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A GENERALIZED COMPOSITE POWER SERIES FAMILY OF DISTRIBUTIONS WITH
APPLICATION TO REAL DATA

RAHMAT AL KAFI1,2 AND PAWAT PAKSARANUWAT2,∗

ABSTRACT. In this article, we introduce a new flexible family of discrete probability distributions called the gen-
eralized composite power series (GCPS). This family was constructed by combining two classes of discrete distri-
butions to generate a wide range of flexible discrete probability models. We derived the probability mass func-
tions and cumulative distribution function used to characterize members of the GCPS family. To demonstrate its
flexibility, we herein present two specific members: the generalized geometric zero-truncated Poisson (GGZTP)
and the generalized geometric logarithmic (GGL) distributions. Various statistical properties of the GGZTP and
GGL distributions are explored, and parameter estimation methods are discussed. To showcase their potential as
alternative discrete distributions for count data, we demonstrate their applicability to real datasets, along with a
comparative analysis involving two well-known flexible discrete distributions.

1. INTRODUCTION

Probability distributions provide a mathematical framework for studying real-world phenomena, partic-
ularly for describing the likelihood of different outcomes in uncertain events. For example, global disease
incidence can be analyzed using the number of reported cases, while insurance problems often involve
modeling the frequency of policyholder claims. Events such as the number of reported cases or claims can
be effectively examined using non-negative discrete probability distributions. However, when develop-
ing a new probability distribution as an alternative to existing models, sufficient consideration of several
factors, particularly flexibility, is required. The concept of flexibility varies depending on the type of distri-
bution. In the context of discrete distributions, flexibility refers to the ability of a model to represent various
dispersion behaviors in count data. Specifically, three types of dispersion are commonly considered: under-
dispersion, equidispersion, and overdispersion. These are quantified using the index of dispersion (IOD),
which is defined as the ratio of the variance to the mean. A distribution is said to be underdispersed when
its IOD is less than one, equidispersed when the IOD equals one, and overdispersed when the IOD exceeds
one.

Classical discrete distributions, such as Poisson, geometric, and negative binomial, exhibit limited flexi-
bility because each can model specific dispersion patterns only. For instance, the well-known Poisson dis-
tribution can model only equidispersed data, where the variance equals the mean. In response, researchers
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have increasingly focused on developing more flexible discrete distributions that can accommodate a wider
range of count data behaviors. Many of these efforts involve modifying or compounding existing distri-
butions to enhance their flexibility [1–6]. However, many of these models still lack full flexibility. For
example, the convoluted Poisson–negative binomial distribution [6], despite having two parameters, has
an IOD greater than one, thus making it suitable for overdispersed data only.

Nevertheless, there have been successful efforts to introduce more flexible discrete distributions. For
example, the Conway–Maxwell–Poisson (CMP) distribution generalizes the Poisson distribution and in-
cludes an additional parameter to control dispersion [7]. Similarly, the distributions introduced in [8] and
the partial-geometric (PG) distribution proposed in [9] also offer greater flexibility. However, some of these
models, such as those in [7] and [8], do not have closed-form expressions for their probability mass func-
tions (PMFs), which makes computations involving them challenging. Moreover, the modified partial-
geometric distribution proposed in [10] is flexible but contains three parameters, one of which is subject to
a nonlinear constraint, leading to computationally expensive parameter estimation.

Rather than exploiting a single flexible distribution, it is more beneficial to introduce a family of discrete
distributions that can generate a variety of flexible models. For years, the power series family, comprising
the Poisson, geometric, binomial, negative binomial, and logarithmic distributions [11], has been the only
one suitable for discrete distributions. However, as mentioned earlier, each of these distributions is still
limited to a specific type of dispersal behavior. In the present work, we introduce a new family of dis-
crete distributions called generalized composite power series (GCPS). This family, which can be regarded
as an extension of the classic power series family, is primarily defined via its cumulative distribution func-
tion (CDF). The GCPS family is constructed using two discrete distributions drawn from the power series
family. To illustrate the flexibility of this new family, we explore several of its specific members. We also
demonstrate that this novel family of discrete distributions encompassing flexible models is capable of rep-
resenting a wide range of dispersion behaviors in count data.

2. THE GCPS FAMILY OF DISTRIBUTIONS

The basic idea behind GCPS family involves incorporating two distinct power series distributions. To
this end, let N be a positive integer-valued random variable; and Y1, Y2, . . . , YN be independent and identi-
cally distributed (i.i.d.) random variables from the power series family of distributions with a PMF formu-
lated as

(2.1) pY (y) = Pr(Y = k) =
akϕ

k

g(ϕ)
, ϕ > 0; k = 0, 1, 2, . . . ,

where ϕ denotes the parameter for the baseline distribution, ak is a non-negative real number for each k,
and

g(ϕ) =

∞∑︂
k=0

akϕ
k

is finite for some values of ϕ [11]. The corresponding CDF is

(2.2) FY (y) = Pr(Y ≤ y) =

⌊y⌋∑︂
j=0

ajϕ
j

g(ϕ)
=

gy(ϕ)

g(ϕ)
, y ≥ 0,

where gy(ϕ) =
∑︁⌊y⌋

j=0 ajϕ
j , and ⌊·⌋ denotes the floor function [11].

Assume that random variable N follows a zero-truncated power series distribution with a PMF defined
as

(2.3) pN (n) = Pr(N = n) =
bnϑ

n

c(ϑ)
, ϑ > 0; n = 1, 2, 3, . . . ,
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where ϑ denotes the parameter of the baseline distribution, bn is a non-negative real number for each n,
and c(ϑ) =

∑︁∞
n=1 bnϑ

n is finite for some values of ϑ [11].
Let

X = max{Y1, Y2, . . . , YN},

where the Yi’s and N are independent. The conditional CDF for X given N = n is obtained as

Pr(X ≤ x|N = n) = Pr (max{Y1, Y2, . . . , YN} ≤ x | N = n)

= Pr(Y1 ≤ x, Y2 ≤ x, . . . , Yn ≤ x)

= Pr(Y1 ≤ x) Pr(Y2 ≤ x) · · ·Pr(Yn ≤ x)

=

⎛⎝ ⌊x⌋∑︂
j=0

ajϕ
j

g(ϕ)

⎞⎠n

, x ≥ 0.(2.4)

Therefore, the joint probability of X ≤ x and N = n becomes

(2.5) Pr(X ≤ x,N = n) =

⎛⎝ ⌊x⌋∑︂
j=0

ajϕ
j

g(ϕ)

⎞⎠n

bnϑ
n

c(ϑ)
.

The GCPS family is defined as the marginal distribution of X . Hence, the CDF of X can be written as

FX(x) =

∞∑︂
n=1

Pr(X ≤ x,N = n) =

∞∑︂
n=1

⎛⎝ ⌊x⌋∑︂
j=0

ajϕ
j

g(ϕ)

⎞⎠n

bnϑ
n

c(ϑ)

=
1

c(ϑ)

∞∑︂
n=1

bn

⎛⎝ϑ

⌊x⌋∑︂
j=0

ajϕ
j

g(ϕ)

⎞⎠n

, x ≥ 0.

Therefore, we have the following definition about our proposed family of distributions.

Definition 2.1. A discrete distribution with non-negative integer support is said to belong to the GCPS
family of distributions if its CDF can be expressed in the following form:

(2.6) FX(x) = Pr(X ≤ x) =

⎧⎪⎪⎨⎪⎪⎩
0, x < 0

1

c(ϑ)

∑︁∞
n=1 bn

(︃
ϑ

∑︁⌊x⌋
j=0 ajϕ

j

g(ϕ)

)︃n

, x ≥ 0
,

where ⌊·⌋ denotes the floor function, ϕ, ϑ, aj , bn > 0,

g(ϕ) =

∞∑︂
k=0

akϕ
k,

which is finite for some values of ϕ, and

c(ϑ) =

∞∑︂
n=1

bnϑ
n,

which is finite for some values of ϑ.

The corresponding PMF for the GCPS family is obtained as

(2.7) pX(k) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

c(ϑ)

∞∑︂
n=1

bn (ϑG(0))
n
, k = 0∑︁∞

n=1 bn (ϑG(k))
n

c(ϑ)
−
∑︁∞

n=1 bn (ϑG(k − 1))
n

c(ϑ)
, k = 1, 2, ...

,
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where

G(x) =

x∑︂
j=0

ajϕ
j

g(ϕ)
.

3. SOME MEMBERS OF THE GCPS FAMILY

To show the flexibility of the GCPS family of distributions, we studied some of its members. In this
section, selected members of the GCPS family, namely the generalized geometric zero-truncated Poisson
(GGZTP) and the generalized geometric logarithmic (GGL) distributions, are discussed. Kafi et al. [12]
introduced the GGZTP distribution, derived several of its statistical functions, and explored its properties.
However, they did not discuss its sub-models and applications, which we address here.

3.1. The GGZTP distribution. First, we show that the GGZTP distribution belongs to the GCPS family.
To this end, let Y1, Y2, . . . , YN be i.i.d. random variables following a geometric distribution with parameter
p ∈ (0, 1), and let N be a zero-truncated Poisson random variable with parameter θ > 0.

The geometric distribution is a member of the power series family since its PMF can be written as

(3.1) pY (k) = (1− p)kp =
(1− p)k

1/p
=

akϕ
k

g(ϕ)
, k = 0, 1, 2, . . . ,

where ϕ = 1− p, ak = 1 for all k = 0, 1, 2, . . ., and

g(ϕ) =

∞∑︂
k=0

(1− p)k =
1

1− (1− p)
=

1

1− ϕ
.

Meanwhile, the zero-truncated Poisson distribution with parameter θ > 0 is a member of the zero-
truncated power series family since its PMF can be expressed as

(3.2) pN (n) =
θn

n!(eθ − 1)
=

bnϑ
n

c(ϑ)
, n = 1, 2, 3, . . . ,

where ϑ = θ, bn = 1/n!, and

c(ϑ) =

∞∑︂
n=1

θn

n!
= eθ − 1 = eϑ − 1.

Following the procedure in Section 2, we can obtain a GCPS family member, denoted as GGZTP(θ, p).
The CDF of the GGZTP distribution is obtained from (2.6) as

(3.3) FX(x) =

⎧⎪⎨⎪⎩
0, x < 0

1
eϑ−1

∑︁∞
n=1

[︂(︂∑︁⌊x⌋
j=0

ϕj

1/(1−ϕ)ϑ
)︂n

1
n!

]︂
, x ≥ 0

,

Hence, in accordance with Definition 2.1, the GGZTP distribution belongs to the GCPS family. Moreover,
since ϕ = 1 − p and ϑ = θ, the CDF in Equation (3.3) can be simplified. According to [12], the CDF of the
GGZTP distribution can be written as

(3.4) FX(x) = Pr(X ≤ x) =

⎧⎪⎪⎨⎪⎪⎩
0, x < 0

exp
{︁
θ
[︁
1− (1− p)⌊x⌋+1

]︁}︁
− 1

eθ − 1
, x ≥ 0

.

Meanwhile, the corresponding PMF is given by

(3.5) pX(k) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
eθp − 1

eθ − 1
, k = 0

eθ
[︂
e−θ(1−p)k+1 − e−θ(1−p)k

]︂
eθ − 1

, k = 1, 2, . . .

,
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where θ > 0 and 0 < p < 1.
Since the asymptotic behavior of the GGZTP PMF was not established in [12], we did so via the following

proposition.

Theorem 3.1. The asymptotic behavior of the GGZTP(θ, p) PMF as θ → 0+ is

lim
θ→0+

pX(k) = (1− p)kp, k = 0, 1, 2, . . . ,

which is the PMF of the geometric distribution with parameter p.

Proof. Consider Equation (3.5) under the condition that θ → 0+. For k = 0, we obtain

lim
θ→0+

eθp − 1

eθ − 1
= p.

Similarly, k = 1, 2, 3, . . .:

lim
θ→0+

pX(k) = lim
θ→0+

eθ
[︂
e−θ(1−p)k+1 − e−θ(1−p)k

]︂
eθ − 1

= (1− p)kp.

Hence, as θ → 0+, the PMF of the GGZTP distribution reduces to

(3.6) pX(k) = (1− p)kp, k = 0, 1, 2, . . . ,

which is the PMF for geometric(p). □

For a fixed value of p, plots showing the PMFs for the geometric and GGZTP distributions are presented
in Fig. 1. As can be seen in Fig. 1, the PMF plots for both distributions are almost identical, especially for
small values of θ. Therefore, the geometric distribution can be regarded as a sub-model of the GGZTP
distribution as θ → 0+. However, for arbitrary values of p, the PMF given in (3.6) is a decreasing function
of x only. In contrast, the PMF defined in Equation (3.5) can be either decreasing or increasing/decreasing,
depending on the choice of parameters. Plots for the PMF and CDF of the GGZTP distribution for selected
values of (θ, p) are presented in Figs. 2 and 3, respectively.
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FIGURE 1. Plots for the PMFs for the geometric and GGZTP distributions for p = 0.5.



Pan-Amer. J. Math. 5 (2026), 12 6

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0 1 2 3 4 5 6 7 8 9 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 1 2 3 4 5 6 7 8 9 10

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0 1 2 3 4 5 6 7 8 9 10
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0 1 2 3 4 5 6 7 8 9 10

FIGURE 2. Plots for the PMF for the GGZTP distribution for various values of θ and p.
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FIGURE 3. Plots for the CDF for the GGZTP distribution for various values of θ and p.

The plots in Fig. 2 confirm that the PMF for the GGZTP distribution is either decreasing or unimodal.
Fig. 3 illustrates that the CDF for the GGZTP distribution increases gradually when θ < p; but steeply
otherwise, the latter indicating a higher probability mass concentrated in the lower range of values. In
[12], the mean and variance of the GGZTP distribution are provided, but not the k-th moment. For X ∼
GGZTP(θ, p), the m-th moment for the GGZTP distribution is derived as

E(Xm) =

∞∑︂
k=0

kmpX(k) =

∞∑︂
k=1

km

⎛⎝eθ
[︂
e−θ(1−p)k+1 − e−θ(1−p)k

]︂
eθ − 1

⎞⎠
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=
eθ

eθ − 1

∞∑︂
k=1

km
(︂
e−θ(1−p)k

)︂ [︂
eθp(1−p)k − 1

]︂
=

eθ

eθ − 1

∞∑︂
k=1

∞∑︂
i=0

∞∑︂
j=1

km(−1)ig(k, p, i, j),(3.7)

where g(k, p, i, j) = (θ(1−p)k)i+jpj

i!j! . Although the infinite series in Equation (3.7) does not have a closed-form
solution, it can be evaluated numerically using mathematical software [12].

Theorem 3.2. For 0 ≤ r < 1, the r quantiles (or 100r-th percentiles) for GGZTP random variable X vary depending
on the condition; i.e.,

• If r ≤ eθp−1
eθ−1

, then the r quantile is xr = 0.

• If r > eθp−1
eθ−1

, then the r quantile is positive integer xr satisfying

c− 1 ≤ xr ≤ c,

where c =
ln

{︄
1−

ln[r(eθ−1)+1]
θ

}︄
ln(1−p) . In particular, if

ln

{︄
1−

ln[r(eθ−1)+1]
θ

}︄
ln(1−p) is not an integer, then the r quantiles for

the GGZTP distribution become

xr =

⎢⎢⎢⎢⎢⎣ ln
{︃
1− ln[r(eθ−1)+1]

θ

}︃
ln(1− p)

⎥⎥⎥⎥⎥⎦ ,

where ⌊·⌋ denotes the floor function.

Proof. The r quantiles for an integer-valued discrete distribution are non-negative integers xr satisfying

Pr(X < xr) ≤ r ≤ Pr(X ≤ xr).

For case 0 ≤ r ≤ eθp−1
eθ−1

, it is clear that xr = 0 is the only r quantile satisfying

Pr(X < 0) = 0 ≤ r ≤ eθp − 1

eθ − 1
= Pr(X ≤ 0).

For eθp−1
eθ−1

< r < 1, we note that inequality Pr(X ≤ xr) ≥ r can be written as

exp
{︁
θ
(︁
1− (1− p)xr+1

)︁}︁
− 1

eθ − 1
≥ r,

which implies

xr ≥
ln

{︃
1− ln[r(eθ−1)+1]

θ

}︃
ln(1− p)

− 1.

Moreover, inequality Pr(X < xr) ≤ r can be written as

eθp − 1

eθ − 1
+

xr−1∑︂
k=1

eθ
[︂
e−θ(1−p)k+1 − e−θ(1−p)k

]︂
eθ − 1

≤ r,

which implies

xr ≤
ln

{︃
1− ln[r(eθ−1)+1]

θ

}︃
ln(1− p)

.

Therefore, xr is any non-negative integer satisfying

c− 1 ≤ xr ≤ c.
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where c =
ln

{︄
1−

ln[r(eθ−1)+1]
θ

}︄
ln(1−p) . Furthermore, if c is not an integer, the last inequality simplifies to

xr = ⌊c⌋ =

⎢⎢⎢⎢⎢⎣ ln
{︃
1− ln[r(eθ−1)+1]

θ

}︃
ln(1− p)

⎥⎥⎥⎥⎥⎦ .

This ends the proof. □

Theorem 3.3. For X ∼ GGZTP(θ, p), the mode of the GGZTP distribution is given by

• if eθp−1
eθ−1

> eθ

eθ−1
maxk≥1

{︂
e−θ(1−p)k+1 − e−θ(1−p)k

}︂
and θ ≤ 1

1−p , then mode = 0.

• if eθp−1
eθ−1

<
eθ

[︂
e−θ(1−p)2−e−θ(1−p)

]︂
eθ−1

, then mode =
⌊︂

ln(1/θ)
ln(1−p)

⌋︂
.

where ⌊·⌋ denotes the floor function.

Proof. Recall that the mode of a discrete probability distribution can be any local maximum of its PMF. The
proof here is given case by case.

Case 1: Suppose
eθp − 1

eθ − 1
>

eθ

eθ − 1
max
k≥1

{︂
e−θ(1−p)k+1

− e−θ(1−p)k
}︂
,

then pX(0) > pX(k) for all k ≥ 1, in which case 0 is the mode.
For x ≥ 1, recall the PMF for the GGZTP distribution:

pX(x) =
eθ

eθ − 1

(︂
e−θ(1−p)x+1

− e−θ(1−p)x
)︂
.

Let g(x) = e−θ(1−p)x such that pX(x) ∝ g(x+1)−g(x). Hence, the mode occurs where the forward difference
of g(x) is maximized.

The derivatives are computed as

g′(x) = e−θ(1−p)x (−θ(1− p)x ln(1− p)) ,

g′′(x) = e−θ(1−p)x(ln(1− p))2
(︁
θ2(1− p)2x − θ(1− p)x

)︁
.

Thus,
g′′(x) > 0 if θ(1− p)x > 1 (convex),

g′′(x) < 0 if θ(1− p)x < 1 (concave).

Hence, the difference (g(k + 1)− g(k)) increases while g is convex and decreases after it becomes concave.
If θ ≤ 1

1−p , then g′′(k) < 0 for all k ≥ 1, so pX(k) is decreasing when k ≥ 1. Therefore, the GGZTP
distribution is unimodal with the mode at 0.

Case 2: Suppose

eθp − 1

eθ − 1
<

eθ
[︂
e−θ(1−p)2 − e−θ(1−p)

]︂
eθ − 1

,

then pX(0) < pX(k) for all k ≥ 1, and hence zero is not a mode.
Let a = 1− p with 0 < a < 1. For x ≥ 1, the PMF becomes

pX(x) =
eθ

eθ − 1

(︂
e−θax+1

− e−θax
)︂
.

Let g(x) = e−θax

so that p(x) ∝ g(x+ 1)− g(x), then

g′(x) = e−θax

(−θax ln a) ,

g′′(x) = e−θax

(ln a)2
(︁
θ2a2x − θax

)︁
.
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Thus, the sign for g′′(x) is the same as the sign for θax(θax − 1), and hence

g′′(x) > 0 if θ(1− p)x > 1,

g′′(x) < 0 if θ(1− p)x < 1.

Therefore, pX(k) = g(k + 1) − g(k) increases while θ(1 − p)k > 1 and decreases afterward. The maximum
occurs near the point where

θak ≈ 1.

Solving

θ(1− p)k = 1

results in

k =
ln(1/θ)

ln(1− p)
.

Since k must be an integer, the mode is

mode =

⌊︃
ln(1/θ)

ln(1− p)

⌋︃
.

□

Remark 3.4. The mode for the geometric distribution is zero. Combining it with the zero-truncated Poisson
distribution enables the established model (i.e., the GGZTP distribution) to accommodate another possible
mode, which is influenced by the selected values for parameters θ and p.

3.2. The GGL Distribution. First, we show that the GGL distribution belongs to the GCPS family. Let
Y1, Y2, . . . , YN be i.i.d. random variables following a geometric distribution with parameter p ∈ (0, 1) and
let N be a logarithmically distributed random variable with parameter q ∈ (0, 1). As explained in Subsec-
tion 3.1, the geometric distribution is a member of the power series family. The logarithmic distribution
with parameter q ∈ (0, 1) is a member of the zero-truncated power series family because its PMF can be
expressed as in Equation (2.3); i.e.,

(3.8) pN (n) =
−1

ln(1− q)

qn

n
=

bnϑ
n

c(ϑ)
, n = 1, 2, 3, . . . ,

where, in this case, ϑ = q, bn = 1/n for all n ∈ {1, 2, 3, . . .} and

c(ϑ) =

∞∑︂
n=1

qn

n
= − ln(1− q) = − ln(1− ϑ).

Therefore, since we have one power series (geometric) distribution and one zero-truncated power series
(logarithmic) distribution, then by following the procedure described in Section 2, we can show that the
GGL(q, p) distribution belongs to the GCPS family. The CDF for the GGL distribution can be expressed as
in Equation (2.6) as follows:

(3.9) FX(x) =

⎧⎪⎨⎪⎩
0, x < 0

− 1
ln(1−ϑ)

∑︁∞
n=1

[︂(︂∑︁⌊x⌋
j=0

ϕj

1/(1−ϕ)ϑ
)︂n

1
n

]︂
, x ≥ 0

,

where c(ϑ) = − ln(1− ϑ), g(ϕ) = (1− ϕ)−1 and bn = 1/n. Letting ϕ = 1− p and ϑ = q allows us to simplify
Equation (3.9). Thus, the simplest expression for the GGL CDF becomes

(3.10) FX(x) = − 1

ln(1− q)

∞∑︂
n=1

[︁
q
(︁
1− (1− p)⌊x⌋+1

)︁]︁n
n

.
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Since q ∈ (0, 1) and 1 − (1 − p)⌊x⌋+1 ∈ (0, 1) for all x ≥ 0, it follows that q
(︁
1− (1− p)⌊x⌋+1

)︁
∈ (0, 1).

Hence, using the Maclaurin series expansion of − ln(1 − u) for u ∈ (0, 1), Equation (3.10) can be rewritten
as

(3.11) FX(x) = Pr(X ≤ x) =

⎧⎪⎪⎨⎪⎪⎩
0, x < 0

ln
(︁
1− q

[︁
1− (1− p)⌊x⌋+1

]︁)︁
ln(1− q)

, x ≥ 0
.

The corresponding PMF is given by

(3.12) pX(k) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ln(1− qp)

ln(1− q)
, k = 0

1

ln(1− q)
ln

(︄
1− q

[︁
1− (1− p)k+1

]︁
1− q [1− (1− p)k]

)︄
, k = 1, 2, . . .

,

where p, q ∈ (0, 1).

Theorem 3.5. The limiting distribution for GGL(q, p) as q → 0+ is

lim
q→0+

FX(x) = 1− (1− p)⌊x⌋+1,

which is the CDF for the geometric distribution with parameter p.

Proof. Consider Equation (3.11) under the condition that q → 0+. By letting a(x) = 1 − (1 − p)⌊x⌋+1, we
obtain

lim
q→0+

FX(x) = lim
q→0+

ln(1− a(x)q)

ln(1− q)
= lim

q→0+

−a(x)/(1− a(x)q)

−1/(1− q)

= lim
q→0+

a(x)(1− q)

1− a(x)q
= a(x) = 1− (1− p)⌊x⌋+1.

Thus, as q → 0+, the CDF for the GGL distribution converges to the CDF for the geometric distribution. □
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FIGURE 4. Plots for the PMF for the geometric and GGL distributions for p = 0.3.
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FIGURE 5. Plots for the PMF for the GGL distribution for various values of q and p.

Plots for the PMF for the geometric(p) and GGL(q, p) distributions for a fixed value of p are presented
in Fig. 4. As can be seen in Fig. 4, the PMF plots of both distributions are almost identical, especially for
smaller values of q. This observation further supports the conclusion that the geometric distribution is a
sub-model of the GGL distribution as q → 0+. Moreover, for any values of q and p, the PMF given in
Equation (3.12) is a decreasing function of x. The plots for the PMF and CDF for the GGL distribution for
selected values of (q, p) are presented in Figs. 5 and 6, respectively.
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FIGURE 6. Plots for the CDF for the GGL distribution for various values of q and p.

The evidence in Fig. 5 confirms that the PMF for the GGL distribution is a decreasing function. Mean-
while, Fig. 6 illustrates that, when q > p, the CDF for the GGL distribution increases gradually. Otherwise,
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the CDF exhibits a steeper increase, which indicates a higher probability mass centered around the lower
values of random variable X .

The m-th moment of the GGL distribution is derived as

(3.13) E(Xm) =

∞∑︂
k=0

kmpX(k) =

∑︁∞
k=1 k

m ln

(︃
1−q(1−(1−p)k+1)
1−q(1−(1−p)k)

)︃
ln(1− q)

Although the infinite series in Equation (3.13) does not have a closed-form expression, it can be evalu-
ated numerically using mathematical software. From Equation (3.13), the first moment (mean) and second
moment of the GGL distribution are respectively given by

E(X) =

∑︁∞
k=1 k ln

(︃
1−q(1−(1−p)k+1)
1−q(1−(1−p)k)

)︃
ln(1− q)

,(3.14)

and

(3.15) E(X2) =
1

ln(1− q)

∞∑︂
k=1

k2 ln

(︄
1− q

(︁
1− (1− p)k+1

)︁
1− q (1− (1− p)k)

)︄
.

In addition, the variance for the GGL distribution is defined as

Var(X) =

∑︁∞
k=1 k

2 ln

(︃
1−q(1−(1−p)k+1)
1−q(1−(1−p)k)

)︃
ln(1− q)

−
[︃

1

ln(1− q)

]︃2 [︄ ∞∑︂
k=1

k ln

(︄
1− q

(︁
1− (1− p)k+1

)︁
1− q (1− (1− p)k)

)︄]︄2
.(3.16)

Equations (3.14), (3.15), and (3.16) should also be evaluated numerically using mathematical software.

Theorem 3.6. For 0 ≤ r < 1, the r quantile (or 100r-th percentile) for GGL random variable X varies depending
on the condition; i.e.,

• If r ≤ ln(1−qp)
ln(1−q) , then the r quantile is xr = 0.

• If r > ln(1−qp)
ln(1−q) , then the r quantile is a positive integer xr satisfying

c− 1 ≤ xr ≤ c,

where c =
ln
(︂
1− 1−(1−q)r

q

)︂
ln(1−p) . In particular, if

ln
(︂
1− 1−(1−q)r

q

)︂
ln(1−p) is not an integer, then the r quantile for the GGL

distribution becomes

xr =

⎢⎢⎢⎣ ln
(︂
1− 1−(1−q)r

q

)︂
ln(1− p)

⎥⎥⎥⎦ ,

where ⌊·⌋ denotes the floor function.

Proof. The r quantiles of an integer-valued discrete distribution are non-negative integers xr satisfying

Pr(X < xr) ≤ r ≤ Pr(X ≤ xr).

For case 0 ≤ r ≤ ln(1−qp)
ln(1−q) , it is clear that xr = 0 is the only r quantile satisfying

Pr(X < 0) = 0 ≤ r ≤ ln(1− qp)

ln(1− q)
= Pr(X ≤ 0).

For ln(1−qp)
ln(1−q) < r < 1, note that inequality Pr(X ≤ xr) ≥ r can be written as

ln
(︁
1− q

(︁
1− (1− p)xr+1

)︁)︁
ln(1− q)

≥ r,
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which implies

xr ≥
ln
{︂
1− 1−(1−q)r

q

}︂
ln(1− p)

− 1.

Furthermore, inequality Pr(X < xr) ≤ r can be defined as

ln(1− qp)

ln(1− q)
+

xr−1∑︂
k=1

[︃
ln

(︃
1−q(1−(1−p)k+1)
1−q(1−(1−p)k)

)︃]︃
ln(1− q)

≤ r,

which implies

xr ≤
ln
{︂
1− 1−(1−q)r

q

}︂
ln(1− p)

.

Therefore, xr is any positive integer satisfying

ln
(︂
1− 1−(1−q)r

q

)︂
ln(1− p)

− 1 ≤ xr ≤
ln
(︂
1− 1−(1−q)r

q

)︂
ln(1− p)

,

Furthermore, if
ln
(︂
1− 1−(1−q)r

q

)︂
ln(1−p) is not an integer, the last inequality can be simplified to

xr =

⎢⎢⎢⎣ ln
(︂
1− 1−(1−q)r

q

)︂
ln(1− p)

⎥⎥⎥⎦ .

This ends the proof. □

Theorem 3.7. For X ∼ GGL(q, p), the mode of the GGL distribution is zero.

Proof. Recall that the mode of a discrete probability distribution is any local maximum of its PMF. For
r = 1− p, we obtain

pX(0) =
ln(1− qp)

ln(1− q)

and

pX(1) =
1

ln(1− q)
ln

(︃
1− q(1− r2)

1− q(1− r)

)︃
.

Suppose pX(1) ≥ pX(0). Since ln(1− q) < 0, this inequality implies

ln

(︃
1− q(1− r2)

1− q(1− r)

)︃
≤ ln(1− qp),

which gives
1− q(1− (1− p)2)

1− q(1− p)
≤ 1− qp,

⇔ 1− q(1− (1− p)2) ≤ (1− qp)2,

⇔ −q(−p2 + 2p) ≤ −2qp+ q2p2,

⇔ qp2 ≤ q2p2,

which implies 1 ≤ q.
However, this never holds because q ∈ (0, 1). Thus,

p(1) < p(0),

which makes k = 0 a local maximum.
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For k = 1, 2, 3, . . ., we can define

Ak =
1− q

[︁
1− (1− p)k+1

]︁
1− q [1− (1− p)k]

.

Subsequently, the PMF for the GGL distribution can be simplified to

pX(k) =
1

ln(1− q)
ln(Ak).

Note that Ak+1 ≥ Ak because (1−p)k is decreasing in k. Therefore, ln(Ax) increases with x. However, since
ln(1− q) < 0, PMF pX(k) is strictly decreasing for k ≥ 1.

Consequently,

pX(0) > pX(1) > pX(2) > · · · ,

and hence the mode is zero, which is unique mode for the GGL distribution. □

Remark 3.8. The mode of the GGL distribution is similar to the mode of the geometric distribution (i.e.,
zero). Consequently, combining the geometric distribution with the logarithmic distribution preserves the
mode of the original geometric distribution.

3.3. The IOD for the GGZTP and GGL Distributions. As dispersion behavior reflects the flexibility of
a discrete distribution, studying it is essential and is therefore presented in this subsection. Dispersion
behavior describes how the observed counts vary or scatter around the mean. This behavior is quantified
using the index of dispersion (IOD), defined as the ratio of the variance to the mean. As mentioned earlier,
the three types of dispersion behavior are underdispersion, equidispersion, and overdispersion [13].

A discrete distribution is said to be flexible if it can exhibit all three behaviors [13]. To demonstrate the
flexibility of the GGZTP distribution, Kafi et al. [12] derived its IOD, along with its mean and variance. The
IOD for the GGZTP distribution is given by

(3.17) IOD =

(E(X))2(eθp−1)
eθ−1

+

∞∑︂
k=1

(k − E(X))2

⎛⎝eθ
[︂
e−θ(1−p)k+1 − e−θ(1−p)k

]︂
eθ − 1

⎞⎠
∑︁∞

k=1 k

(︃
eθ[e−θ(1−p)k+1−e−θ(1−p)k ]

eθ−1

)︃ .

Here, E(X) denotes the expected value (mean) of GGZTP distributed random variable X . Since Equa-
tion (3.17) does not allow a closed-form expression, numerical simulations must be performed to obtain the
IOD values for selected values of θ and p; the results reported in Table 1 indicate that the IOD values can be
less than, equal to, or greater than one, so the GGZTP distribution is flexible.

For the GGL distribution, the ratio of the variance to the mean leads to the IOD, which is given by

(3.18) IOD =

1

ln(1− q)

∞∑︂
k=1

k2

[︄
ln

(︄
1− q

(︁
1− (1− p)k+1

)︁
1− q (1− (1− p)k)

)︄]︄

−
(︃

1

ln(1− q)

)︃2
(︄ ∞∑︂

k=1

k

[︄
ln

(︄
1− q

(︁
1− (1− p)k+1

)︁
1− q (1− (1− p)k)

)︄]︄)︄2

1

ln(1− q)

∞∑︂
k=1

k

[︄
ln

(︄
1− q

(︁
1− (1− p)k+1

)︁
1− q (1− (1− p)k)

)︄]︄
.

Equation (3.18) must be evaluated using mathematical software. Similar to the GGZTP distribution, nu-
merical simulations are required to obtain the IOD values for the GGL distribution for selected values of q
and p, the results for which are reported in Table 2; it can be seen that the IOD values can be less than, equal
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to, or greater than one, so the GGL distribution is capable of exhibiting underdispersion, equidispersion,
and overdispersion, and is thus flexible.

Remark 3.9. Members of the power series family, such as the Poisson, negative binomial, and geometric
distributions, can only capture a single type of dispersion behavior, whereas members of the GCPS family
are capable of accommodating underdispersed, overdispersed, and equidispersed data within a unified
framework and are thus flexible.

TABLE 1. The mean, variance, and IOD of the GGZTP distribution for various values of (θ, p)

θ p Mean Variance IOD

9 0.83 1.0649 0.619918 0.582137

8.7 0.87 0.83595 0.504364 0.603346

6.5 0.85 0.78561 0.552475 0.703243

0.000001 0.9999 0.0001 0.00010002 1.0001

2 0.9 0.23512 0.236476 1.005813

0.1 0.5 1.03357 2.055363 1.988606

0.05 0.25 3.04298 12.15267 3.993675

4 0.12 15.1774 97.08553 6.396717

TABLE 2. The mean, variance, and IOD of the GGL distribution for various values of (q, p)

q p Mean Variance IOD

0.98 0.98 0.179679 0.157731 0.877846

0.95 0.9 0.420463 0.389321 0.925934

0.75 0.98 0.042915 0.044717 0.999066

0.75 0.95 0.106492 0.107099 1.005704

0.75 0.8 0.442213 0.506671 1.145762

0.2 0.5 1.07674 2.127881 1.976225

0.5 0.2 4.83093 23.90692 4.948719

0.95 0.15 11.6799 83.02194 7.108103

4. PARAMETER ESTIMATIONS

The maximum likelihood estimation (MLE) method was employed to estimate the values of the GGZTP
and GGL distribution parameters. This is because the percentile matching method may lead to non-unique
solutions, while the moment-matching method is complicated by the k-th moments of both the GGZTP and
GGL distributions not having closed-form expressions. Moreover, the Bayesian approach is computation-
ally demanding due to the difficulty in specifying appropriate prior distributions.
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4.1. The MLE for the GGZTP distribution. Kafi et al. [12] employed the MLE method to estimate the
GGZTP distribution parameter values. Let X1, X2, . . . , Xz be an i.i.d. random sample of size z from a
GGZTP-distributed population. The log-likelihood function of the GGZTP distribution is given by

(4.1) ℓ(θ, p;X1, X2, . . . , Xz) = z0 ln

(︃
eθp − 1

eθ − 1

)︃
+

∞∑︂
k=1

zkh1(k; p, θ),

where h1(k; p, θ) = ln

(︄
eθ

[︂
e−θ(1−p)k+1

−e−θ(1−p)k
]︂

eθ−1

)︄
, z =

∑︁∞
k=0 zk and zk denotes the number of observations

for which X = k. Kafi et al. [12] stated that the values of θ and p that maximize Equation (4.1) must be
obtained numerically; e.g., by using the Newton–Raphson method.

4.2. The MLE for the GGL distribution. Let X1, X2, . . . , Xz be an i.i.d. random sample of size z from
a GGL distributed population. The values of parameters q and p can be estimated by maximizing the
likelihood or log-likelihood functions of the GGL distribution, which are respectively given by

(4.2) L(q, p;X1, X2, . . . , Xz) =

[︃
ln(1− qp)

ln(1− q)

]︃z0 ∞∏︂
k=1

[h2(k; q, p)]
zk ,

and

(4.3) ℓ(q, p;X1, X2, . . . , Xz) = z0 ln

(︃
ln(1− qp)

ln(1− q)

)︃
+

∞∑︂
k=1

zk ln[h2(k; q, p)] ,

where

h2(k; q, p) = ln

[︄
1

ln(1− q)
ln

(︄
1− q

(︁
1− (1− p)k+1

)︁
1− q (1− (1− p)k)

)︄]︄
.

Here, z =
∑︁∞

k=0 zk and zk denotes the number of observations for which X = k. The values of q and p that
maximize Equation (4.3) are obtained by simultaneously solving the following score equations:

(4.4)
∂ℓ

∂q
= z0

[︃
1

(1− q) ln(1− q)
− p

(1− pq) ln(1− pq)

]︃
+

∞∑︂
k=1

zk
∂

∂q
[h2(k; q, p)] = 0,

and

(4.5)
∂ℓ

∂p
= − z0q

(1− pq) ln(1− pq)
+

∞∑︂
k=1

zk
∂

∂p
[h2(k; q, p)] = 0.

The closed-form solutions for Equations (4.4) and (4.5), denoted as q̂ and p̂, respectively, cannot be obtained.
Therefore, the Newton–Raphson method was employed in the present study to approximate the MLEs q̂

and p̂.

5. NUMERICAL EXPERIMENTS

As discussed in the preceding section, the MLEs of the parameters of the GGZTP and GGL distributions
must be obtained using numerical methods. Therefore, numerical simulations are required to evaluate the
performance of the MLEs for selected values of the parameters in both distributions and for several sample
sizes. To this end, Monte Carlo simulations were repeated 10,000 times for each selected parameter setting.
The performances of the MLEs were evaluated using two measures: the average estimate (AE) and the
mean squared error (MSE), respectively, defined as

AE =
1

10,000

10,000∑︂
j=1

τ̂j ; MSE =
1

10,000

10,000∑︂
j=1

(τ̂j − τ)2,
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where τ̂j denotes the estimated value of the parameter in the jth Monte Carlo replication, and τ represents
the true value of the parameter.

For the GGZTP distribution, the robustness of the MLEs was investigated via additional simulations in
the present study using different selected values of θ and p over those performed by Kafi et al. [12]. Fol-
lowing procedures similar to theirs, numerical simulations were also carried out for the GGL distribution.
To this end, sample sizes of 100, 500, and 1000 were generated from the GGL distribution for cases q < p,
q = p, and q > p, representing underdispersed, equidispersed, and overdispersed count data, respectively.
The numerical results for GGZTP and GGL are provided in Tables 3 and 4, respectively.

TABLE 3. Numerical results for estimating the GGZTP parameter values for simulated data
of size z

Parameter Average Estimate MSE
z = 100 z = 500 z = 1000 z = 100 z = 500 z = 1000

θ = 1.45 1.5465 1.4665 1.4588 0.6084 0.1253 0.0620
p = 0.68 0.6823 0.6804 0.6801 0.0031 0.0007 0.0003

θ = 4 4.1109 4.0257 4.0089 0.5941 0.1046 0.0536
p = 0.12 0.1211 0.1203 0.1201 0.0001 0.0000 0.0000

θ = 0.32 0.4076 0.3647 0.3474 0.0556 0.0209 0.0124
p = 0.65 0.6585 0.6540 0.6523 0.0013 0.0002 0.0001

θ = 0.87 0.9523 0.8776 0.8741 0.2780 0.0536 0.0260
p = 0.10 0.1023 0.1004 0.1001 0.0002 0.0000 0.0000

TABLE 4. Numerical results for estimating the GGL parameter values for simulated data
of size z

Parameter Average Estimate MSE
z = 100 z = 500 z = 1000 z = 100 z = 500 z = 1000

q = 0.98 0.9378 0.9727 0.9766 0.0252 0.0011 0.0004
p = 0.98 0.9782 0.9793 0.9797 0.0010 0.0002 0.0001

q = 0.75 0.7987 0.6895 0.7119 0.0559 0.0910 0.0536
p = 0.98 0.9846 0.9803 0.9803 0.0002 0.0001 0.0001

q = 0.50 0.5435 0.5044 0.4999 0.0381 0.0073 0.0035
p = 0.20 0.2112 0.2016 0.2005 0.0010 0.0001 0.0001

q = 0.95 0.9545 0.9509 0.9505 0.0005 0.0001 0.0000
p = 0.15 0.1581 0.1512 0.1506 0.0005 0.0001 0.0000

Based on the results, the average estimates of the parameters were generally close to their true values,
with the distance never exceeding 0.1. Moreover, the average estimates were close to the true parameter
values as the sample size was increased. This was also the case for the MSE: as the sample size was in-
creased, the MSE decreased. Therefore, we can conclude that the proposed estimators were suitable for the
point estimation of each parameter.
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6. APPLICATION TO REAL DATA

This section presents the results of applying the GGZTP and GGL distributions to four real datasets to
illustrate the usefulness of the distributions and to provide a comparison of their efficacies with those of the
Conway-Maxwell Poisson (CMP) and PG distributions. The respective PMFs for these competing models
are as follows:

pX(k) =
λk

(k!)νZ(λ, ν)
, k = 0, 1, 2, . . . ,

where

Z(λ, ν) =

∞∑︂
j=0

λj

(j!)ν
; λ > 0 and ν > 0.

and

pX(k) =

⎧⎨⎩ 1− α(1− p)/p, k = 0,

α(1− p)k, k = 1, 2, . . . ,

where 0 < p < 1 and 0 ≤ α ≤ p/(1− p).
The first dataset comprises the number of strikes in the UK coal mining industry over 4-week periods

during 1948–1959 [14], the second is the number of sperm cells in sea urchins’ eggs with respect to fer-
tilization [15], the third is the claim frequency for 10,814 automobile insurance policyholders in a Turkish
insurance company recorded between 2012 and 2014 [16], and the fourth is the number of dicentric chro-
mosomes observed after exposure to radiation after being exposed to 0.6 Sv [4]. Datasets 1 and 2 are listed
in Table 5, while datasets 3 and 4 are listed in Table 6.

TABLE 5. Details of datasets 1 and 2
Dataset 1 Dataset 2

Number of Strikes Observed Freq. Number of Sperm Cells Observed Freq.

0 46 0 28

1 76 1 44

2 24 2 7

3 9 3 1

4 1

Total 156 Total 80

Mean 0.9935897 Mean 0.7625

Variance 0.7418941 Variance 0.4365506

IOD 0.7466805 IOD 0.5725254
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TABLE 6. Details of datasets 3 and 4
Dataset 3 Dataset 4

Number of Claims Observed Freq. Number of Chromsms Observed Freq.

0 8,544 0 473

1 1,796 1 119

2 370 2 34

3 81 3 3

4 22 4 2

5 1

Total 10,814 Total 631

Mean 0.2655817 Mean 0.3232964

Variance 0.3347128 Variance 0.3937263

IOD 1.260300691 IOD 1.217849

The results in Table 5 indicate that datasets 1 and 2 exhibited underdispersion, while Table 6 indicates
that datasets 3 and 4 exhibited overdispersion. The results for fitting datasets 1, 2, 3, and 4 to all four
distributions evaluated using adequate measures such as the maximum log-likelihood, Akaike Informa-
tion Criterion (AIC), Bayesian Information Criterion (BIC), and chi-squared (χ2) goodness-of-fit with cor-
responding p-values are provided in Tables 7, 8, 9, and 10, respectively.

TABLE 7. Fitting results for dataset 1
Number of Strikes Observed Freq. GGZTP CMP PG GGL

0 46 46.1865 47.4922 45.9999 60.6275
1 76 74.8944 70.4309 78.0645 55.3159
2 24 26.8862 30.6551 22.6639 32.0205
3 9 6.3213 6.5134 6.5798 7.1062
4 1 1.3528 0.8320 1.9103 0.8346

Fitted p̂ = 0.7913 λ̂ = 1.4830 p̂ = 0.7097 q̂ = 0.997

parameters θ̂ = 5.7977 ν̂ = 1.7686 α̂ = 1.7237 p̂ = 0.899

χ2 1.5540 2.9153 1.4573 13.809
p-value 0.4598 0.2328 0.4826 0.0010

Log-likelihood -187.556 -188.011 -187.985 -193.306
AIC 379.111 380.023 379.971 390.611
BIC 385.211 386.123 386.071 396.711
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TABLE 8. Fitting results for dataset 2
Number of Sperm Observed Freq. GGZTP CMP PG GGL

0 28 28.0111 28.2859 28.0000 37.8941
1 44 43.9346 42.9323 44.3279 33.3839
2 7 7.2005 8.2906 6.5402 8.4737
3 1 0.7671 0.4793 0.9649 0.2439

Fitted p̂ = 0.8989 λ̂ = 1.5178 p̂ = 0.8525 q̂ = 0.9998

parameters θ̂ = 10.3775 ν̂ = 2.9745 α̂ = 3.7556 p̂ = 0.9825

χ2 0.0764 0.7960 0.0360 8.559
p-value 0.7822 0.3723 0.8495 0.0034

Log-likelihood -77.2566 -77.4821 -77.3193 -80.8847
AIC 158.5131 158.9642 158.6387 165.7695
BIC 163.2772 163.7282 163.4027 170.5335

TABLE 9. Fitting results for dataset 3
Number of Claims Observed Freq. GGZTP CMP PG GGL

0 8544 8544.2100 8542.8500 8544.0004 8544.2170
1 1796 1793.8290 1795.7330 1794.1850 1793.8260
2 370 376.1750 376.0100 376.0791 376.1728
3 81 78.8668 78.6035 78.8299 78.8659
4 22 16.5339 16.4031 16.5236 16.5337
5 1 3.4662 3.4190 3.4635 3.4661

Fitted p̂ = 0.7904 λ̂ = 0.2102 p̂ = 0.7904 q̂ = 0.0031

parameters θ̂ = 0.0031 ν̂ = 0.0052 α̂ = 0.7915 p̂ = 0.7904

χ2 3.72347 3.79341 3.72715 3.72358
p-value 0.2929 0.2847 0.2925 0.2929

Log-likelihood -7031.28 -7031.27 -7031.28 -7031.28
AIC 14066.56 14066.54 14066.56 14066.56
BIC 14081.14 14081.11 14081.14 14081.14

TABLE 10. Fitting results for dataset 4
Number of Chromsm Observed Freq. GGZTP CMP PG GGL

0 473 472.3589 471.7168 472.9999 472.1554
1 119 123.1001 123.7125 122.3726 123.3557
2 34 27.7829 28.2024 27.5938 27.8052
3 3 6.0742 5.9232 6.2221 6.0318
4 2 1.3189 1.1737 1.4030 1.2973

Fitted p̂ = 0.7833 λ̂ = 0.2623 p̂ = 0.7745 q̂ = 0.3361

parameters θ̂ = 0.3951 ν̂ = 0.2022 α̂ = 0.8601 p̂ = 0.7854

χ2 3.4363 3.3991 3.5028 3.4401
p-value 0.1794 0.1828 0.1735 0.1791

Log-likelihood -463.8967 -463.7487 -463.9968 -463.8804
AIC 931.7934 931.4973 931.9936 931.7608
BIC 940.6880 940.3920 940.8883 940.6554



Pan-Amer. J. Math. 5 (2026), 12 21

As can be seen in Tables 7 and 8, the χ2 goodness-of-fit p-values for the GGZTP distribution exceeded
the significance level of 0.05 for datasets 1 and 2, respectively, thereby indicating adequate fitting of the
data therein. In contrast, the GGL distribution did not satisfactorily fit these two datasets, as the corre-
sponding p-values fall below the 0.05 threshold. Furthermore, the results in Tables 9 and 10 for datasets 3
and 4, respectively, indicate that the χ2 goodness-of-fit p-values for both the GGZTP and GGL distributions
exceeded 0.05, thereby suggesting that both distributions are suitable for fitting these datasets.

For datasets 1 and 2, the GGZTP distribution is the most suitable model, as it yielded the lowest AIC
and BIC values. For dataset 3, although the fitting results are very similar, the CMP distribution performed
slightly better than the other three distributions, as indicated by its achieving the lowest AIC and BIC
values, although the differences are very small. For dataset 4, the AIC and BIC values for the GGL and
GGZTP distributions indicate that they are the second and third best options, respectively. Nevertheless,
the results suggest that GGZTP and GGL distributions could be viable alternatives to the CMP distribution
for modeling dataset 4.

Furthermore, the insurer may utilize historical data, namely the claim frequency from 10,814 automobile
insurance policyholders between 2012 and 2014 [16], to estimate the expected loss for the year 2015 and
price accordingly. The gross premium charged to applicants intending to purchase a motor insurance policy
is calculated as

Gross Premium =
Pure Premium

1− Total Loadings
.

The pure premium is based on the past claim amount data and is calculated using the expected value; i.e.,

Pure Premium = E(C)E(X),

where E(C) is the average cost per claim, E(X) is the average number of claims per exposure unit (policy),
and total loadings cover administrative costs, commissions, and profit margins [17].

According to the results in Table 9, the insurance data follow either a GGZTP or GGL distribution, as
indicated by the p-values for both exceeding the significance level of 0.05. In this case, the total loadings are
30% of the gross premium, and the average cost per claim is the same as in 2024 (31,520 Turkish Lira per
claim) [18].

Assuming the number of claims follows a GGZTP distribution with parameter estimates p̂ = 0.7904 and
θ̂ = 0.00305, the expected number of claims per policy is

E(X) =

∞∑︂
k=0

k
eθ
[︂
e−θ(1−p)k+1 − e−θ(1−p)k

]︂
eθ − 1

=
e0.00305

e0.00305 − 1

∞∑︂
k=1

k
(︂
e−0.00305(1−0.0.7904)k+1

− e−0.00305(1−0.0.7904)k
)︂

= 0.265581.

Thus,

Pure Premium = 31,520× 0.265581 = 8,371.11312,

and

Gross Premium =
8,371.11312

1− 0.3
= 11,958.73303.

Assuming instead that the insurance data follow a GGL distribution with parameter estimates p̂ =

0.0.7904 and q̂ = 0.003048, the expected number of claims is

E(X) =
1

ln(1− q)

∞∑︂
k=0

k ln

(︄
1− q

(︁
1− (1− p)k+1

)︁
1− q (1− (1− p)k)

)︄
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=
1

ln(1− 0.003048)

∞∑︂
k=1

k ln

(︄
1− 0.003048

(︁
1− (1− 0.0.7904)k+1

)︁
1− 0.003048 (1− (1− 0.7904)k)

)︄
= 0.265581 claims per policy.

Hence,

Pure Premium = 31,520× 0.265581 = 8,371.11312,

and

Gross Premium =
8,371.11312

1− 0.3
= 11,958.73303.

The identical gross premium values arose because both models are similar in their limiting distributions:
specifically, θ̂ = 0.00305 ≈ 0 for the GGZTP distribution and q̂ = 0.003048 ≈ 0 for the GGL distribution.
This came about because according to Propositions 1 and 2, both distributions reduce to the geometric
distribution with parameter p̂ = 0.79036.

The gross premium obtained covers the expected losses and loadings for the year 2015. It is also im-
portant to note that this premium calculation does not vary across individual policyholders unless rating
factors such as age or location are incorporated. Under this framework, all policyholders are treated equally
while assuming a homogeneous risk pool.

The choice of an appropriate distribution model is of critical importance, as demonstrated in the analysis
of claim frequency presented in this section. An inadequate model may fail to capture the underlying
characteristics of the data, leading to biased or inefficient estimates. Consequently, the selection of the
claim frequency model plays a decisive role in determining the accuracy of gross premium calculations.

7. CONCLUSION

This study introduces a novel family of distributions denoted as GCPS. In particular, the characteristics
of the GGZTP and GGL distributions were investigated in detail. An investigation of their IODs confirmed
that they can exhibit overdispersion (IOD > 1), equidispersion (IOD = 1), or underdispersion (IOD < 1),
thereby demonstrating their flexibility for data count applications. Furthermore, an in-depth exploration of
their behavior revealed that the geometric distribution is a sub-model of both.

A comprehensive Monte Carlo simulation study indicated that their MLEs are consistent and efficient,
with estimated parameters closely approximating the true values, particularly as the sample size was in-
creased. When applied to real data, the efficacies of the GGZTP and GGL distributions were compared
with those of the CMP and PG distributions. While the GGZTP distribution fitted all datasets well, the
GGL distribution was only suitable in some cases. The GCPS family offers other discrete distributions that
could be investigated in future studies.
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