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THE SOLUTION EXPRESSIONS AND THE PERIODICITY SOLUTIONS OF SOME NONLINEAR
DISCRETE SYSTEMS

TURKI D. ALHARBI'»2* AND ELSAYED M. ELSAYED?:3

ABSTRACT. The principle purpose of this paper is to investigate the long-term behaviors of some nonlinear sys-
tems of difference equations and obtain these solution expressions and periodicity character. Furthermore, we
use MATLAB programming to simulate the dynamics and confirm our results.

1. INTRODUCTION

This paper discusses the form of the solutions and the periodic solution character of some fractional
difference equations systems

(1 1) Pl = tntnf?y ¢ L= ZnZn—3
nr Zn—2(1 + tntn—?;) T tn—Q(il + ann—ii)

where the initial values z_3, z2_2, 2_1, 20, t—3, t_a2, t_1 and ty are non-zero real numbers.

In the past decades, the theory of discrete dynamical systems consisting of difference equations has been
used to explain natural phenomena that change over discrete time. A large number of studies have ana-
lyzed many real-life problems that occur in population dynamics, genetics in biology, engineering, queuing
problems, electrical networks, physics, economics, etc. Some scientists have recently discussed the long-
term behaviors of nonlinear systems of difference equations when the form of these solutions are difficult
to obtain. For instance, Gumus et al. [12] investigated the qualitative properties of the behavior, such as
local and global stability of the equilibrium points, the existence of unbounded solutions, and periodicity
solutions of the following system

2 2
n—1 Q1051

B+ yun—2 B1+Yitn—2
Din [9] analyzed and obtained the equilibrium points, local asymptotic stability, and global behavior of the

au

Un4+1 = s Un+1 =

equilibrium points of Lotka-Volterra model which is illustrated by the system

By = aTn — 61'nyn Yna1 = 6yn — €XnYn
n—+ 1 + ’Y.’L’n y In+ 1 + T/yn

IDEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, KING ABDULAZIZ UNIVERSITY, JEDDAH, SAUDI ARABIA
2DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE IN AL-LEETH, UMM AL-QURA UNIVERSITY, MAKKAH, SAUDI ARABIA
SDEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, MANSOURA UNIVERSITY, MANSOURA, EGYPT

E-mail addresses: turki—-3001@hotmail.com, emmelsayed@yahoo.com.

Submitted on Nov. 18, 2022.

2020 Mathematics Subject Classification. Primary 54C40, 14E20; Secondary 46E25, 20C20.

Key words and phrases. Difference equation, Recursive sequences, Stability, Periodicity, Boundedness.

*Corresponding author.


https://doi.org/10.28919/cpr-pajm/2-3

Pan-Amer. J. Math. 2 (2023), 3 2

However, obtaining the solution forms of nonlinear systems of difference equations is of great interest
to researchers. Here are some recent studies in [5] the obtained theoretical results have been formed and
verified numerically by Alayachi et al. for the discrete dynamical systems

Xn—3Yn—4 v L= Y7L—3XTL—4
Yn(l +Xn71Yn72Xn73Ynf4) o Xn(]- + Ynlen72Yn73Xn74)

Kara et al. [16] illustrated that the following difference equations system can be solved in closed-form

Xn+1 -

Tp—2Yn—3 Y o Yn—2Tn—3
+1 = .
yn—l(an + bnmn—2yn—3) o mn—l(an + Bnyn—2xn—3)

In [11] El-Dessoky et al. provided the form of solutions and the periodicity character of rational systems of

Tpt1 =

difference equations
Tn —1 Z n o Z n—1 Tn
T, +T, " T X7, + 7,
Touafek et al. [22] investigated the periodic nature and got the solution expressions of the following rational

Tn+1 -

difference equations systems

Tn—3 Yn—3

ot = il Tn—3Yn—1 Pntt = 1+ Yn—3Tn-1 '

For more related studies on systems of non-linear difference equations, we refer the reader to [1-22] and
references cited therein.

2. MAIN RESULTS

2.1. The First System. This subsection discusses the form of solutions of the following system

tntnf?, Znin—3
2.1 z 1= 7t 1=
( ) nr 271—2(1 + tntn—S) nr tn—Q(l + ann—S)

where n = 0,1, 2, ... and the initial conditions are arbitrary nonzero real numbers.

Theorem 2.1. Assume that {z,,t,} are solutions of system (2.1). Then for n > 0, the solutions of system (2.1) can
be formed as follows

n—1

n—1 . .
mp" 1+ (69)ad a™d" 1+ (6i)AD
n— == . 9 t n— - .
#on=3 = gngn—1 (1 + (6i + 3)AD) 6n=3 = gnpn-1 1}) (1 + (6 —|—3)ad)

=0

andne "1:[1 (1 + (6i + 1)AD) g, AnDnC = ( 1+ (6i+ 1)ad )

o2 = D AT (60 1 4)ad and MA\T5(6i+4)AD
_ A"D"™ "1:[1 ( 1+ (6i + 2)ad ) _ a"d"B "1:[1 (1 + (6i + 2)AD)
ot = Tangn LA\T G+ 5)aD) Ot T D LT (60 5)ad
_antign (1 + (6 + 3)AD) _ Artipn ( 1+ (6i+ 3)ad )
“on = Anpn 1+ (6i+6)ad /> " = " anan 1+ (6i + 6)AD

i=0 =0

Antipntl o] ( 1+ (6i+ 4)ad

B artigntt (1 + (60 + 4)AD)
Zon+1 = ard"c(1+ AD)

ten = ;
1+ (60 + 7)AD) PO T A DO (1 + ad) 1+ (6i + 7)ad

i=0 =0

L amtiam ”1:[1 (1 + (6i +5)AD
02 = AnDrb(1 + 2ad)

=0

) . AmDm = ( 1+ (6 + 5)ad )
1+ (6i+8)ad /"""~ andnB(1 + 2AD) 1+ (6i +8)AD

1=0

where zZ_3 = d, Z_9=C, Z_1= b, zZo = a, t_g = D, t_o = C, t_1 = B, and to = A
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Proof. It is clear that for n = 0 the results are true. Now for n > 0, assume the results hold for n — 1 and
they are given as follows

L _Aipn! = ( 1+ (6i)ad ) el ”2< 1+ (6i)AD )
on=9 = T gn—1gn=2 1+ (6i+3)AD/ "=~ An=1pn=2 LA \T 4 (6i + 3)ad
Ll e (1 + (6i + 1)AD) _ Aniprio "lif ( 1+ (6i+ 1)ad )
ot A DU AT (60 + 4)ad /7 72 T an—Tan T 1+ (6i +4)AD
. _ Anmipnlp ? ( 1+ (6i +2)ad ) ' 'BT (1 + (64 + 2)AD>
on=T T T gn—1gn—T 1+ (6i+5)AD/ " "1 = An=1pn=1 LA \T 4 (6i + 5)ad
L and! e (1+(6i+3)AD> _ Arpr! ”2( 1+ (6i+3)ad)
0T At AT 4 (6i+ 6)ad /0 T an—tdn =t L\ 1+ (60 + 6)AD
B B A"D" — ( 1+ (60 +4)ad )
TP gnIdnle(1+ AD) LA \T+ (6i + 7)AD

and" "2 14 (6i+4)AD
ton—5 = 4T pn10(1 + ad) 11) ( 1+ (6i + 7)ad )
B a™d" - + (6 +5)AD
#on—4 = An=1Dn—1p(1  2ad) 1;[ ( 1+ (6i + 8)ad )
B AnD" 21+ (6i + 5)ad
fon—a = an=1d"-1B(1 + 2AD) 11) (1 + (60 + 8)AD)

Now, the first relation will be proven.
After substituting 6n — 3 into system (2.1). We get

g _ ton—aton—7
6n—3 — )
Zen—6(1 + ten—aten—7)
A" D™ Hn—z 1+(6i+5)ad \ a" 'd" " 'B Hn—Q 1+(6i+2)AD
an—1dn—T1B(1+2AD) 11li= 1+(6i1+8)AD ) An—1pn—1 i= 14+ (6i+5)ad

2 _9q =
6n—3 andn—1 Hn—2 L+(6i+3)AD Y (4 L _AD Hn:2 1+(6i+2)AD )
An—1pn—1 lli=0 \ T+(6i+6)ad 11240 Lli=0o \ T3 Girs8)aD

S0,
AD
o 14+(6n—4)AD
Z6n—3 = andn—1 n—2 (1+(6i+3)AD) (1+(6n—4)AD+AD>
1T Lli=0 \ TF6i76)ad 11 (6n—4)AD
Anpr "1—[2 1+ (6i+6)ad
Z6n—3 =
0n=3 7 (andn=1)(1 + (6n — 3)AD 11 157(6i + 3)AD"
Therefore,
Anpr L ( 1+ (6i)ad )
2n—3 = ——— —_ .
T gt LA \T 4 (60 + 3)AD
¢ o Z6n—426n—7
6n—3 — )
ton—6(1 + 26n—426n—7)
A d® Hn—2 (1+(6i+5)AD) An—lpn—1 H ( 1+(6i+2)ad )
An=1Dn=1p(1+42ad) L 14 (6¢+8)ad an—1ldn—1 14+(6i+5)AD

ton_s =
6n—3 AnpDn—1 n—2 ([ 14(6i+3)ad 14+ n=2 (14(6i+2)ad )
an—1gn—1 lli=o \ T¥(6i+6)AD 1+2ad i=0 \ T+ (6i+8)ad
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4
then,
ad
1+(6n—4)ad
ten—3 = — ,
Anpn—1 n—2 ( 1+(6i+3)ad 14+(6n—4)ad+ad
an—1ldn—1 =0 <1+(6i+6)AD> ( 1+(6n—4)ad )
; B a™d" H 1+ (6i+6)AD
0n=3 7 (A D) (1 + (6n — 3)ad 11 15 (6i + 3)ad -
Consequently,
and® 5/ 1+ (6i)AD
ton—3 = = H ( . )
AnDn o M (67 4+ 3)ad
Similarly, we can prove the remaining relations. The proof is complete. g

We simulate the difference equations system (2.1) numerically by using MATLAB programming. Figure
1 shows the behavior of the system under the random values z_3 = 0.4, z_o = —1.5, 2_; =4, zg = 1,
t,:_), = 2, t_o = —1.3, t_1 = 5and to = 0.5.

Plot of The First System

z(n)
t{n}
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FIGURE 1. The Dynamics of The Solution of The System (2.1)

2.2. The Second System. In this subsection, we provide the solution expression and periodic solutions of
period six for the following system.

tntn—S ZnZn—3
(2.2) Znt1 = ylnt1 =
mt Zn72(]- + tntnfi”) i tn72(]~ - ann73)

where n = 0,1, 2, ... and the initial conditions are arbitrary nonzero real numbers.

Theorem 2.2. Let {z,,t,} be solutions of the system of non-linear difference equations (2.2). Then forn =0,1,2, ..,
the solutions of system (2.2) can be formed as follows

A"D" a™d"®

n—3 = , ten—3 =
#on=3 = gngn=1(1 + AD)n * " T AnDn—1(1 _ ad)"
adc(1 + AD)" A"D"C(1 — ad)”
Z6n—2 = AnDn sy len—3 — ardn
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_ Ay @B
Fon-1 = ngn(1+ AD)n " LT AnDn(1 — ad)n
a1+ AD)Y AMHIDR(L - ad)®
Z6n = An Dn s ton = andn
B A7),+1Dn+1 ; B a7),+1dn+1
ot = gndne(1+ AD)n 1 O T An D1 — adyn i

an+1dn+1(1 + AD)n An+1Dn+1(1 _ ad)n
Z6n+2 = AnDnb y ten+2 = and" B

Proof. The results are true for n = 0. Now for n > 0, assume the results hold for n — 1 and they are given as

follows An-1pn—1 an—1gn—1
n—9 — s ton—9 =
Z6n—9 an—1dn—2(1+ AD)"1 6n—9 An=1Dn=2(1 — ad)n~1
anfldnflc(]_ + AD)nfl Anlenflc(]_ _ ad)nfl
26n—8 = ton—s =
An—1pn—1 ’ an—1dn—1
_ An—an—lb . _ an—ldn—lB
Z6n—7 = a"ildnfl(l + AD)"71 y ben—7 — Anlen—l(l _ ad)nfl
a"d"=1(1 + AD)"~! APDP (1 — ad)n!
Z6n—6 — An—1pn—1 ) Ln—6 = qn—1dn—1
A D" a™dm
26n—5 = , ten—s5 =
a"=1dn—1c(1 + AD)" A=1Dn=10(1 — ad)"
ad™(1 + AD)™! APD"(1 — ad)*
Z6n—4 = An—1pDn—1p » on—4 = an—1drn—1B

Now, we prove the first relation.
Substituting 6n — 3 into system (2.2). We get

ton—aten—7
Zon—6(1 + ten—aten—7)

26n—3 =

A"D"(l—ad)"71 a”~1dgr—1B
anfldnle A‘n,—an—l(liad)n—l
a7zd1L—1(1+AD)1L—1 1 AnDn(l_ad)n—l an—1ldn—1B )
An—1pn—1 + an—ldn—-1RB A"'_lD"_l(lfad)”_l

Z6n—3 =

thus,
AD

andn—l(lJrAD)n—l (1 N AD) .

Z6n—3 =
An—T1pn—1

Therefore,
AnD"

Z6n—3 = ad (14 AD)"

Z26n—426n—"T
b
ton—6(1 + Z6n—426n-7)

ton—3 =

a™d"(1+AD)" " A" D"
An—an—lb anfldn—l(lJrAD)n—l
A"D"_l(l—ad)"_l a"d"(1+AD)"_1 An—1pn—1yp )
qn—1gn—1 ]- + An—1pn—1p a"*ld“*1(1+AD)”’1

ton—3 =

so,
ad

AnDr—l(14ad)n—1 (1 —|—ad) '

an—1ldn—1

ton—3 =
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Hence,
t _ aTL d?’l
=37 AnDn=1(1 + ad)"
Following the same approach, we can verify the other forms. The proof is complete. O

Theorem 2.3. The system of non-linear difference equation (2.2) has a periodic solution of period six iff AD = —
ad = 2 and it will take the following form

—AD ad —AD ad
{zn} ={d,c,b,a,—— bdcba ; 7b7...},
—ad AD —ad AD
{t}f{DC’BAC,BDCBAC,B .}
Proof. Suppose that a prime period six solution exists
—AD ad AD ad
{zn} ={d,c,b,a, —— p bdcba - by
—ad AD ad AD
{t}—{DCBAC BDCBAC,B -}
of system (2.2). Then, we can recognize from the form of the solution of system (2.2) that
A" D™ a™d"

= D =
ard"—1(1 + AD)" A"D"1(1 — ad)"

adc(1+ AD)" A"D"C(1 — ad)”

An Dn ’ C= a™dn
B A" D™p B ard™B
~andr(14+AD)» T AnD(1 — ad)"
a1+ AD) A1 ad)"
An Dn ’ - andn
—AD Antlpntl —ad antigntt

c  ardve(l+ AD)ynt1 O ~ A"DnC(1 — ad)nt
ad a1+ AD)"  AD  A"HIDMH(1— ad)

b AnDnb "B and"B
So,
AD = -2, ad =2.
Then, assmue that AD = —2, ad = 2. Consequently, we see from the form of solution of system (2.2) that

Zén—3 — d y tﬁn_g =D

Z6n—2 = C, ten—3 =C

Zen—1 = b, ten—1 = B

Zen = @, ten = A

—-AD —ad
Zont1 =~ lon1 = —5—
ad AD

Zent2 = 7 tonto = 5

Therefore, we have a periodic solution of period six. The proof is complete.
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The following figures are confirmed our theoretical results numerically by simulating the system (2.2).

Figure (2) illustrates the behavior of the system when the initial values are z_3 = 1, z2_ = —0.5, 21 = 2,
z0=23,t_3=4,1_9=—-11,t_1 =4 and ¢, = —0.5. While figure (3), displays that the solution is periodic
of period six when the initial conditions are z_3 = 4, 2o = =5, 2.1 =7, 20 = 0.5, t_3 = 4, t_9 = =9,

t_1 =3 and tg = —0.5. And it is clear that the initial values satisfied the condition of Theorem (2.3).

Plot of The second System
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FIGURE 2. The Dynamics of The Solution of The System (2.2)

Plot of The second System
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FIGURE 3. The Dynamics of The Solution of The System (2.2)

2.3. The Third System. In this part, the solution expressions is explored. Moreover, we illustrate the peri-

odicity character of the following system

tntn—3

2.3)

Zn+1 —

ZnZn—3

t =
Zn—2(1 + tntn—?)) N tn—2(_1 - ann—3)
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where n = 0,1, 2, ... and the initial conditions are arbitrary nonzero real numbers.

Theorem 2.4. Assume that {z,,t,} are solutions of the system (2.3). Then for n = 0,1,2,3,.. the solutions of

system (2.3) can be formed as follows
A2 D2n

Zl?n—S = a2nd2n_1(1 + AD)Q,,L Y t12n—3 =
a2nd2nc(1+AD)2n
212n—2 = A2nD2n » U12n—2 =
AQnDan

Z12p—1 = 22 (—1— AD)2" lign—1 =

a2n+1d2n(1 + AD)Qn

(—1)"a®"d?*(~1 — 2AD)"

A D2n=1(—1 + ad)™(—1 — ad)”

A2 D C(~1 — ad)™(~1 + ad)"

(—1)ma2nd2n(—1 — 2AD)"

(—1)"a?"d®" B(—1 — 2AD)"
A2n D20 (—1 + ad)"(—1 — ad)"

_ATIDE (1 — ad)"(—1 + ad)”

Z12n = 12n —

A2nD2n ?

A2n+1 D2n+1

(—1)na2nd2n(—1 — 2AD)"
(71)na2n+1d2n+1(71 _ QAD)TL

n = Y t n =
AL = pnc(1 + ADY2nL 0 2T Qo DanC (1 1 ad)n(—1 — ad)"

a2n+1d2n+1 (_1 _ AD)2n

Zi2ny2 = A% D2 y tionge =
A2n+1D2n+1
Z12n43 = Z 2 (1 ¢ AD)R tionys =
a2n+1d2n+16(1+AD)2n+1
Z12n+4 = A2n+12n+l ) U2n4+4 =
A2ntlp2ntly

Z12n45 = Q2R (] — ADy2n 1 lignys =

a2n+2d2n+1 (1 _|_ AD)2n+1

Z12n46 = A2nt1 p2nil y tionte =
A2n+2D2n+2
Zl2n+7 = —a2"+1d2n+lc(1 + AD)2n+2 9 t12n+7 =
a2n+2d2n+2(_1 _ AD)Qn-i—l
Z12n+8 = tionts =

A2n+lD2n+1b )

A2n+1D2n+1(_1 _ ad)"(—l + ad)n
(=1)na?rd?"B(—1 — 2AD)"+1

(_1)n+1a2n+1d2n+1(_1 _ 2AD)7L
A2nH1D20(Z1 + ad)" 1 (—1 — ad)”

A2n+1D2n+IC(71 _ ad)n+1(71 + ad)n

(—=1)na2r+1g2n+1(—1 — 2AD)"

(=1)na2nt1g2nt1B(—1 — 24D)"+!
A2t D20+ 1 (1 + ad)n(—1 — ad)"

A 2pAntl(—1 — ad)"(—1 + ad)"**
(—1)ntlg2n+ig2ntl(—1 — 2AD)n+1

(71)n+1a2n+2d2n+2(71 _ 2AD)n

A2n+1D2n+1C(_1 + ad)n+1(_1 _ ad)n-i—l

A2n+2D2n+2(_1 _ ad)n+1(_1 + ad)"
(_1)na2n+1d2n+1B(_1 _ 2AD)n+1

Proof. The results are true for n = 0. Now for n > 0, assume the results hold for n — 1 and they are given as

follows
A?n—2D2n—2
Z12n—15 = 2223 (1 4 AD)P 2 lizn—15 =
a2n72d2n72c(1+AD)2n72
Z12n—14 = Aon 2 )an 2 » tioan—14 =
A2n—2D2n—2b

212n-13 = 2P — ADy2n 2 ti2n—13 =

a2n71d2n72(1 + AD)2n72
A2n72D2n72

Z12n—12 =

A2n71D2n71

Z1on—11 = 22 20(1 + AD)2n 1 lign—11 =

, tlon—12 =

(_1)n—la2n—2d2n—2(_1 _ 2AD)n—1
A2n—2D2n—3(_1 + a/d)n—l(_l _ ad)n—l

A2n72D2nf2C(_1 _ ad)”*l(—]_ + ad)"fl
(_1)n—1a2n—2d2n—2(_1 — QAD)”_1

(_1)n—1a2n—2d2n—23(_1 _ 2AD>n—1
A2n72D2n72(71 + ad)”*l(—l _ ad)nfl

A2n71D2n72(_1 _ ad)nfl(_l + ad)nfl
(_1)n71a2n72d2n72(_1 _ 2AD)TL71

(_1)n71a2n71d2n71(_1 _ 2AD)”71
A2n—2D2n—20(_1 + ad)n—l(_l _ ad)n
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a2n—1d2n—1(_1 _ AD)Qn—Q A2n—1D2n—1(_1 _ ad)n—l(_l + ad)n—l
Z12n-10 = , tiap—10 =
,A2n72D2n72b (71)”71(12”72612”72.3(71 _ QAD)n
A2n71D2n71 (_l)na2n71d2n71(_1 _ 2AD)”71
Zn-9 = —a2n1d2n—2(1 + AD)2n- 1’ tizn—9 = A2n-1D20-2(_1 + qd)"(—1 — ad)" !
a2n71d2n710(1 + AD)2n71 A2n71D2nflc(71 _ ad)”(fl + ad)nfl
#12n—8 = A2n—1)2n—1 » tian—8 = (=1)r—1g2n—1q2n—1(—1 — 2AD)"~1
B - A2n—1D2n—1b . B (_1)n—1a2n—1d2n—lB(_1 _ 2AD)n
12n-7 = a2n=1g2n—1(—1 — AD)2n—1’ 12n—-7 = A2n=1D2n=1(_1 1 qd)"~1(—1 — ad)"
a2nd2n—1(1 + AD)2n—1 A27LD2n—1(_1 _ ad)n—l(_l + ad)n
F12n-6 = A2n—1p2n—1 » hizp—¢ = (—1)"a2n—1@2n—1(—1 — 2AD)"
AQnD2n (_l)na2nd2n(_1 _ QAD)H—l
212n—5 = o a1 » tion—s5 = - -
—a?n=1d?n=1¢(1 4 AD)?*" An=1D2n=1C0(—1 + ad)™ (-1 — ad)"
a®"d*" (-1 — AD)*1 AD?(—1 — ad)™ (=1 + ad)™ !
Z12n—4 = tion—q4 = .
A2n—1D2n—1b ’ (_1)n—1a2n—1d2n—1B(_1 _ 2AD)n

We prove the first form.
Substituting 12n — 3 into the system of difference equations (2.3). We get

t1on—ati2n—7
z12n—6(1 + t12n—at12n—7)

212n—-3 =

A"D2 (1 _aqd)"(—14ad)" ' (—1)""1a2" 142"~ 1B(-1-2AD)"
(_1)n—1a271—1d2n—1B(_l_QAD)n A2n—1D2n—1(_1+ad)n—1(_1_ad)n

%12n—-3 = 2ng2n—1 n—1 )
a2ndz2n 1+AD)2n
A?n—(lD2n72 (1 + AD)
so,
AD
Z12n—-3 = ~snosnT — .
a2nd2n 1+AD 2n—1
AQn—(lDZn—% (1 + AD)
Consequently,
AQnDQn
212n—3 = .
n a2nd2n71(1+AD)2n
" - 212n—4212n—7
12n—-3 — )
t1on—6(—1 — ti2n—atio2n—7)
a2nd2n(_1_AD)2n—1 A27171D2n71b
AQ‘n,—lD2n—1b a2n—1d2n—l(717AD)2n—l
t12n—3 - A2nD2n—1(_1—qd)"—1(—14ad)” (71 _ ad)
(_1)7L(12n—1d2n—1(_1_2AD)7L
then,
; ad
12n—-3 = A2nD2n—1(—1—qad)"— 1 (—1+ad)" (_1 _ ad) .
(_1)n,a2n—ld2n—l(_1_2AD)TL
Therefore,

. B (_1)na2nd2n(_1 _ 2AD)”
12n—-3 — A2”D2"_1(—1 _ ad)"(—l + ad)n .

The proof is completed .
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Theorem 2.5. The system of non-linear difference equation (2.3) has a periodic solution of period twelve iff AD = —2,
ad = 2 and it will take the following form

—AD —ad AD AD —ad
{ZTL}:{dac7bva’a c 7777,8,_17,@,?,7...},

d _AD  —ad A —ad _ AD
{tn} = {D’CvaA» C(:ifad)’ B(-1_24D)’ =% —C(=1—ad), B, (—1-24D)> (713[1(1)»?7 }

Proof. Suppose that a prime period twelve solution exists

—AD —ad AD

AD —ad
{ZTL} = {da &) ba a, ) a*
&

—b,a, —
b i a 7C7 7a’ c ) b }7

ad —AD —ad A —ad  AD
{tn} = {D’anAv C(—1—ad)’ B(—1—2AD)’ A > —C(-1- ad),B, (=1—2AD)’ (—1—ad)’ B>’ }

of the system (2.3). Then, we see from the solution’s form of system (2.3) that

. A2nD2n - (_l)na2nd2n(_1 _ 2AD)n
B a2nd?n=1(14 AD)2n’ - AnD2n=1(_1 + ad)"(—1 — ad)"
B a**d*"c(1 + AD)*" C— ADMC(~1 — ad)"(—1 + ad)™
- A2n )2n ’ - (_1)na2nd2n(_1 _ QAD)n
. A2n p2ny, p_ (F)a’ndB(-1 - 24D)"
- a2nd2n(_1 _ AD)Qn ) - A271,D2n(_1 + ad)n(_l _ ad)n
@@ (14 AD)? AZID2 (1 — ad)(—1 + ad)"
- A2n D2n T (—1)na2nd?n(—1 — 2AD)"
—AD B A2n+1D2n+1 ad B (_1)na2n+1d2n+1(_1 _ QAD)TL
c  a?nd?c(l+ AD)2v+1 ) O(—1—ad)  A2nD2nC(—1+ ad)"(—1 — ad)"+1
—ad - a2n+1d2n+1(_1 _ AD)Qn —_AD _ A2n+1D2n+1(_1 _ a,d)n(—l + ad)n
b —A2nD2np " B(—1-2AD)  (=1)"a?d?"B(—1 — 2AD)n+1
A7D B A2n+1D2n+1 —ad B (_1)n+1a2n+1d2n+1(_1 _ 2AD)’!L
a  —a? (14 AD)HL T T AT AZHID20(Z1 + qd)ntl(—1 — ad)”
B a2n+1d2n+1c(1+AD)2n+1 C . d _ A2n+1D2n+1c(71 7ad)n+1(71+ad)n
€= A2n+1D2ntl , —C(-1-ad) = (—1)ma2n+1@2n+1(—1 — 2AD)"
e A2n+1D2n+1b _ (71)na2n+1d2n+lB(71 _ 2AD)n+1
- a2n+1d2n+1(_1 _ AD)Qn-i—l ’ - A2n+1D2n+1(_1 + ad)n(_l _ ad)n+1
_ a2n+2d2n+1(1 —I—AD)2n+1 A _ A2n+2D2n+1(_1 _ ad)”(—l +ad)n+1
- A2n+12n+1 ’ (_1 _ 2AD) - (_1)n+1a2n+1d2n+1(_1 _ 2AD)7L+1
AD B A2n+2D2n+2 —ad B (_1)n+1a2n+2d2n+2(_1 _ 2AD)n
¢ —a2i@ntlc(l+ AD)2A2 0 (—1—ad)  AZHLD20HIC0(—1 + ad)" T (—1 — ad)n

—ad a2n+2d2n+2(71 _ AD)2n+1 A7D B A2n+2D2n+2(71 _ ad)n+1(71 + ad)n

b A2n+1D2n+1p B (_1)na2n+1d2n+lB(_1 _ QAD)TH-l

So,
AD = -2, ad=2.
Then, suppose that AD = —2, ad = 2. Thus, we see from the form of the solution of system(2.3) that

21on—3 = d , tigp—3 =D



Pan-Amer. J. Math. 2 (2023), 3 11

Zign—2 =¢C, tiogp_2 =C

Z12n-1=0b, tigpn-1 =B

Ziogn =a, tion = A

_ —AD . B ad
S C(—1—ad)
—ad —AD
212n+4+2 = b tion+2 = m
_AD ; _ —ad
212n+43 = a sy U12n+43 — A
Z12n+4 = C, tiznpa = —C(=1 — ad)
Z12n45 = —b, tiznys = B
A
Z12n46 = @ , t12n46 = m
_AD ; _ —ad
212n+7 = c 12n+7 = (_1 — ad)
—ad ; AD
21248 = —— , t12p48 = ——.
12n+8 b 12n+8 I
Therefore, we have a periodic solution of period twelve. The proof is complete. O

Now, our results of the system (2.3) are verified numerically. In figure (4), the behavior represents the
dynamics of the system when the initial values are z_3 = 1, z_5 = —0.5, 2_1 = 2, zp = 2.4, t_3 = 4,
t_o=-1.1,t_; =4and t, = —0.5. Figure (5) confirms that the solution is periodic of period twelve when
Theorem 2.5 is satisfied and the initial valuesare z_3 = 4,2 o= —5,2_1=7,20 = 05,t_3 = 1,t_o = —1,
t_1=4and ty = —2.

2.4. The Fourth System. In this part, the solution’s form and the periodicity character are investigated for
the following system

tntn73 ZnZn—3
24 z = ’t =
( ) . Zn—2(1 + tntn—l}) s tn—Q(*l + ann—?))

where n = 0,1, 2, ... and the initial conditions are arbitrary nonzero real numbers.

Theorem 2.6. Suppose that {z,,t,} are solutions of the system (2.4). Then for n = 0,1,2,3, .. the solutions of
system (2.4) can be formed as follows
AQnDZn(2ad _ 1)n CL2nd2n
F12n=3 = o on 1 n n’ tizn-3 = 2n H)2n—1 2n
a?nd (AD —1)"(AD +1) A2nD (ad — 1)

a?nd?>"c(AD — 1)"(AD + 1)" A2 D2 C(ad — 1)2"
Z12n—2 = , tion—2 =
AQnD2n(2ad _ 1)n a2nd2n
A2"D?p(2ad — 1) a?"d*" B
212n—1 =

ton_1 =
a2nd2n(AD _ 1)'IL(AD + 1)n » Y12n—1 A2nD2n(ad _ 1)2n
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Plot of The Third System
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FIGURE 4. The Dynamics of The Solution of The System (2.3)

Plot of The Third System
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FIGURE 5. The Dynamics of The Solution of The System (2.3)

Z12n =

Z12n+1 =

Z12n4+2 =

Z12n43 =

a2n+1d2n(AD_1)n(AD+1)n _
A2nD2n(2ad — 1)" P
A2n+1D2n+1(2ad _ l)n
2n J2n n T 0 ti2ntl
a?rd®c¢(AD —1)"(AD + 1)
a2 1@+ (AD — 1)"(AD + 1)" B
A2nD2p(2ad — 1)+ » honte =
A2n+1D2n+1(2ad _ 1)n :
a2n+1d2n(AD _ 1)”+1(AD + 1)n s V12n+3

A2n+1D2n(ad _ 1)2n
a2nd2n

a2n+1 d2n+1

~ A2D2n(C(ad — 1)20+]

_A2n+1D2n+1(ad _ 1)2n

a2nd2nB

a2n+1 d2n+1

= —A2n+1D2n(qd — )20t
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a2n+1d2n+lc(AD _ 1>7L(AD + 1>n+1 A2n+1D2n+10(ad _ 1)2n+1
Z12n4+4 = A1 Dt (2 s tonga = B
n n ad _ l)n a n+1d2n+1
A2n+1D2n+1b(2ad _ 1)n+1 _a2n+1d2n+lB
Z12n45 = y tignts =
a2n+1d2n+1(AD _ 1)n(AD + 1)n+1 A2n+1D2n+l(ad _ 1)2n+1
a2n+2d2n+l(AD _ 1>n+1(AD + 1)n A2n+2D2n+1 (ad _ 1)2n+1
Z12n46 = Az D22 I » tiante = o
n n ad — 1)n+ a?n+1q2n+t
A2n+2D2n+2 (26Ld _ 1)n _a2n+2d2n+2

Z12n+7 = a2t 1@2nt1e(AD — 1)"TL(AD + 1)+l tionyr = A2+ D2n+1C (qd — 1)2n+2

a2n+2d2n+2(AD _ 1)”(AD + 1)n+1 _A2n+2D2n+2(ad _ 1)2n+1
A2n1D2nF1p(2ad — 1)ntl ) 12048 = a2ntlgen+lp

212n+8 =

Proof. The results are true for n = 0. Now for n > 0, assume the results hold for n» — 1 and they are given as
follows

B A2n72D2n72(2ad _ 1)n71 B a2n72d2n72
A28 = B2 2n=3(AD — 1)n—1(AD 4 L)n—1° trzn—15 = A2n—2D2n=3(qd _ 1)2n—2
a2n—2d2n—2c(AD _ 1)n—1(AD + 1)71,—1 A2n—2D2n—2c(ad _ 1)2n—2
Fl2n—14 = A2n—2D2n=2(2q — 1)n—1 » tan—14 = q2n—22n—2
A2n—2D2n—2b(2ad _ 1)n—1 a2n—2d2n—2B
F12n-13 = a2 —2q2n—2(AD — 1) 1(AD + 1)»—1’ tizn—13 = A2n—2D2n-2(qq — 1)2n-2
a2n—1d2n—2(AD _ 1)7L—1(AD + 1)n—1 AQn—lDQn—Q(ad _ 1)2n—2
Fl2n—12 = A2n—2D2n-2(2qd — 1)n-1 s tian—12 = q2n—2g2n—2
A2n—1D2n—1(2ad _ 1)n—1 a2n—ld2n—l
Z12n—11 = ~5—5 7373 - » tian—11 = — - -
a2n d n C(AD _ 1)n 1(AD + 1)71 A2n 2D2n QC(ad _ 1)277, 1
a2n71d2n71(AD _ l)nfl(AD + 1)7171 _A2n71D2n71(ad _ 1)2n72
Z12n—10 = , tign—10 =
AQn—2D2n—2b(2ad _ 1)71, a2n—2d2n—2B
A2n71D2n71(2ad _ 1)n71 a2n71d2n71
Z12n—9 = tion—9 =
a2n—1d2n—2(AD _ l)n(AD _|_ 1)n—1 ’ _A27L—1D2n—2(ad _ 1)2n—1
a2n71d2nflc(AD _ 1)n71(AD + 1)n A2n71D2n710(ad _ 1)2n71
F12n-8 = A2n—1D2n-1 (24 — 1)n—1 » M2n—8 = 2n—lg2n—1
A2n71D2n71b(2ad _ l)n 7a2n71d2nle
Z12n-7 = tion—7 =
a2n—1d2n—1(AD _ 1)n—1(AD + 1)n ’ A2n—1D2n—1(ad _ 1)2n—1
a2nd2n71(AD_ l)n(AD_Fl)nfl A2nD2n71(ad_ 1)27171
“12n—6 = A2n—1D2n—1(2qd — 1)" » M2n—6 = a2n—1g2n—1
A2nD2n(2ad_ 1)n—1 _a2nd2n
Z12n—5 = , tign—5 =
a?=1d@2"=1¢(AD — 1)*(AD + 1)" A2n=1D20=1C(ad — 1)2"
a2nd2n(AD _ l)n_l(AD + 1)77, _A2nD2n(ad _ 1)2n—1
P — t1on—4 =
A2n71D2n71b(2ad _ ]_)n ? a2n—142n—-1R

Now, we verify the first form.
Substituting 12n — 3 into the system of difference equations (2.4). We get

t1on—at12n—7

Z12n—3 = »
Z12n-6(1 + tian—ation—7)
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_A2nD2n(ad_1)2n—l 7a2ﬂ'_1d2n_1B
a2n—1g2n—1pR AZn—lD2n—1(ad_1)2n—1
%12n—-3 = a2nd?n—1(AD—1)"(AD+1)"—1 1+ AD
A27171D2n71(2ad71)n ( + )

that is,
AD
212n—-3 = 2ng2n—1(AD—1)n(AD+F1)n—1 :
e A2n—1D2n—1(2ad_1)n (1 +AD)

Thus,
B A2nD2n(2ad _ 1)”
Z12n-3 = a?rd®—1(AD — 1)"(AD + 1)»’

a?"d®" (AD—1)""'(AD+1)" An=lp2n—lpi9q 1)n
AZn—lDZn—lb(Qad_l)n a2"*1d2"*1(AD—1)"*1(AD+1)"

tion—3 =
A2n D2n—1(gd—1)2n—1 )
a2n—1(d2n—l) (_1 + Cld)

S0,
ad

tion—3 =
A2npD2n—1(gqd—1)2n—1 )
a2n71(d2n71) (_1 + ad)

Therefore,
a2n d2n

AQnDQn—l(ad _ 1)2n :
Similarly, we can prove the other forms. The proof is completed. O

tion—3 =

Theorem 2.7. The system of non-linear difference equations (5) has a periodic solution of period twelve iff AD = —2,
ad = 2 and it will take the following form

_ —AD __ad AD —~AD ad
{zn} = {d’ ¢,a, =07, j@ad=1)» atap-1)» & 0(20d = 1), &, Gap = (ADFT) Bzad=T) v}

—_ ad —AD —ad ad AD
{tn}_{D7oaBaA7ﬁ7T7 A 7_C7B7_A765?7"'7}

Proof. (We leave this proof to readers and it can be proven by using the same approach as Theorem 2.5) [

We simulate the non-linear difference equations system (2.4) numerically. Figure (6) shows the dynamics
of the system when the initial values are z_3 = 1, 2o = —0.5, 21 = 3, 20 = 24, t_3 = 4,t_o = —1.3,
t_1 = 5and ¢ty = —0.5. In figure (6), the behaviour of the system is periodic of period twelve when the
initial valuesare z_3=1,2_9 = —0.5,2_1 =3,20 =2, t_3 =4,t_o = —1.3,t_; = 5and t; = —0.5.
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FIGURE 6. The Dynamics of The Solution of The System(2.4)
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FIGURE 7. The Dynamics of The Solution of The SysThe tem (2.4)
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