'nynfl ’ ’

LTn+1 =

where the sequences (a,,), (by), (¢,) and initial values x_;, y_;, i € {0, 1} are non-zero real numbers, for all
n € Ny. We have obtained the explicit form of solutions of the aforementioned system using homogeneous
linear difference equation to variable coefficients associated to the system. In particular, we have also
obtained the closed-form of well-defined solutions of the two-dimensional systems of nonlinear rational
difference equations with constant coefficients. The aforementioned two-dimensional system can extend
to the three (resp. higher)-dimensional system of difference equations which is variable coefficients or
constant coefficients as special cases.
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