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ON RESTRAINED HOP ROMAN DOMINATION IN GRAPHS

LEOMARICH E. CASINILLO

ABSTRACT. Let G = (V(G), E(G)) be a graph of order n € N and let f : V(G) — {0, 1,2} be a hop Roman
dominating function (HRDF) on G. For each j € {0,1,2},1let V; = {y € V(G) : f(y) = j}. Then f can be written
as f = (Vo, V1, V2). A function f is a restrained hop Roman dominating function (RHRDF) on G provided that for
every v € Vp, there exists u € Vp \ {v}, and w € V5 such that dg(u,v) = 1 and dg (v, w) = 2. The weight
of RHRDF f denoted by wiiE(f) is the sum w'E(f) = Ywev(a) f(@), thatis, wIPBR(f) = |[Vi| + 2|Va|. The
restrained hop Roman domination number of a graph G denoted by 7, r(G) is the minimum weight of an RHRDF
on G, that is, v,pr(G) = min{wahp“( f) : fis an RHRDF on G}. Every RHRDF f on G with the restriction
wEhR( ) = %nr(G) is called a 7, g-function on G. This paper introduces the concept of restrained hop Roman
domination in graphs as a new restricted parameter and discusses some important theoretical properties.

1. INTRODUCTION

Domination in graphs seeks the minimum number of dominating vertices that guard all other vertices
(the non-dominating set) in a graph [11]. Some interesting studies on domination in graphs can be found in
the following references: [2-6,8,9,16]. In 2004, Roman domination was introduced by Cockayne et al. [10],
becoming a fascinating restricted parameter in graph domination theory. The concept of Roman domination
involves a labeling technique that is based on military defense strategies to protect a region using legions of
soldiers during the reign of Roman Emperor Constantine the Great. Currently, hop Roman domination is
extensively studied by several graph theorists and combinatorics enthusiasts, and some interesting papers
can be found in [1,7,15,17]. Meanwhile, another motivating domination parameter is the restrained domi-
nating set problem in graphs, a variation that requires connectivity among some non-dominating vertices;
that is, no isolated non-dominating vertex exists [12]. In this paper, the author is interested in combining
the two parameters, namely hop Roman domination and restrained domination, to come up with a new
restricted and stronger parameter called the restrained hop Roman dominating function in graphs. The
new parameter can be used as a baseline for some graph theorists for their further studies.

2. PRELIMINARIES

Let G = (V(G), E(G)) be a graph where V(G) is a set of vertices in G and E(G) is a set of edges in G.
Let v € V(G). The set NZ(v) = {u € V(G) : degg(u,v) = 2} is so-called the open hop-neighborhood of v and
each element of the set N (v) is so-called hop-neigbor of v in G. In addition, the close hop-neighborhood of v
denoted by NZ[v] is defined as NZ[v] = N&(v)U{v}. Let D C V(G). Then D is called a dominating set of G if
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every vertex in V(G)\ D is adjacent to some vertex in D [14]. The smallest cardinality of a dominating set D
is the so-called domination number on G denoted by 7(G). Every dominating set D satisfying the condition
|D| = v(G) is called a y-set on G. A dominating set R C V(G) is called a restrained dominating set of G if
every vertex in V(@) \ R is adjacent to a vertex v € R and another vertex u € V(G) \ R [12]. The smallest
cardinality of a restrained dominating set of G is the so-called restrained domination number, denoted by
~r(G). A restrained dominating set of cardinality +,(G) is called +,-set in G. Let D;, C V(G). Then D,
is so-called a hop dominating set of G if for every v € V(G) \ Dy, there exists u € Dy, such that v € NZ(u).
The smallest cardinality of a hop dominating set D), is the so-called hop domination number of G, denoted by
71 (G) [15]. A hop dominating set D), satisfying the condition |Dy,| = v,(G) is so-called a y,-set on G. Let
R), be a subset of V(G). Then Ry, is so-called a restrained hop dominating set of G if for every v € V(G) \ Ry,
there exists u € Ry, and w € V(G) \ (Ry, U {v}) such that dg(u,v) = 2 and dg (v, w) = 1. The restrained hop
domination number of G is the smallest cardinality of R, on G and is denoted by ~,1,(G). A restrained hop
dominating set Ry, is called 7,,-set on G provided that |Ry| = 7,1 (G).

Let f : V(G) — {0,1,2} be a function on G and let Vj = {z € V(G) : f(z) = 0}, Vi = {z € V(G) :
f(z) =1}, and V5 = {z € V(G) : f(z) = 2}. Then the function f can be written as f = (Vp, V1, V2). A
function f = (Vp, V1, V2) is so-called a hop Roman dominating function (HRDF) on G if for every v € Vj, there
exists y € Va such that v € NZ(u) [17]. The weight of an HRDF f is denoted by w2 (f) and is defined as
WhE(f) = >zevic) [ (2) = [Vi|+2[Va|. The hop Roman domination number of graph G is the minimum weight
of an HRDF f on G, denoted by 7,z (G). In that case, we have v,z (G) = min{wlE(f) : f is an HRDF on G}.
Every HRDF f on G with w2 (f) = v4r(G) is so-called a 7j,g-function on G. A function f = (Vp, V4, Va)
is a restrained hop Roman dominating function (RHRDF) on G if for every v € V,, there exists u € V5 and
w € Vo \ {v} such that dg(u,v) = 2 and dg(w,v) = 1. The weight of RHRDF f denoted by wi(f) is
the sum W' (f) = >uev(c) f(u), thatis, Wi B(f) = |Vi| + 2|Va|. The restrained hop Roman domination
number of a graph G denoted by ~,,z(G) is the minimum weight of an RHRDF on G, that is, y,,r(G) =
min{wiB(f) : f is an RHRDF on G}. In that case, any RHRDF f on graph G with w/*2(f) = v,.,r(G) is
called a v,,r-function on G. Consider the graph G with |V(G)| = 8 in the Figure 1. Let f = (Vp, V1, V2)
be a function on G such that V) = {v1,vs,vs,v7,vs}, Vi = {vs}, and Vo = {v4,vs}. Observe that f is a
~rnr-function on G by definition of RHRDFE. Hence, 7,4z (G) = 5.

(%1 V3 Vs (%rd

FIGURE 1. A graph G with v,+r(G) =5

A function f is a Roman point-wise nondominating function (RPNDF) on G provided that for each v € 14,
there exists u € V3 such that v ¢ Ng(u), thatis, u € Vo \ Ng(v). A function f is a restrained Roman
point-wise nondominating function (RRPNDF) on G if for each v € Vj, there exists u € V2 \ Ng(v) and there
exists w € V; \ {v} such that dg(v,w) = 1. The weight of RRPNDF f, denoted by w/;*"*(f), is defined
by wi P (f) = >vev(c) [ (@) = Vi + 2[Va|. The restrained Roman point-wise nondomination number of G,

denoted by ¥, gpna(G), is defined by Y, ppna(G) = min{wl *"*(f) : f is an RRPNDF on G'}. Every RRPNDF
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f on G with the restriction ngp md(f) = Yrrpnd(G) is called a 7, gpna-function on G. Consider the same

graph G in Figure 1. Let f' = (Vjj, V{/, V3) be a function on G such that V; = {vs, vs, vs, v7,vs}, V1 = {v1,v4},
and V, = {v2} (See Figure 2). By construction, it follows that f’ is a v, gpn4-function on G. Therefore, we
obtain v, gpn4(G) = 4.

FIGURE 2. A graph G with v, rpna(G) =4

There are several concepts and terminologies in graph theory that are not introduced in this study; hence,
readers are advised to read the following papers [5-7,13,14]. This research study introduces a new param-
eter of a hop Roman dominating function on any graph called the restrained hop Roman domination.
Moreover, important graph-theoretic properties of the restrained hop Roman dominating function were
investigated, and realization problem and some characterizations were discussed.

3. RESULTS

In this section, important results involving the theoretical properties of the restrained hop Roman domi-
nating function on a graph were presented.

Remark 1. Let G be a graph of order n > 1 and let f = (Vp, Vi, Va) be a yppr-function on G. If v,,r(G) < n, then
[Vo| > 2 and for every x € Vy, there exists y € Vi \ {x} such that zy € E(G).

Theorem 2. Let G be a graph of order n > 1 and f = (Vy, V1, V) be a v g-function on G. Then |Vy| = 0 if and
only if |Va| = 0. In that case, vrpr(G) = n.

Proof. Let f = (Vy, V1, Va) be a v, g-function on G. Assume that |Vj| = 0. Using a proof by contradiction,
we suppose for a moment that |V3| # 0. Then, let u € V; and let |Wy| = |Vo| = 0, W1 = V5 U {u}, and
Wy = Vo \ {u}. Since Wy = &, it follows that ' = (Wy, Wy, Ws) is an RHRDF on G. Thus, we obtain
WERR (1) = |Wi| + 2|Wa| = ([Va] + 1) + 2(|Va| — 1) = [Vi| +2|Va| — 1 < Wi E(f) = vnr(G). This contradicts
to our assumption. Hence, we conclude that |V3| = 0. Conversely, we assume that |V2| = 0. Since f is a
vrnr-function on G, it is forced that |V;| = 0. Therefore, we end up with 7,4,z (G) = Wit (f) = V1| +2|Va| =

[Vi| = |V(G)| = n. This proves the assertion. U

Corollary 3. Let G be a graph of order n and let f = (Vo, V1, V2) be a v, g-function on G. If v,r(G) = n and
|V0| = 0, then |V1| = n.

Theorem 4. Let G be a graph and let f = (Vy, V1, Va) be a yppr-function on G. Then Vi U Vs is a restrained hop
dominating set on G.

Proof. Let f = (W, V1, V) be a v,nr-function on G. Then it means that f is an RHRDF on G. Hence, for
each v € Vj, there exists u € Vj \ {v} and w € V3 such that uv € E(G) and dg (v, w) = 2. Since Vo C V; UV,
it follows that w € V; U Va. Therefore, it suffices to conclude that V; U V5 is a restrained hop dominating set
on G. 0
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Theorem 5. Let G be graph and let f = (Viy, V1, Vo) be an RHRDF on G such that |Vi| = 0. Then Vs is a ~y,p-set
on G if and only if f is a v, g-function on G. Moreover, v,,r(G) = 27,1 (G).

Proof. Let f = (Vo,Vi = @,V,) be an RHRDF on G. Assume that V3 is a v,,-set on G. Since V; = &,
it follows that V; = V(G) \ V2 and for every a € V), there exists b € V; \ {a} and ¢ € V5 such that
ab € E(G) and dg(a, c) = 2. Hence, it follows that f is an RHRDF on G. Seeking a contradiction. Suppose
for a moment that f is not a 7,.,z-function on G. Then there exists an RHRDF g = (Uy,U; = @,Us)
such that g is a v, p-function on G. In that case, we have v,,zr(G) = witfi(g) = |Us| + 2|Us| = 2|Us| <
2|Va| = |Vi| + 2|Va| = wiE(f). Consequently, we get |Uz| < |V|. This is a contradiction to the fact that
V5 is a y,.,-set on G. Therefore, it suffices to conclude that f is a ~,,g-function on G. For the converse,
we assume that f is a v,,r-function on G. Then, by Theorem 4, it implies that V5 is a restrained hop
dominating set on G. Seeking a contradiction. Suppose for a moment that V5 is not a ,,-set on G. Then
there exists a restrained hop dominating set V; such that VJ is a ,,,-set on G. This means that |Vj| < |V4|.
Now, let f = (Wy, W7, Ws) be an HRDF function on G where Wy = V(G) \ V3, |W1| = 0 and W, = Vj.
Since Vj is a ~,5-set on G, it follows that for each © € W, there exists y € Wy \ {z} and z € W, such
that zy € E(G) and dg(z,2) = 2. This implies that f’ is an RHRDF on G. Hence, we have wi'R(f") =
[Wi| + 2|Wa| = 2|Wa| = 2|Vy| < 2|Va| = Wi (f) = 4,.1r(G). This is a contradiction to the assumption that
f is a ypr-function on G. Thus, V; is a ,,-set on G, that is, v,.,(G) = |Va|. Moreover, we conclude that
Yonr(G) = W (f) = |Vi| + 2|Va| = 2|Va| = 27,4 (G). This proves the assertion. O

Theorem 6. Let G be a graph of order nand f = (Vy, V1, Va) be a vy r-function on G. Then |Vy| = |Va| if and only
if’thR(G) =n.

Proof. Let f = (W, V1, V) be a v, r-function on G. First, we assume that V| = |V2|. Thenif |Vj| = |V2| =0,
then by Theorem 2, it follows that 7,;,zr(G) = n. Suppose that |V;| = |Vo| > 1. Then we get v,,r(G) =
WHB(f) = [Vi| + 2|Va| = |Vo| + [Vi| + |Va| = [V(G)| = n. As for the converse, we assume that v, z(G) = n.
Seeking a contradiction. Suppose for a moment that | V| # |V2|. Then we get either |V;| > |V2| or [Vo| < |Va.
[Vl > [Val, then yonn(G) = wi () = [Vi| + 2[Va| < [Vo| + Vil + Vel = [V(G)] = n. T |Va| < [Va], then
Yrnr(G) = wiB(f) = |Vi| + 2|Va| > |Vo| + |Vi| + [V2| = |[V(G)| = n. Both contradict our assumption.
Therefore, we end up with |Vp| = |Va. O

Theorem 7. Let G be a graph of order nand f = (Vy, Vi, Vo) be a v, g-function on G. Then |Vy| > |Va| if and only
if venr(G) < n.

Proof. Let f = (Vp, V1, V2) be a y,nr-function on G. Then f isan RHRDF on G. Assume that |V;| > |V|. Then
it implies that v,,z(G) = WEE(f) = [Vi|+2|Va| < |Vi|+|Va|+|Vo| = [V(G)| = n. On the other hand, assume
that v,,r(G) < n. By Remark 1, it follows that ;) # @. Since f is an RHRDF on G, we have that |V3| > 1.
Since v,,r(G) < n, by Theorem 5, we get |Vy| # |V2|. Thus, either |Vy| < [V2| or |Vy| > [V2|. Suppose for
a moment that V2| > |Vpl, then v,1r(G) = wiB(f) = [Vi| +2[Va| > V| + [Va| + Vo] = [V(G)| = n. A
contradiction to the fact that v,,z(G) < n. Therefore, we have || < |Vp|. And the result follows. O

The following corollary is a consequence of Theorem 7.
Corollary 8. Let G be a graph of order n. If v,pr(G) < nand |Va| = 1, then |V4] # 0.

Proof. Let f = (Vb, V1, V2) be a v,nr-function on G. Assume that v,,z(G) < n and |V,| = 1. By Theorem
7, we have that |V2| < |Vp|. Seeking a contradiction. Suppose for a moment that |V;| = 0. Let V2 = {z}
and y € V. Then dg(u,v) = 2 and there exists w € V; \ {y} such that yw € E(G). This follows that there
exists w € Ng(x) N Ng(y). Now, since |Vo| = 1 and |V;| = 0, it means that w € V; \ {y}. However, since
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w € Ng(z), it implies that N2 (w) NV, = @. This indicates that V> = {u} is not a restrained hop dominating
set on G, a contradiction. Therefore, |V;| # 0. This completes the proof. O

Theorem 9. Let G be a graph of order n. If v, r(G) < n, then |Va| < Vo).

Proof. Let f = (Vy, Vi1, Va) be a v, r-function on G. Assume that v,,r(G) < n. Suppose, for the contrary,
that @ # |Vy| < |Va|. Let z € V,. Since f is a RHRDF on G, it implies that there exists y, € V2 and
w € Vo \ {2} such that x € NZ(y,) and z € Ng(w). Let R = {y, : z € Vp}. Then |R| < |Vp| < |Va|. Let
f* = (Vo,Viu(Va\ R), R). Then f* isan RHRDF on G. In that case, we get wi'(f*) = [ViU(V2\ R)|+2|R| =
Vil + [Va| — |R| + 2|R| = |[Vi| + |Va| + |R| < |[Vi| + 2|Va| = wiE(f) = vnr(G). This is a contradiction.
Therefore, it suffices to conclude that | V5| < |Vj]. O

Proposition 10. If G = K,, where n is a positive integer, then v,p,r(G) = n.

Proof. Let f = (Vb, V1, V2) be a v,g-function on G = K,, where n is positive integer. Seeking a contradic-
tion. Assume for a moment that v,,r(G) < n. Then by Remark 1, |Vy| > 2. In view Theorem 2, V, # @.
Let © € Vj. Then there exists y € V2 and w € V; \ {z} such that dg(z,y) = 2 and zw € E(G). This is a
contradiction since for every u,v € V(G), dg(u,v) < 1. Therefore, we concluded that v,,r(G) = n. This
completes the proof. O

Proposition 11. Let G = P,, where n > 1. Then

n, ifn <5,

%”, ifn =0 (mod 6),

2n+1 ; —

(G = 2=, ifn =1 (mod 6),

' 2nt2 - jfn =2 or 5 (mod 6)
3 9 - )

243 - ifn = 3 (mod 6),

2ot ifn = 4 (mod 6).

Proof. Assume that G = P,, where n > 1 and let f = (V;, V1, V2) be a 7, g-function on G. On one hand, let
n < 5. Then it is easy to see that |V;| = |V2| > 0. By Theorem 6, we have that v,,r(G) = n. On the other
hand, let G = P, = [z1, %2, ..., £,] where n > 6. Then consider the following 6 cases below:

Case 1: n = 0 (mod 6)

Let k be a positive integer. Then n = 6k and so, k = §. Consider the set A; = {zgi—3,xei—2}. Then we
let U; = @ and Uy = Ule A; = Uél{xei,g,x&,g}. Hence, we have that Uy = V(G) \ (U; U Us). In that
case, for every v = x, € Uy there exists u = z, € Uy and w = z, € Uy \ {v} such that dg(u,v) = 2 and
dg(v,w) = 1. This follows that £ = (Uy, U;,Us) is an RHRDF on G. By construction, we have that £ is a
Yrnr-function on G. Thus, we get v,,7(G) = witB(€) = |UL| + 2|Us| = 2| Ui1{$6i_3,l‘6i_2}| =2
Case 2: n =1 (mod 6)

Let k' be a positive integer. Then n = 6k’ + 1 and so, ¥ = 2!, Then we consider the set
Al = {xgi—3,x6i—2}. Then let U] = {z,} and U} = Uf;l Al = U::%ll {zgi—3,26i—2}. Hence, we let
Uy = V(G) \ (U] UU)). So, for every v/ = z,, € Uj there exists v/ = z, € Uj and v’ = z, € Uj\ {v'}
such that d¢(v/,v") = 2 and dg(v',w’) = 1. This means that ¢’ = (Uy, U;,Us) is an RHRDF on G. By
construction, it follows that ¢’ is a v, r-function on G. So, we get 1,,r(G) = Wil (&) = |U{| + 2|US| =
{zn}] + 2| U;:Tll{%ifs,%ifz}’ = 2t
Case 3: n = 2 (mod 6)

Let k" be a positive integer. Then n = 6k” 4+ 2 and so, ¥’ = ”T’Q. Set A7 = {x6;—3,%6i—2}. Then we
let Uy = {zp-1,2,} and Uy = Uf;lA;’ = UE{I61_371'61_2}. Hence, U] = V(G) \ (Uy U UY). Then
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for each v"" = z, € U/l there exists v = z, € UJ and w” = z, € U} \ {v"} such that dg(v”,v") = 2
and dg(v”,w”) = 1. This means that " = (Uy,U;,Uy) is an RHRDF on G. By construction, it im-
plies that ¢” is a ’ZChQR-fUHCtiOH on G. Therefore, we obtain v,,r(G) = wiB(¢") = U] + 2iUY| =
{en—1, 20} + 2| U 5 {z6i-3, zei-2}| = 2552

Case 4: n = 3 (mod 6)

Let k¥’ be a positive integer. Then n = 6k” + 3 and we have, ¥/ = 3. Again, we set A} =

{z6i—3,26i—2}. Thenlet U{" = {zp_2,2-1,2,} and U}’ = UleAg” = UE{.Z‘&‘_?,,J?&_Q}. In that case,
we have that Uj” = V(G) \ (U” U Uy"). Hence, for each v"" = z,, € Uy’ there exists v = z, € Uy’ and
w'" =z, € U\ {v"""} such that dg (v, v"") = 2 and dg (v, w") = 1. This implies that £ = (U}, U}", UL")
is an RHRDF on G. By construction, it follows that £ is a ~,,g-function on G. Therefore, we have
() = WT(E") = 01|+ 20U8") = [aon—, -1, 5} + 2| UTy (1o, w61-2}| = 22,
Case 5: n = 4 (mod 6)

Let k¥) be a positive integer. Then n = 6k*) 4 4 and so, k*) = "T"*. Set AE4) = {x6;_3, T6i_2}. Then we
let U = @ and UL = U]fcf)ﬂ A; = U%{$6i73 xgi—2}. Hence, we have Ul = V(G)\ (U(4) U U(4)).

1 2 i=1 i=1 , 0 1 2

Hence, for every v = 2, € U there exists u® = z, € USY and w® = z, € U \ {v®} such that
de(u®,v®) = 2 and dg(v™®,w®) = 1. This follows that {@ = (UY U™, UY) is an RHRDF on G. By
construction, £4) is a 7,4 g-function on G. Hence, we obtain v,,5(G) = wihE(E@W) = |UW| 4 2iui?| =
2’ U::%f {x6i737336i72}| = 2l
Case 6: n =5 (mod 6)

Let k() be a positive integer. Then n = 6k® + 5 and so, k() = 225, Set AZ(.S) = {@6;_3,T6i_2}. Then

we let Ul(s) = @ and U2(5) = Uf:l) A; = UE {6i—3,Tei—2}. So, we have Ué5) = V(G) \ (Ul(s) U UQ(S)).
Thus, for every v = 2, € U there exists u® = z, € U’ and w® = 2, € U\ {(v®}

such that dg(u®,v®) = 2 and dg(v®,w®) = 1. This follows that ¢& = (U, U® UP) is an

RHRDF on G. By construction, it implies that & ®) is a ~rnr-function on G. Therefore, we end up with
n—5

Yeni(G) = W R (E®) = U] + 2057 | = 2| U, 5y {@oi-3, woi-2}] = 252,

This completes the proof. O

Proposition 12. Let G = C,, where n > 3. Then

n, ifn <4,

2?”, ifn =0 (mod 6),

2okl - ifn =1 (mod 6),

Vrhr(G) = 2712 o

= ifn=2o0r 5 (mod 6),
2043 jfn =3 (mod 6),

2t ifn =4 (mod 6).

Proof. Similar to Proposition 11. O

Let G be a graph. The shadow graph of G is denoted by D»(G) and is defined by taking two copies of the
graph G, say G and G2, and connecting every vertex z € V(G1) to the adjacent vertex of the corresponding
vertex 2z’ € V(Ga2).

Theorem 13. Let Gy and G be the two copies of a graph G. If f = (W, Vi1, Vo) is an RHRDF on G, then
= (Vo,Vi UV (G>),Vs) is an RHRDF on Dy (G).

Proof. Assume that f = (Vp, V4, V2) is an RHRDF on G;. Let Ay = Vj, A1 = V1 UV(G2) and Ay = V5. Let
f'= (Ao, A1, As) and let v € Ay. Since f is an RHRDF on G, there exists u € V5 and w € V \ {v} such that
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da, (u,v) = 2 and vw € E(G1). Since Ag = Vo and Ay = V3, it follows that u € Ay, dp,(e)(u,v) = 2 and
w € Ap \ {v}, vw € E(D2(G)). Therefore, f' is an RHRDF on D4 (G). This proves the assertion. O

Corollary 14. Let H be a graph with |V (H)| = m > 1. Then v,pr(D2(H)) < m + ~yrnr(H).

Proof. Let H, and H; be the two copies of graph H of order m € N, and let f = (Vp, V1, V3) be an RHRDF
on H. Then f is an RHRDF on H;. Let Xy = V), X1 = V4 UV (H2) and Xy = V5. Then by Theorem 13, it
follows that f' = (X, X1, X2) is an RHRDF on D, (H). Hence, we end up with

yenr(D2(H)) < wit(f) = | X1] + 2| Xz
= ("1 UV (H)]) +2|V2|
= Vil + [V (Hy)| + 2| V2|
=m+ V1| + 2[V3|
=m+Ynr(H).
This completes the proof. O

The following result characterizes the RHRDF on any graph with several components.

Theorem 15. Let H = H; U Hy U ... U H,, be a graph. Then f = (Vo, V1, Va) is an RHRDF on H if and only if
flu, = (V§, Vi, V) is an RHRDF on H; for each i € {1,2,...m}.

Proof. Suppose that f = (V;,V31,V,)isanRHRDFon H = Hy UH,U...UH,,. Foralli € {1,2,...,m}, we let
Vi =VonV(H,;), Vi =VinV(H;)and V§ = Vo NV (H;). Then f|g, = (V§, V¢, Vy) foreachi € {1,2,...,k}.
Let z € VJ where r € {1,2,...,m}. Then since Vj C V; for eachi € {1,2,...,m}, it follows that z € V;. Note
that f is an interior hop Roman dominating function on G. Then it implies that there exists y € V5 such that
x € N%(y) and there exists w € V \ {z} such that zw € FE(H). Since dy(a,b) = oo for all a € H,, and for
all b € H, where p # ¢ and for any p,q € {1,2,...,m}. Then it implies that y € VJ for which = € N,%,r (y),
and w € V§ \ {z} for which zw € E(H,) where r € {1,2,...,m}. Hence, we have f|y, = (V¢,V{,V3) is an
RHRDF on H; for each i € {1,2,...,m}. Conversely, we suppose that f|g, = (V{§, V{, V) is an RHRDF on
H; foreachi € {1,2,..m}. Set Vo = U~ Vi, Vi = Ui, Vi and Vo = |J;-, V4. Then f = (Vo, Vi, V2) isa
functionon H = Hy UHyU...U H,,. Let 2’ € V,. Then o’ € V| for some i € {1,2,...k}. Since f|y, is an
RHRDF on Hj, it follows that there exists 3" € V4 such that 2’ € N7 (y') and there exists w’ € V{j \ {'} such
that 2’w’ € E(H;). Note that Vo = |J;", Vi and Vo = [J;~, V4, it implies that y' € Vo and w’ € Vj \ {2’} for
which 2’ € N3 (y') and 2’w’ € E(H). Therefore, f is an RHRDF on H. O

The corollary below is a consequence of Theorem 15 above.
Corollary 16. Let H = H; U Hy U ... U Hy, be a graph. Then, v,pr(H) = nyth(Hi).
i=1

Proof. Let f = (Vy, V1, V2) be a vppr-functionon H = Hy UH, U ... U Hy. Foreachi € {1,2,...,m}, we let
Vi =VonV(H,;), Vi =ViNV(H;)and Vi = Vo NV (H;). In that case, f|y, = (V{, V{, V3) is an HRDF on H;
for each i € {1,2,...,m}. By Theorem 15, it follows that f|g, is an RHRDF on H; for each i € {1,2,...,m}.
Thus, we obtain

Yenr(H) = Wit (f) = V1] + 2| V3]

=Y [Wl+2) |l
=1 =1
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:§:|W‘+ﬂ%)

Now, let f|y, = (W¢, Wi, W3) be an RHRDF on H; for each i € {1,2,..m}. Set Wy = (i, Wi, Wy =
UL, Wiand Wy = J;", Wi. Then, f = (W, W1, Ws) is an HRDF on H. By Theorem 15, it implies that f is
an RHRDF on H. So, we obtain

m

Z Yrnr(H Z Wit (f 1)

§:|Wﬂ+ﬂwﬁ)

:23%ﬂ+2§]w3

=1 =1

= |Wq| + 2|W3|
= we(f)
> '-thR(H)'

Therefore, we end up with v,,zr(H) = Z Yrhr(H;). O

Remark 17. Let H = Hy U Ho U ... U H,, be a graph with |V(H)| = n. If H; = K,,, where n; > 1 for each
i € {1,2,...,m}, then v,nr(G) = n. In particular, v, r(K,) = n.

Theorem 18. Let G be any graph. Then the following statements hold true:
(7)) Yrar(G) = lifand only if G = Ky; and
(i1) vrnr(G) = 2ifand only if G € {Ks, Ko}

Proof. Let f = (Vo, V4, V2) be a y,pp-function on G. First, we assume that v,,z(G) = 1. Then we have
[V1| + 2|V2| = 1. Thus, we obtain |V2| = 0 and so, |Vi| = 1. In view of Theorem 2, we get || = 0. Hence,
Ynr(G) = WIE(f) = |Vi| + 2|Va| = |[Vi| = |[V(G)| = 1. Accordingly, we obtain G = K;. Conversely,
we assume that G = K;j. Then it is easy to see that v,,r(G) = wWE(f) = |Vi| = |[V(G)| = 1. Thus,
(i) holds. Secondly, we assume that v,,z(G) = 2. Then we get |Vi| + 2|V,| = 2. thus, we have that
[Va| < 1. Suppose that [V3| = 1. Then |Vi| = 0 and |Vj| > 2. Let V2 = {u} and let v € V;. Then it
follows that d¢(u,v) = 2 and there exists w € V; \ {v} such that vw € E(G). Now, since dg(u,v) = 2, it
follows that there exists z € Ng(u) N Ng(v). Since Vi = @, it means that z € V. However, we have that
N&(z) N Vo = @. This is a contradiction since V5 is a hop dominating set. Hence, it implies that [Vz| = 0.
In view of Theorem 2, we get |Vo| = 0. Hence, y,1r(G) = wif = |Vi| + |Vo| = V1| = |[V(G)| = 2.
Therefore, it suffices to say that G € {K», K»}. Conversely, we assume that G € {K2, K»}. Then it follows
that v,z (G) = wiMH(G) = |V1| = |V(G)| = 2. Hence, (ii) is satisfied. This completes the proof. O

Theorem 19. Let G be a graph. Then ~,,r(G) = 3 if and only if G € {K3, K1 U K2, P3, K1 + H} for which
H € {Ks, P U J} where J is any graph with |V (J)| > 2 and for every v € V(J) there exists z € V(J) \ {v} such
that dg (v, z) = 1.

Proof. Let f = (Vb,V1,V2) be a y,pr-function on a graph G. Then f is an RHRDF on G. Assume that
vrnr(G) = 3. Then it follows that |V | + 2|V5| = 3. Thus, we have that |V2| < 1. Suppose |V2| = 0. In that
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case, we have |Vi| = 3. So, we obtain v,,r(G) = Wit (f) = [Vi| + 2|Va| = [V4| = |V(G)| = 3. Since G
is any graph, it follows that G € {K3, K1 U Ky, K3, P3}. Suppose |Vz| = 1. Then it implies that |V;| = 1.
Since f is an RHRDF on G, then for every v € Vj there exists z € V; \ {v} such that dg(v,z) = 1. Let
Vo = {u} and Vi = {w}. Then d¢(u,v) = 2 and dg(w,v) = 1 for every v € V. Hence, it follows that
G = (Vi) + (Vy U V2). Equivalently, we have that G = K; + H for which H = P; U J where J is any graph
with [V(J)| > 2 and for every v € V(J) there exists z € V(J) \ {v} such that dg(v,z) = 1. Therefore,
we conclude that G € {K3, K1 U Ko, P3, K1 + H} where H € {K», P, U J} where J is any graph with
[V(J)| > 2 and for every v € V(J) there exists z € V(J) \ {v} such that dg(v,z) = 1. Conversely, if
G € {K3, K1 UKa, P, K3}, then it is easy to see that v,,z(G) = Wi E(f) = |Vi| +2|Va| = [Vi| = [V(G)| = 3.
Now, let G = K7 + H for which H = P, U J where J is any graph with |V (J)| > 2 and for every v € V(J)
there exists z € V(J) \ {v} such that dg(v,z) = 1. Let Vj = V(K;3) = {w} and V5, = V(P1) = {u}. Then
it follows that vV = V(G) \ (V1 U V) = V(J). Since for every v € V; there exists z € V; \ {v} such that
da(v,z) = 1and dg(u, v) = 2, it follows that f = (Vp, V1, V2) is an RHRDF on G. Therefore, by construction,
we have 7,1,z (G) = WIE(f) = |Vi| 4 2|Va| = |[{w}| + 2|{u}| = 3. This completes the proof. O

The following corollary is a consequence of Theorem 19.

Corollary 20. Let G ¢ {K3, K1 U Ko, P3, K1 + H} be a graph for which H € {K», P, U J} where J is any graph
with |V (J)| > 2 and for every v € V (J) there exists z € V(J) \ {v} such that dg(v, z) = L and let f = (Vp, V1, V2)
be a vy r-function on G. Then |V1| = 0 and ~,,r(G) = 4 if and only if there exists a hop dominating set {x,y} such
that for every a € V(Q) \ {z, y}, there exists b € V(G) \ {a, z,y} such that ab € E(G).

Proof. Let f = (Vb, V1, V2) be a 7,5, r-function on a connected graph G. Assume that |V;| = 0 and v,,r(G) =
4. Then it follows that w/*(f) = 2|Vz| = 4 and so, |Vz| = 2. Since V; = &, by Theorem 5, V3 is a v, r-set on
G. Let Vo = {z,y}. Then {z,y} is a restrained hop dominating set on G, and hence, a hop dominating set
onG. Let Vy = V(G) \ V2 = {x,y}. In that case, for every a € V(G) \ {z,y}, there exists b € V(G) \ {a, z,y}
such that ab € E(G). Conversely, assume that there exists a hop dominating set {z, y} such that for every
a € V(G)\ {z,y}, there exists b € V(G) \ {a,z,y} such that ab € E(G). Then it implies that {z,y} is a
restrained hop dominating set on G. This follows that V) = V(G) \ {z,y} and |V4| = 0. Invoking Theorem
5, we have that V5 is a ,,-set on G. In that case, we obtain 2 = |{z,y}| > |V2|. Suppose that |V5| = 0.
Then we get v,,r(G) = 0. A contradiction. Now, suppose that |Vz| = 1. Then by Theorem 19, |V;| = 1
and G € {K3, K1 U K», P5, K1 + H} for which H € {K», Py U J} where J is any graph with |V (J)| > 2
and for every v € V(J) there exists z € V(J) \ {v} such that dg(v,z) = 1. This is a contradiction to our
assumption. Accordingly, we obtain |V5| > 2. Thus, we get |V2| = 2 and |V1| = 0. Therefore, we end up
with v, (G) = WHE(f) = |Vi| + 2|Va| = 2|Va| = 4. This completes the proof. O

Proposition 21. If G = K, ,, where m,n > 2, then ~,,r(G) = 4.

Proof. Let G = (V,V',E) = K,, ,, be a bipartite graph where V and V" are the partition parts of the vertex
sets and E denotes the edges of G. Then we have that |V| = m > 2and |V’'| =n > 2. Let f = (V, V1, 12)
be a y,pr-function on G. And let V' = {uy,us,...,un} and V' = {vq,v9,...,v,}. Pick u; € V for some
Jj € {1,2,3,...,m}. Then we get dg(u;,u;) = 2 for every i # j € {1,2,3,...,m}. This follows that V' C
NZ[u;] for each j € {1,2,3,...,m}. In a similar manner, V' C N[vi] for each k € {1,2,3,...,n}. In that
case, we let Vo = {u;,v;} for some j € {1,2,3,...,m} and for some k € {1,2,3,...,n}. This implies that
V(G) = NZ|u;,vx), indicating that {u;, vy } is a hop dominating set on G. In addition to that, since m,n > 2,
it means that for every z € V(G) \ {u;,vs}, there exists y € V(G) \ {z,u;, v} such that 2y € E. Hence,
we have that V; = @ and V) = V(G) \ Vs. Invoking Corollary 20, it is concluded that v,,r(G) = 4. This
completes the proof. O
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The next result presents the lower and upper bounds of restrained hop domination number of a graph.
Theorem 22. Let G be a graph of order n. Then the following holds:
max{’yR(G)u ’Y’l"h(G)} < ’thR(G) < mln{2'7rh (G), n}

Proof. Let f = (Vp, V1, V2) be a v,,r(G)-function on G. Then by Theorem 4, it follows that V; U V3 is a
restrained hop dominating set on G. Thus, we get v,,(G) < [Vi| + [Va| < [Va| + 2|Va| = Wi E(f) = vonr(G).
Since all restrained hop Roman dominating functions are also Roman dominating functions on G, it follows
that vr(G) < vrnr(G). Therefore, it suffices to say that maz{vr(G), vn(G)} < Yrnr(G). On the other hand,
we let Vy = @. Since f is a v, r-function on G, by Theorem 2, we have that V, = @. Let f = (&,V; =
V(G), ). Then f is an RHRDF on G. Hence, we get v,,r(G) < Wit B (f) = |Vi| +2|Va| = V4| = |[V(G)| = n.
Moreover, we suppose that f is a v,,r-function on G for which Vi = @. By Theorem 4, we have that
V, is a restrained hop dominating set on G. Since f is a 7,,r-function on G, by Theorem 5, we have
Ynr(G) = |Va|. Thus, we obtain v,,r(G) < WiE(f) = [Vi| + 2|Va| = 2|Va| = 29,1(G). Therefore, we end
up with v,,r(G) < min{n, 2v,,(G)}. And the conclusion follows. |

Theorem 23. Let G be a graph and let f = (Vy, Vi, Va) be an RHRDF on G. Then, Vi U Vs is a minimal restrained
hop dominating set on G if and only if for every u € Vs, there exists v € Vo such that NZ(v) N Vo = {u} or
da(u,w) # 2 forall w e (V1 U V) \ {u}.

Proof. Let f = (Vy, V4, V2) be an RHRDF on G. By Theorem 4, it follows that V7 U V4 is a restrained hop
dominating set on G. Assume that V; U V5 is a minimal restrained hop dominating set on G. This means
that for each v € V1 U Vo, (V1 U V2) \ {u} is not a restrained hop dominating set on G. Thus, it follows that
there exists v € V(G) \ (V4 U V2) \ {u}) such that dg(v,w) # 2 for all w € (V4 U V3) \ {u}. Suppose that
v # u. Since Vi U V4 is a restrained hop dominating set, v is hop dominated by V; U V5. Hence, we have
that d(u, v) = 2, indicating that N2 (v) N Va2 = {u}. In addition, we suppose that v = u. Then it means that
da(u,w) # 2 for every w € (V1 U Va) \ {u}.

Conversely, we assume that for every u € V5, there exists v € V; such that N&(v) N Vo = {u}. Then
v € Vp is not hop dominated by the set (V4 U V5) \ {u}. This implies that V4 U V3 is a minimal restrained
hop dominating set on G. Additionally, we assume that for every v € Vs, dg(u,w) # 2 for every w €
(V1 U V) \ {u}. This follows that u can not be hop dominated for every vertex w € (V3 U V2) \ {u}. Hence,
(V1 UV,) \ {u} is not a restrained hop dominating set on G. Therefore, we conclude that V7 UV; is a minimal
restrained hop dominating set on G. O

Theorem 24. Let G be a graph of order n for which v,1,(G) < vrnr(G). Then there exist a non-empty set R C V(Q)
and a vertex u € V(G) such that R U {u} is a y,p-set on G and V(G) \ (R U {u}) C NZ&(u) if and only if
’}/th(G> = 'YTh(G) + 1.

Proof. Let f = (Vo, V1, Va) be a v, g-function on G for which v,,(G) < v-nr(G). Assume that there exist a
set R such that @ # R C V(G) and u € V(G) for which RU {u} is a v,,-seton G and V(G) \ (RU {u}) C
N&(u). Let Vo = V(G)\ (RU{u}), Vi = R,and V2 = {u}. Set f' = (Vp, V4, V2). Since RU{u} is a y,;-seton G,
it follows that f’ is an RHRDF on G. Hence, we have that v,;,z(G) < Wi B (f') = [V4| 4+ 2|Va| = |R| +2(1) =
(Yerh(G) = 1) + 2 = v4r(G) + 1. Since v,1(G) < vrrr(G), it follows that v, (G) = vrr(G) + 1.

On the other hand, we assume that v,,r(G) = 7,-+(G) + 1. Note that v,,(G) < V4] 4+ |V2|. First, we
suppose that 7,4, (G) = |Vi| + |Vz|. Then it implies that V; U V% is a v,,-set on G. Hence, it follows that
[Vi| + 2|Vz| = |Vi| + |V2| + 1. This means that |V2| = 1 and |V4| = 7,1, (G) — 1. Let V5 = {u} and R = V4. By
Corollary 8, the set V; = Ris a non-empty set. Hence, we have that V, = V(G) \ (V1 UVz) = V(G)\ (RU{u}).
Let v € Vp. Since g is an RHRDF on G, we have that dg(u,v) = 2 and there exists w € Vj \ {v} such that
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vw € E(G). This follows that V(G) \ (RU {u}) € N&(u). Secondly, we suppose that v,,(G) < |Vi| + |V|.
Then we have v,.,(G) + 1 < V| 4+ |Va|. Since 1 r(G) = 771(G) + 1, it follows that [V1| 4 2|Va| < [V1] + |Va.
Hence, we have |Vz| = 0. In view of Theorem 2, it implies that | V| = 0. Hence, v,4r(G) = Wit (f) = V1| =
|V(G)| = n. Thus, we have that v,,(G) = n—1. Now, let § = V(G) \ {v} be a v,,-set on G. This implies that
there exists u € S such that dg(u,v) = 2. In that case, we let R = S\ {u}. Therefore, we have RU {u} = S
is y,n-set on G and so, V(G) \ (RU {u}) = {v} C NZ(u). This completes the proof. O

Theorem 25. Let H be any non-complete graph. Then f = (Vy, V1, Va) isa RHRDF on G = K,, + H where nis a
positive integer if and only if the following holds: (i) V (K,,) C V4 U Va; and (ii) flg = (Vo = VI, Vi1, V) is an
RRPNDF on H where VI = V; NV (H) for each i € {0,1,2}.

Proof. Assume that f = (Vp, V1, V2) is an RHRDF on G. Then f is an HRDF on G. Let z € V(K,,). Since
zy € E(GQ) for ally € V(G) \ {z} and f is an HRDF on G, it suffices to say that x is not in V. Thus, we
have r € V1 U Va. Hence, (i) holds. Additionally, if we let V;# = V; N V(H) for each i € {0,1,2}, then we
have that f|g = (Vo = Vi, Vi, V). Letv € V. Then v € V. Since f is an HRDF on G, there exists
u € Vo N N&(v). Since for all z € V(K,,), zv € E(G), it follows that v € V{1 N NZ(v). This indicates that
there exists u € Vi! \ Ny (v). This implies that f|g is an RPNDF on H. Since f is an RHRDF on G, there
exists w € Vg \ {v} such that dg (v, w) = 1. And since V; = V{Z, it means that there exists w € Vi \ {v} such
that di (v, w) = 1. So, we therefore conclude that f|z is an RRPNDF on H. Conversely, we assume that (¢)
and (ii) both hold. Let v € V;. Then by (ii), v € V{fI. Since f|y is an RRPNDF on H by (ii), there exists
u € V41 \ Ny (v) and there exists w € V{1 \ {v} such that dy (v, w) = 1. Since V; C V; for all i € {0, 1,2}
and by (i), it follows that u € Vo N N&(v). Since V, = V{, it also indicates that w € V; \ {v} for which
dg(v,w) = 1. Therefore, we can conclude that f = (Vp, Vi, V3) is an RHRDF on G. O

Corollary 26. Let G = K,, + H be a graph where H is a non-complete graph and n is a positive integer. Then
P)/T‘hR(G) =n-+ "Yernd(H)-

Proof. Let g = (Wy, W1, W2) be a v, gpna-function on H. Then it follows that f = (Wy, V(K,) U W1, W3) is
an SCHRDF on G by Theorem 25. Hence, we get
Yrnr(G) < WGt (f) = |V (Kn) U WL | 4 2|Ws|
=n+ [Wi] +2[Ws|
=n-+ w;IRp"d(g)
=n+ ’Yernd(H)-

On the other hand, we suppose that h = (Vp, V1, V2) is a y,pr-function on G. By Theorem 25 and for
the reason that h is a v,,g-function on G, we are forced that V(K,,) C V;. Hence, it follows that h =
(Vo, V(K,,) UV V5), where ViI# = V; N V(H). Invoking Theorem 25, we have that by = (Vo, Vi, V3) is
an RRPNDF on H. Thus, we obtain

Yenr(G) = Wit (h) = [V(K,) UV | 4 2|Va
=n+ V| + 2|V
=n+ Wi (h|g)

2 n -+ ’Y’r’and(H)-

Therefore, the desired equality holds. O
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Theorem 27. Let G and H be any non-complete graphs. If flq = (Vi&, V€, VL) and flg = (V{H, Vi, V) are
RRPNDF on G and H, respectively, where V.¢ = V; N V(G) and VH = V, N V(H) for any i € {0,1,2}, then
f=(Vo,V1,Va) isan RHRDF on G + H.

Proof. Let f = (Vp, V4, V2) be a function on G + H. For each i € {0,1,2}, let V¢ = V; N V(G) and Vi =
V; N V(H). Then f|¢ = (V& V¢ V&) and flg = (V{, Vi1, Vi) are functions on G and H, respectively.
Assume that f|g = (V&, Vi€, VF) and f|y = (VH, Vi, Vi) are RRPNDF on G and H, respectively. Then it
implies that f|; and f|x are RPNDF on G and H, respectively. Let v € V. Then we have that either v € V
or v € V. Without loss of generality, we consider v € V. Since f|c are RPNDF on G, it indicates that
there exists u € V57 \ Ng(v). This follows that there exists u € V2 N N2, ;;(v). Hence, f is an HRDF on G.
Since f| is an RRPNDF on G, there exists w € V& \ {v} such that dg (v, w) = 1. This yields that there exists
w € Vy \ {v} such that dgy (v, w) = 1. Therefore, it suffices to conclude that f is an RHRDF on G. This
proves the assertion. O

We have to note that the converse of Theorem 27 is not always true since f is still RHRDF even if V& can
be an independent set and Vi is not empty. However, in particular, if V' is an independent set, then f|¢
is not an RRPNDF on G. The next result is an immediate consequence of Theorem 27.

Corollary 28. Let G and H be any non-complete graphs. Then v, pr(G + H) < vrrpnd(G) + Yrrpnd (H).

Proof. Let flg = (V& V€, VE) and fluw = (V{, Vi1, V) be v, rpna-functions on G and H, respectively.
In addition, we let V; = V¢ U V;¥ for each i € {0,1,2}. Applying the idea of Theorem 27, it follows that
f = (Vo, V1, V) is an RHRDF on G. Hence, we obtain

Year(G + H) < Wi (f) = Vil + 2|12
= Ve UV 2V UV
= (V7] + 27 ]) + (V] + 2(V57)
= wg " (fle) + Wiy (f1a)
= Vrrpnd(G) + rrpna(H).
This establishes the desired inequality. O

Remark 29. Let G and H be complete graphs of order n and m, respectively. Then v, r(G + H) = n + m.

The next result is a realization problem for hop Roman domination and restrained hop Roman domina-
tion numbers.

Theorem 30. Let a, band n be positive integers with 1 < a < b < n. Then there exists a connected graph G of order
n such that v, r(G) = a and ~.,r(G) = b.

Proof. Suppose that G is a graph of order n > 1, and let a and b be positive integers satisfying the condition
1<a<b<mLetf = (V§,V{,V3) be ay,g-function on G and f = (Vp, V1, V2) be a v, z-function on G.
Additionally, we suppose that y,r(G) = a and v,,r(G) = b. Then the following cases are considered:
Casel.1<a<b=n

Here, we let G = K. Then it is easy to check that y,zr(G) = 1 = v,4r(G). Let G = K; + K,,, where m > 3.
Then |V(G)| > 4. Letx € V(G) \ V(K1) = V(K,,). Then we let V§ = {z}. In that case, we have that
V(Kn) \ {z} C NZ(VJ). This follows that V/ = V(K;) and Vj = V(K,,) \ {z}. Hence, by construction, it
implies that v,z(G) = wEE(f') = |V{| + 2|V3| = |[V(K1)| + 2|{z}| = 3. Notice that for every a € V(K,),

there does not exists a vertex in V(K,,) \ {a} such that the distance is 1 from a. Hence, it is forced that
Vo =9, Vi =V(G) and V> = @. In view of Theorem 2, we obtain v,z (G) = n. Consequently, we conclude
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that 1 < ypr(H) < %rr(G) = n. So, Case 1 holds.

Case2.1<a<b<n

Let G = K, + H where H = P,, UKy and m > 2. Then |[V(G)] = m+3 =n > 5. Letz € V(K>).
Then z € V(G) and it follows that V(G) \ V(K1) C NZ[z]. Hence, we set Vj = V(G) \ ({z} U V(Ky)),
V{ = V(K;) and V4 = {z}. By construction, we have that v, (G) = wBE(f') = |V{| + 2|V3| = |V (K}1)| +
2|{z}| = 3. Moreover, we let V2 = {z}. Note that there does not exist a vertex in V(P,,) that is adjacent
toy € V(Kz2) \ {z}. In that case, it is forced that V; = V(K1) U {z} and so, Vo = V(P,,). By construction,
we get vnr(G) = WE(f) = |Vi| + 2|Va| = |V(K1) U {z}| + 2|{z}| = 4. Since n > 5, we have that
1 < vr(G) < vrhr(G) < n. Therefore, Case 2 holds.

Case3. 1<a=b<n

Let G = F,,, where m > 4. Then |V(G)|=n=m+1>5and G = Ky + B,. Let P, = [z1, 22, ..., ;). Let
V4 = {x1}. Then it follows that V(P,,) \ {z2} C NZ&[z1]. This implies that V/ = V(K1) U {z2} and thus,
Vg = V(Pn) \ {z1,22}. By construction, it yields that v,r(H) = Wi (f') = |V{| + 2|V = V(K1) U {2=2}] +
2|{z1}| = 4. It is worthy to note that for every € V(P,,) \ {x1, 22}, there exists y € V(P,,) \ {z,z1,z2}
such that dg(z,y) = 1. Consequently, we also have that Vo, = Vj = {x1}, V1 = V{ = V(K7) U {22} and
Vo = V§ = V(P,,)\{z1, z2}. Therefore, by construction, we end up with v,,r(G) = Wi E(f) = |Vi|+2[Vz| =
[V (K1) U{z2}| + 2|{z1}| = 4. Since n > 5, it indicates that 1 < y,r(G) = vrrr(G) < n. Accordingly, Case 3
holds.

And the conclusion follows. O

The corollaries below are direct consequences of Theorem 30.
Corollary 31. Let G be a graph. Then ~,,r(G) — vnr(G) can be made arbitrarily large.

Corollary 32. Let G be a graph of order n > 1. Then n — ~,.;,r(G) can be made arbitrarily large.

4. CONCLUSION

This research paper introduced and investigated a new parameter of hop Roman domination called the
restrained hop Roman dominating function on any graph. The study constructed some characterizations
of some small values of the restrained hop Roman domination number and obtained some bounds for any
graph class. In addition, some combinatorial results for a restrained hop Roman dominating function in
the join of two graphs were constructed. Furthermore, a realization problem for the restrained hop Roman
domination number and hop Roman domination number was constructed. As for further studies, the said
new parameter can be investigated for some binary operations in graphs that include corona, Cartesian,
and lexicographic products.
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