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ON INTUITIONISTIC FUZZY PRIMARY IDEAL OF A RING

P. K. SHARMA

ABSTRACT. The purpose of this paper is to introduce and investigate primary ideal and P-primary ideal in
the intuitionistic fuzzy environment and lay down the foundation for the primary decomposition theorem in
the intuitionistic fuzzy setting. Also a suitable characterization of intuitionistic fuzzy P-primary ideal will be
discussed.

1. INTRODUCTION

The decomposition of an ideal into primary ideals is a traditional pillar of ideal theory. It provides the
algebraic foundation for decomposing an algebraic variety into its irreducible components. From another
point of view primary decomposition provides a generalization of the factorization of an integer as a prod-
uct of prime-powers. A prime ideal in a ring R is in some sense a generalization of a prime number. Also,
primary ideal is some sort of generalization of prime ideal. Anideal () in a ring R is called primary if @) # R
and if

xy € Q = either x € Q or y™ € Q for some n € N.

In other words, @ is primary ideal & R/Q # 0 and every non-zero divisors in R/Q is nilpotent.

After the foundation of the theory fuzzy sets by Zadeh [17]. Mathematician started fuzzifying the
algebraic concepts. Rosenfeld [13] was the first one to introduce the notion of fuzzy subgroup of a group.
The concepts of fuzzy subring and ideal were introduced and studied by Liu in [9]. The notion like fuzzy
(prime, primary, semi-prime, nil radical etc.) ideals were studied by Swamy at al. in [16] and Malik et al.
in [10]. A detailed study of different algebraic structures in fuzzy setting can be found in [11].

One of the prominent generalizations of fuzzy sets theory is the theory of intuitionistic fuzzy sets
introduced by Atanassov [1], [2] and [3]. Biswas introduced the notion of intuitionistic fuzzy subgroup
of a group in [6]. The concepts of intuitionistic fuzzy subring and ideal were introduced and studied by
Hur and others in [7]. The notion like intuitionistic fuzzy (prime, primary, semi-prime, nil etc.) ideals were
studied in [4], [8], [12] and [15].

In this paper, we evaluate primary ideals and P-primary ideals in the intuitionistic fuzzy environment
and laid down the foundation for the primary decomposition theorem in the intuitionistic fuzzy setting.
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2. PRELIMINARIES

Throughout this paper R is a commutative ring with identity.

Definition 2.1. ( [2,3]) An intuitionistic fuzzy set (IFS) A in X can be represented as an object of the form
A ={< z,pa(x),va(z) > © € X}, where the functions g : X — [0,1] and v4 : X — [0,1] denote the
degree of membership (namely 14 (z)) and the degree of non-membership (namely v 4(x)) of each element
x € X to Arespectively and 0 < pa(x) +va(zr) < 1foreachz € X.

Remark 2.2. ([2,3])

(i) When pa(z) + va(z) = 1,Vz € X. Then A is called a fuzzy set.

(ii) AnIFS A = {< z,pa(x),va(xz) >: ¢ € X} is shortly denoted by A(z) = (pa(z),va(x)), Vo € X. We
denote by I F'S(X) the set of all IFSs of X.

If A,B € IFS(X), then A C B if and only if pa(x) < pp(z) and va(z) > vp(z),Vz € X and A =
B < A C Band B C A. For any subset Y of X, the intuitionistic fuzzy characteristic function xy is an
intuitionistic fuzzy set of X, defined as xy (z) = (1,0),Vz € Y and xy(x) = (0,1),Vz € X\Y. Let o, 8 €
[0,1] with o + 8 < 1. Then the crisp set A, 5y = {z € X : pa(x) > aand va(z) < [} is called the («, §)-
level cut subset of A. Also the IFS x(,, 5y of X defined as x4 gy (y) = (o, B), if y = x, otherwise (0, 1) is called
the intuitionistic fuzzy point (IFP) in X with support z. By 2, 5) € A we mean p(x) > a and va(z) < B.
Further, if f : X — Y is a mapping and A, B be respectively IFS of X and Y. Then the image f(A) is an IFS
of Y is defined as y17(4)(y) = Sup{pa(z) : f(x) =y}, vpay(y) = Inf{va(z) : f(z) =y}, forally € Y and
the inverse image f~!(B) is an IFS of X is defined as i ;-1(5)(z) = pp(f(z)), vi-1(p)(x) = va(f(x)), for
allz € X, ie, f71(B)(z) = B(f(z)), forall z € X. Also, the IFS A of X is said to be f-invariant if for any
x,y € X, whenever f(z) = f(y) imply A(z) = A(y).

Definition 2.3. ([4,7]) Let A € IF'S(R). Then A is called an intuitionistic fuzzy ideal (I FI) of ring R if for
all z,y € R, the followings are satisfied

(@) pa(z —y) = palz) A pa(y);

(ii) pa(zy) > pa(e) vV paly);

(iii) va(z — y) < valz) Vvaly);

(iv)va(zy) <va(z) Ava(y).

Note that ;14(0) > pa(z) > pa(1l),pa(0) < pa(x) < va(l),vz € R. The set of all intuitionistic fuzzy
ideals of R is denoted by IFI(R).

Definition 2.4. ([5]) Let A, B € IFI(R). Then the intuitionistic fuzzy product AB and intuitionistic intrin-
sic product A * B of A and B are defined as: Forall z € R

(/lAB(x)» VAB(-T)) _ {(Supm—yz(:uz‘l(y) A :L"B(Z))v Infac:yZ(VA(y) \ VB(Z))v ife=yz

(0,1), otherwise
and
Sup[Infl{paa;) Apup(b;)}] ifx=3%",a;b;,a;,b; € RneN
nasp(z) = o . and
0, if z is not expressible as z = X7, a;b;
(@) Inf[Supl_ {va(a;) Vvp(b)}] ifx=3"a:b;,a;,b; € Ryn €N
VAxB =
1, if x is not expressible as z = X7, a;b;,
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where as usual supremum and infimum of an empty set are taken to be 0 and 1 respectively. Note that
AB C Ax B.

Remark 2.5. ([7]) Let R be a commutative ring. Then for any x(, o), y(t,s) € IFP(R)
(0) Z(p.g) + Y(t.s) = (T + Y) (pat.qvs);
(11) T(p,q)Y(t,s) = (‘Ty)(p/\t,q\/s)-

Theorem 2.6. ([5]) Let A € IFS(R). Then A is an intuitionistic fuzzy ideal if and only if A, ) is an ideal of R,
forall @ < pa(0),8 > va(0) with « + B < 1. In particular, if Ais an IFI of R, then A, = {x € R : pa(x) =
14(0),va(x) = va(0)} is always an ideal of R.

Definition 2.7. ([4,7]) Let Q be a non-constant IFI of a ring R. Then @ is said to be an intuitionistic fuzzy
prime ideal of R, if for any two IFIs A, B of R such that AB C @ implies that either A C Q or B C Q.

Theorem 2.8. ([4]) Let Q be an IFI of a ring R. Then for any x, q),y.s) € 1F P(R) the following are equivalent:
(i) Q is an intuitionistic fuzzy prime ideal of R
(ii) T (p ) Y(t,5) € Q implies x, oy € Q 0r y(.5) € Q.

Theorem 2.9. ([7]) If Q is an intuitionistic fuzzy prime ideal of a ring R, then the following conditions hold:
(1) Q(0) = (1,0),

(ii) Q. is a prime ideal of R,

(iii) Img(Q) = {(1,0), (¢, s)}, where t,s € [0,1) such that t + s < 1.

Definition 2.10. ([8]) Let A be an IFI of a ring R. The intuitionistic nil radical of A is an IFS denoted by VA
defined by

pyz(@) =V{pa(z") :n € N} and v z(z) = AM{ra(z") : n € N)}
forallz € R.

Theorem 2.11. ( [8]) For every IFls A and B of ring R, we have
(i) AC VA

(i) AC B=+AC VB

(iii) VA = V/A.

Theorem 2.12. ([8]) Let A, B be two IFIs of a ring R. Then
VAB =VANB=vAnVB.

Theorem 2.13. ([8]) Let f : R — R be a ring homomorphism. If A, B are intuitionistic fuzzy ideals of R and Ry
respectively, then

(D) \/f1(B) = f 1 (VB);
(ii)\/f(A) = f(VA), provided A'is f-invariant, that is, f(x) = f(y) implies A(x) = A(y), and f is onto.

3. INTUITIONISTIC FUZZY PRIMARY IDEAL

In this section, we give a complete characterization of an intuitionistic fuzzy primary ideal of a commu-
tative ring R with unity.

Definition 3.1. Let Q) be a non-constant IFI of a ring R. Then @ is said to be an intuitionistic fuzzy primary
ideal of R, if for any two IFIs A, B of R such that AB C @ implies that either A C Q or B C \/Q.

From the definition, it is clear that every intuitionistic fuzzy prime ideal of R is an intuitionistic fuzzy
primary ideal of R. But converse need not be true (see Example (3.8)).
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Theorem 3.2. Let Q be an IFI of a ring R. Then for any x(, ¢y, Y(+,s) € IF P(R) the following are equivalent:
(i) Q is an intuitionistic fuzzy primary ideal of R.
(ii) T(p,q)Y(t,s) - Q 1mplzes L(p,q) - Q or Yt,s) - \/@

Proof. (i) = (ii) Suppose that Q is an intuitionistic fuzzy primary ideal of R.
Let 2y ¢y, Y(t,s) € IFP(R) such that 2, ,yy(,s) € Q. Then

1Q(TY) = Ky oy (TY) = Hay) prr.gve (2Y) = p At and

vQ(@Y) < Vag, wyuo (TY) = Viay) (prrgve (TY) =4V S

= pq(ry) > pAtvg(ry) <qVs 1)

Let us define two IFSs A, B as

A(Z){@,q), ife (@) B(z){a,s), if > € (y)

(0,1), if otherwise 7 (0,1), if otherwise.
Clearly A, B are IFIs of R such that z(,, ;) C Aand y 5 C B.

Now pap(z) = Sup,—uw{pa(u) A pp(v)} =pAt, whenu € (z),v € (y) and
vap(z) = Inf.—uw{va(u) Vvg(v)} = qV s, whenu € (z),v € (y).
Hence pap(z) = p At < po(z),vap(z) = qV s > vg(z), from (1) when z = uv, where u € (z),v € (y),
otherwise piap(2) = 0,v4p(2) = 1. Thatis AB C Q.
As @ is an intuitionistic fuzzy primary ideal of R. Therefore, A C Q or B C /Q.
Then z(, 4 € A C Qorys C B C +/Q implies that z(, ;) € Q or ) € VQ.

(73) = (i) Let A, B € IFI(R) such that AB C (). Suppose that A is not subset of ). Then there exists
x € Rsuch that pa(z) > pg(x), va(z) < po(x).
Let pa(x) =p,va(z) = q. Lety € Rand pp(y) = t,vp(y) = s. If z = zy, then
no(z) = plzy) = pap(zy) = pa(@) Appy) = pAL = fag yyeo(@Y) = Hag, gy, (2) implies
1Q(2) > Hag, oyue.. (2)- Similarly, we have v (2) < va, Ly, . (2)-

Also, if feg, oy (0) = 0,V yu, ., (0) = 1 Then puq(2) > pia, yye.. (2) and vg(2) < ve, ..., (2), for
all z € R. Hence x(, ¢¥(1,s) C Q. By (ii) either z(,, ;) € Q or y(; 5y € /Q. Thatis either puo(z) > p,vg(z) < q
or i g(y) > t,v5(y) < s. Sincep > pg(z),q < vo(x). So up(y) =t < pgW),ve(y) = s > v g(y). So
B C +/Q. Thus Q is an intuitionistic fuzzy primary ideal of R. O

The following theorem, which relates intuitionistic fuzzy primary ideal to primary ideal of the ring, will
be needed in the proof of Theorem (3.7).

Theorem 3.3. Let A be an intuitionistic fuzzy primary ideal of R. Then A, gy is a primary ideal of R, where
a,B €[0,1] such that o+ f < land o < 14(0), 8 > v4(0).

Proof. Let A(, ) be an intuitionistic fuzzy primary ideal of R. Let ab € A, ) for some a,b € R. Then
pa(ab) > aand va(ab) < B = (ab)(a,8) = G(a,8)b(a,8) € A, since A is an intuitionistic fuzzy primary ideal
of R, either a(, 3y C Aor b,z C VA, e, b’(la’m C A, forsomen € N.

If a(a,3) € A, then pia(a) > aand va(a) < 8= a € A, p)-
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If b?a,ﬁ) C A, then /LA(b") > « and VA(bn) <pB=0b"e A(aﬁﬁ), ie,be W/A(Oz,ﬁ)'

Hence A(, ) is a primary ideal of R. |

Remark 3.4. Let A be an intuitionistic fuzzy primary ideal of R. Then
A, ={z € R: pa(x) = pa(0) and va(z) = va(0)}
is a primary ideal of R.

Proof. Clear from Theorem (3.3) as A(,,3) = A«, when o = 114(0) and 3 = v4(0). O
Remark 3.5. The converse of the Theorem (3.3) is not always true, see the following example:

Example 3.6. Let R = Z, be the ring of integers. Define A € IF'S(R) as follow

1, ifzx=0 0, ifzr=0

0.5, ifx €47 — {0} 0.3, ifxe€4Z - {0}
pa(z) = ;ovale) =

04, ifredZ-2Z 0.5, ifredZ—2Z

0, if otherwise 1, if otherwise

Clearly, A € IFI(R). By some manipulation, we can see that, for all o, 8 € (0, 1], A(,,p) is a primary ideal
of R. But it can be easily checked that A is not an intuitionistic fuzzy primary ideal of R. For, if we take
a="5,b=4,then (5)(1/3,1/2) (4)(2/371/3) = (20)(1/371/2) C A, but (4)(2/3’1/3) ¢ Aand (5")(1/371/2) ¢ A Vn e N
(also, (5)(1/3,1/2) ¢ Aand (4")(2/3,1/3) ¢ A, Vn € N).

The following theorem characterized, intuitionistic fuzzy primary ideal completely.

Theorem 3.7. (a) Let J be a primary ideal of commutative ring R with unity 1z and «,3 € (0,1] such that
a+ B < 1. If Aisan IFS of R defined by

1, fzed 0, ifeeJ
pa(r) = : _5ovale) =
«, if otherwise

forall v € R. Then A is an intuitionistic fuzzy primary ideal of R.
(b)Conversely, any intuitionistic fuzzy primary ideal can be obtained as in (a).

B, otherwise.

Proof. (a) Since J is a primary ideal of R, J # R, so A is non-constant intuitionistic fuzzy ideal of R. We
show that A is an intuitionistic fuzzy primary ideal of R.

Suppose a(s 1), bip,q) € IFP(R) are such that a 4)b,,q) € A and b, ) is not a subset of A.
We show that a, ;) C VA. Now b(p,q) is not a subset of A, then 114 (b) < p,va(b) > q.

Suppose that pa(b) = a < pand v4(b) = 5 > ¢, hence b ¢ J.
Since (ab) sap,tvq) = A(s,t)b(p,q) © A, then pa(ab) > s Ap,va(ab) <t V.

If pa(ab) = 1 and v4(ab) = 0, then ab € J. Since b ¢ J and J is a primary ideal of R, we have a” € J,
for some n € N. Hence p14(a™) = 1 and v4(a”) = 0. Thus pa(a™) =1 > sand va(a”) = 0 < t implies that

a?s,t) CA,ie, ags,p) C VA.

If pa(ab) = cand v4(ab) = B, thena > s Apand a <tV ¢ But a < p, 8 > g implies that s < o, ¢t > 3.
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Thus pa(a™) > pa(a) > palab) = a > sand va(a™) < va(a) < va(ab) = B < ¢ This implies that
a?s} £ C A e, amy C V/A. Hence A is an intuitionistic fuzzy primary ideal of R.

(b) Let A be an intuitionistic fuzzy primary ideal of R. We show that A is of the form
1, ifxeJ 0, ifxeJ
pa(r) = ; va(z) =
«, if otherwise B, otherwise.

forallz € R, where o, 8 € (0,1] such that « + 8 < 1.
Claim (1) A, = {z € R: pa(x) = ppa(0) and v4(z) = v4(0)} is a primary ideal of R.

Since A is a non-constant intuitionistic fuzzy primary ideal of R, so A, # R. Forall a,b € R, if ab € A,

implies p4(ab) = pa(0) and v4(ab) = v4(0) so that (ab)(uA(O),vA(O)) = a(,uA(O),VA(O))b(;LA(0),VA(0)) C A, then
(i (0),va(0)) S AOTD, 0y, (o)) € A forsomen € N.

Case(i) If a(, , (0),v4(0)) € A thenpa(a) > pa(0)and va(a) < va(0)but pa(0) > pa(a) and va(0) < va(a)
foralla € R. Hence pia(a) = 1a(0) and v4(a) = v4(0) so a € A,.
4(0) and v4(b") < va(0) but pa(0) > pa(d") and

Case(ii) If b?pA(o),uA(o)) C A, then pa(b™) > pu
v4(0) < va(b™) for all b™ € R. Hence pa(b™) = pa(0) and v4(b™) = v4(0) so b™ € A,, ie, b € /A, Thus
A, is a primary ideal of R. Now, take A, = J.

Claim (2) We claim p4(0) = 1,v4(0) = 0. Suppose that ;14(0) < 1,v4(0) > 0. Since A is non-
constant intuitionistic fuzzy primary ideal of R, therefore there exists an element a € R such that
pa(a) < pa(0),va(a) > va(0).

Define IFSs C, D of Ras C = xa., D(z) = A(0),Vz € R. Itis easy to verify that C, D are IFIs of R. Since
1e(0) =1 > ua(0), ve(0) =0 < v4(0) and pp(a) = pa(0) > pa(a), vpla) = va(0) < va(a). So Cisnota
subset of A and D is not a subset of A and so C'is not a subset of v/A and D is not a subset of v/A. Thus
CD is not a subset of A, which is not true, since for all z,y € R, we have pa(zy) > pc(z) A up(y) and
va(zy) <ve(z)Vep(y). Thus pa(0) =1,v4(0) = 0.

Claim (3) A has two values.

Since A, is a primary ideal of R, A, # R. Then there exists = € R\A,. We will show that
na(y) = pa(z) < pa(0) and va(y) = va(z) > va(0), for all y € R such that y ¢ A,. Now
z ¢ A, = pa(z) < 1 = pa(0) and va(z) > 0 = va(0) so zy, is not a subset of A and
Z(pa(2)wa(z) = 21,0 L(na(z)wa(z)) © A. Thus 1?HA(Z),VA(Z)) C A ie, pa(lr) > pa(z) and va(1g) < va(z).
Since x = 1lg.x, for all x € R, we have pa(z) = pa(x.lr) > pa(x) A pa(lr) > pa(z) A pa(z), ie.,
pa(z) < pa(zx). Similarly we have v4(z) > va(z).

Take x = y, we have pa(z) < pa(y) and va(z) > va(y). Similarly, pa(y) < pa(z) and va(y) > va(z).
Hence u4(2) = pa(y) and va(z) = va(y).
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Hence, every intuitionistic fuzzy primary ideal of R, is of the form

1, ifzeJ 0, ifxedJ
pa(z) = . Covale) = ,
«, if otherwise B, otherwise.
for all z € R, where J = A, is a primary ideal of R. O

Theorem 3.8. If J be a non-trivial ideal in a ring R, then x j is an intuitionistic fuzzy primary ideal of R if, and
only if, J is a primary ideal of R.

Proof. This follows immediately from Theorem (3.7). O

Theorem (3.8) is particularly useful in deciding whether, an intuitionistic fuzzy ideal, is primary or not.
The following example illustrate this.

Example 3.9. Let R = Z, be the ring of integers. Then

1, ifrxe<ph > 0, ifr e<pk >
pa(z) = . _5ovale) = ~
0.25, if otherwise 0.75, otherwise.

where p is a prime integer and k£ > 1. Then, by Theorem (3.8), A is an intuitionistic fuzzy primary ideal of
Z, since < p* > is a primary ideal of Z. Notice that A is not an intuitionistic fuzzy prime ideal of R.

In the following example, we show that, if ()1, Q)2 are two intuitionistic fuzzy primary ideals of a ring R,
then @1 N Q2 need not be an intuitionistic fuzzy primary ideal of R.

Example 3.10. Let R = Z, be the ring of integers. Take I = 27Z, J = 3Z. Clearly, I and J are primary (in fact
prime) ideals in R. Define Q1 = x7,Q2 = Xxs. Then, by Theorem (3.8), Q; and Q2 are intuitionistic fuzzy
primary ideals of R. Also, Q1 N Q2 = xins = Xez, Which is not an intuitioniatic fuzzy primary ideal of R,
as 6Z is not a primary ideal in Z.

Definition 3.11. An intuitionistic fuzzy primary ideal @ of ring R with /@ = P, is called an intuitionistic
fuzzy P-primary ideals of ring R.

Theorem 3.12. Let Q1,Q2,......, Qy be intuitionistic fuzzy P-primary ideals of ring R with P = /Q;,Vi =
1,2,...,n, an intitionistic fuzzy prime ideal of R. Then Q = (i, Q; is an intuitionistic fuzzy P-primary ideal of R.

PTOOf. Let T(p,q)> Y(t,s) € IFP(R) be such that T(p,q)Y(t,s) - Q = ﬂ?:l Qi and T(p,q) ¢ Q Then T(p,q) §é Qj,
for some j € {1,2,.....,n} also z(, ¥,s) € @;,Y5 € {1,2,.....,n}. Since each Q; is an intuitionistic fuzzy
P-primary ideals of R, we have

Y € VQi =P =N VQi=VNiL, Qi = VQ.
Hence @ is an intuitionistic fuzzy P-primary ideals of R. O

In the next theorems we show that, both the image and inverse image of an intuitionistic fuzzy primary
(P-primary) ideal under a ring epimorphism are again intuitionistic fuzzy primary (P-primary) ideal.

Theorem 3.13. Let f be an ring epimorphism from R to Ry. If A is an intuitionistic fuzzy primary ideal of R such
that xgerr C A, then f(A) is an intuitionistic fuzzy primary ideal of R;.

Proof. Now, it is easy to see that f(A) is an intuitionistic fuzzy ideal of R;.
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We show that f(A) is an intuitionistic fuzzy primary ideal of R;. Since A is an intuitionistic fuzzy
primary ideal of R, so A is of the form

1, ifxeJ 0, ifexeJ
pa(z) = , ;ova(z) =
«, if otherwise

forall z € R, where o, § € (0,1] such that o + 8 < 1 and J = A, is a primary ideal of R.

B, otherwise.

We first claim that, if A, is a primary ideal of R and e,y C A, then f(A.) is primary ideal of R;.

Let z € Xgery. Then py,,, (7)) =1 < pa(z) and vy, ., () = 0 > va(x) implies that pi4(z) = pa(0) and
va(x) =v4(0) = x € A,. Thus, kerf C A,.

For all a;,b1 € R, since f is epimorphism, therefore there exists a,b € R such that a; = f(a) and
b1 = f(b). Now, ab € A, and A, is a primary ideal of R, so either a € A, or b" € A,, for some n € N.

Ifa € Ay, thena; = f(a) € f(A.) and if b € A,, then b} = f(b") = (f(b))™ € f(AL).

Thus f(A.) is a primary ideal of R;. So by Theorem (3.7), forall y € Ry,

1, ifye f(A,) 0, ifye f(As)
HrA) (y) = . o VR (y) =
«, if otherwise

Hence f(A) is an intuitionistic fuzzy primary ideal of R;. O

B, otherwise.

Theorem 3.14. Let f be an ring epimorphism from R to Ry. If A is an intuitionistic fuzzy P-primary ideal of R
such that Xery C A, then f(A) is an intuitionistic fuzzy f(P)-primary ideal of R.

Proof. This follows from Theorem (3.13) and Theorem (2.13)(ii) ]

Theorem 3.15. Let f be a ring epimorphism from R to Ry. If B is an intuitionistic fuzzy primary ideal of R, then
[~ Y(B) is an intuitionistic fuzzy primary ideal of R.

Proof. Let B be an intuitionistic fuzzy primary ideal of R;. Then

1, ifye B, 0, ifye B,
o', otherwise.

ns(y) = ; ve(y) =
{a, if otherwise

for all y € R, and B, is a primary ideal of R;.
We first show that f~!(B,) is a primary ideal of R.

For all a,b € R, if ab € f~'(B,) = f(ab) € B. , i.e. f(a)f(b) € B.. As B, is primary ideal of R;.
Therefore, either f(a) € B, or (f(b))" = f(b") € B,, for somen € N.

If f(a) € By, thena € f~1(B,) and if f(b") € B,, thenb" € f~!(B.). Hence

1, ifze f~4(B.) 0, ifxe f~Y(B.)
pi-1(m) (@) = P v (@) =

«, if otherwise B, otherwise.

Hence f~!(B) is an intuitionistic fuzzy primary ideal of R. O
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Theorem 3.16. Let f be a ring epimorphism from R to Ry. If B is an intuitionistic fuzzy P-primary ideal of Ry,
then f~Y(B) is an intuitionistic fuzzy f~1(P)-primary ideal of R.

Proof. This follows from Theorem (3.15) and Theorem (2.13)(i) ]

4. INTUITIONISTIC FUZZY PRIMARY DECOMPOSITION

In this section, we study the decomposability of an intuitionistic fuzzy ideal in a Noetherian ring, in
terms of intuitionistic fuzzy primary ideals, such that the set of their respective intuitionistic fuzzy radical
ideals, are independent of the particular decomposition.

To begin this section, we first recall from [14] the definition of residual quotient (A : B) of an intuitionistic
fuzzy ideal A by an intuitionistic fuzzy set B in a ring R.

Definition 4.1. For any IFI A of a ring R and for any IFS B of R, the intuitionistic fuzzy residual quotient
of Aby B is denoted by (A : B) and is defined as

(A: B) = {#(p.g) € [FP(R) : 1B C A}

For any IFP z(, . of the ring R, we use a streamlined notation (A : x(,)) for (A : (¢, ,))), where
(T(p,q)) = HC : CisanIFl of Rsuch thatz(,, C C}, be an IFI generated by z(,, 4. There is no difficulty
in seeing that (A : z(, ) isanIFlof Rand A C (A : z(p ).

Theorem 4.2. Let Q be an intuitioistic fuzzy P-primary ideal of ring R, where P = \/Q. If x(, ) € IFP(R) be
any intuitionistic fuzzy point of R. Then

(D) Ifx(pq) € Q, then (Q : 2y q)) = XR;

(i) If £(p.q) & Q, then (Q : x(, o)) is an intuitionistic fuzzy P-primary ideal and \/(Q : x(,.4)) = P;

(iii) If x(p.q) & VQ, then (Q : x(, ) = Q.

Proof. Let z(, 4 € IFP(R), Q be an intuitionistic fuzzy primary ideal of R such that P = 1/Q.

@) If T(p,q) € Q, then (Q : $(p,q)) = U{y(t,s) S IFP(R) 1Y (t,9)Z(p,q) - Q}
Now (Q : x(p,4)) € xr always. For other inclusion.

If Y(t,s) € XR/ then Y(t,s)L(p,q) = (yx)(t/\pyqu) C Q. This implies Y(t,s) € (@ : x(pyq)). Thus xz C (@ : I(p’q)).
Hence (Q : 7(,,)) = XR-

(ii) Obviously Q C (Q : z(pq))- Let yu o) € (Q : T(p.q))- SO Yit,)T(p,q) € Q. Since ;o) ¢ Q imply that
Y(,5) € VQ = P. This means that Q C (Q : z(,,) € Pandso vQ C \/(Q : z(,4) C VP = P. This imply
\/(Q : .I‘(p’q)) = P.

Now, we show that (Q : z(; 4)) is an intuitionistic fuzzy primary ideal of R.

Assume that a(y, v,)b(us,vs) € (Q 1 T(p,q)) AN b(yy 0y) & /(Q : 2(p,q)), then
Auy00)O(us,09) T (prq) € Q) 1€ (Quy01)T(p,g) ) D(us,ve) € @ and @ is intuitionistic fuzzy P-primary ideal of R,

This imply @y, v)Z(p,q) € @ OF D(uy,uy) € VQ = P = /(Q : (). This imply a(y, 1,)Z(pq € Q. Thus
Aluy ) € (Q 1 2(p,q)). Hence (Q : 7, 4)) is an intuitionistic fuzzy primary ideal of R.

(iii) Since Q 2 w(,,q) N Q 2 ()@, 1., ()@ € Q. Therefore, by the properties of IF residual quotient,
we have Q C (Q : (¢, q)). Further, z(, )(Q : 2¢,4) € Q. As Q is an intuitionistic fuzzy primary ideal of R
and z(, ) ¢ +/Q implies that (Q : z(, ) € Q. Hence (Q : 2, ) = Q. O
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Theorem 4.3. If Q1,Q2, ......, @y, are IFIs of ring Rand x(,, ) € IFP(R), then
(ﬂ?:l Qi T(pg) = ﬂ?:l(Qi FE(pg))

Proof. Now y(t.5) € (i1 Qi T(p.0)) © Y(t.9)Tpa) © Nizy @i

S Yt,)T(pg) © Qi Vi=1,2,...,n

S Yts) € (Qit T(pg)), Vi=1,2,.....,n

& Yis) € i Qi 20)).

Hence (Mi2; Qi #(p.g)) = Miz1(Qi : Z(p.q))- U
Definition 4.4. A primary decomposition of an intuitionistic fuzzy ideal 4, is an expression A = (_, Q;,
of A, as a finite intersection of intuitionistic fuzzy primary ideals Q; of a ring R.

Definition 4.5. An intuitionistic fuzzy primary decomposition of an intuitionistic fuzzy ideal A = ", Q;
of ring R, is said to be minimal if:

(1) all intuitionistic fuzzy primary ideal Q; have distinct /@Q;;

(2) M 4i—1 Q) is not a subset of Q;.

Remark 4.6. If the intuitionistic fuzzy primary decomposition A = (!, Q; is not minimal, that is if \/Q; =
VQr = P for j # k, then we may achieve (1) of definition (4.5) by replacing Q; and Q by Q = Q; N Qk
which is an intuitionistic fuzzy P-primary ideal of R, by Theorem (3.12). Repeating this process, we get will
arrive at an intuitionistic fuzzy primary decomposition in which all 1/@Q); are distinct. If ﬂ? 2im1 Q5 € Qi
we may simply omit @);. Repeating this process, we will achieve (2) of definition (4.5).
Lemma 4.7. Let A1, Ao, ...., Ay, be IFIs of ring R and let P be an intuitionistic fuzzy prime ideal of R. Then

(1) IfNi_, A; C P, then A; C P for some i;

() If N, A; = P, then A; = P for some i.
Proof. (1) Suppose A; is not a subset of P for all i. Then 3%, (z;)y, 4,) € Ai such that (z;), ) ¢ P for

1 <4 < n. Therefore (1)(p,,4,)(T2) (ps,qz) -+ (Tn) (pnogn) € A1A2... Ay C ﬂ?zl A; C P. But, since P is an
intuitionistic fuzzy prime ideal and A; As....A,, C P, then A; C P for some i.

(2 If P =, A;, then P C A, for some i, and from part (1), A; C P for some i. Hence P = A;, for some
i. O
Definition 4.8. An intuitionistic fuzzy prime ideal P in a ring R is called an intuitionistic fuzzy associated
prime ideal of an IFI A, if P = /(A : z, ) for some z(, .y € IFP(R).
Moreover, for an IFI A of a ring R. We define IF' — ASS(A) to be the set of all intuitionistic fuzzy prime
ideals associated with the IFI 4, i.e.,
IF - ASS(A) ={\/(A:24,¢) : \/(A: 2(,) isan IFPI of R, z(, ;) € IFP(R)}.

Theorem 4.9. Let A be an IFI of a Noetherian ring R. Suppose that A = (\_, Q;, is a minimal intuitionistic fuzzy
primary decomposition of A, and let P; = /Q;, 1 < i < n. Then the set IF — ASS(A) = {P,,i = 1,2,...,n} is
independent of the particular decomposition.

Proof. Let A = (., Q; with P, = \/Q;, 1 < i < n be the minimal intuitionistic fuzzy primary decomposi-

tion of A. Consider any x(, ) € [FP(R), we have
(A:2p) = (Mim) Qi 2p9) = Nz Qi T(q)-

Hence /(A1 2(,,q) = NiZ1 V(Qi : Zpq))-
Also, by Theorem (4.2), if z(,, oy € Q; then \/(Q; : 2(.¢)) = xr and if, z(, ) & Q;,
then \/(Q; : (,4)) = P; , be an intuitionistic fuzzy prime ideal of R. So



Pan-Amer. J. Math. 1 (2022), 11 11

VA 24.9) = Nie V(Qi : 2,0) mx(p,q)ngj b
Now, suppose that P € IF — ASS(A), then P = \/ (A z(pq) be an intuitionistic fuzzy prime ideal
of R, for some x(,, € IFP(R). Since \/(A: x4 ﬂz(p »¢q, Lis then by Lemma (4.7)(2) we have
V(A :xpe) = Pjforsome j. So, P € {P;,i=1,2,... n} Therefore, IF ASS(A) C{P,i=1,2,...,n}.

Conversely, as the decomposition is minimal so (1;,_, @; is not a subset of Q;. Then for each i €
{1,2,...,n}, there exists (i) (p,.q,) € Njpiz1 @7 and (2:)(p, 4,) ¢ Qi, we have

(A : (xl) (pisgi) ) ﬂ ( ('T])(pj,q]')) =P

(Since all other’s 4 /(Q; : (%) (p,,q;)) = Xr, for j # i by Theorem (4.2)).
So, P, € IF — ASS(A). Therefore, {P;,i =1,2,...,n} CIF — ASS(A).
Thus, IF — ASS(A) ={P;,i =1,2,...,n}. Hence IF — ASS(A) is independent of the particular decompo-

sition. O
Example 4.10. Let R = Z,» X Zn2 X ... X Z,m. be a commutative ring of order n = p1ps?..ppt, where
p; are distinct primes. Let R = (x1, 22, ...., 2x) such that o(x;) = p;*, for 1 < i < k. Let Uy = (0), U1 = (x1),
Us = (z1,22),00eeene Uk = (x1,Z9, e ,xr) = R be the chain of ideals of R such that Uy C Uy C ......... -
Up_1 C Uy.
Let A be any intuitionistic fuzzy ideal of R defined by

1 ifx € Uy 0 if z € Uy

@1 ifz e Ul\Uo [31 ifz e Ul\Uo

/LA(.%) = [(65) ifx e UQ\Ul ) VA(SC) = 52 ifx e U2\U1
073 ifr e Uk\Uk—l ﬁk ifr e Uk\Uk—l-

where 1 = a9 > a1 > ... >apand 0 = fy < f1 < ... < B and the pair (o, ;) are called double pins
and the set A(A) = {(ap, Bo), (1, P1), .- , (g, Br) } is called the set of double pinned flags for the IFI A of R.

Define IFSs A; on R as follows:

1, ifreR; 0, ifrx e R;
fa, (z) = . C 5 ova(e) = .
a;y1, if otherwise Bi+1, otherwise.
where «;, 8; € (0,1) such that a; + 3; < 1,for1 <i < kand a1 = a1, Bg+1 = f1 and R; = z, "X X
Z, rio1 X (0) x me;+1 X oo X Z,m is a primary ideal of R. Clearly, A; are intuitionistic fuzzy primary ideal
—1

of R. Tt can be eas1ly checked that A = N7_ A; is an intuitionistic fuzzy primary decomposition of A.

Example 4.11. Consider R = [[;2, Z, a direct product of infinitely many copies of the field Z, = {0,1} be
a boolean ring. Then R is a ring, which is not a Noetherian ring, as the strictly ascending chain of ideals
0CZyx0CZoxZsx0C..... is not stationary.
For every ¢;,s; € [0,1) such that t; + s; < 1, define A; € IF'S(R) as
{1, ifex=T1[2,0 {O, ifz=][2,0
HA; (I) = ; ;o VA, (Cﬂ) =

if otherwise s;, if otherwise.

forall x € R. Then by Theorem (2.9), A; is an intuitionistic fuzzy prime ideal and hence primary ideal of R.
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Consider the IFI A of R defined by A(z) = (0,1),Vz € R. Then A has no intuitionistic fuzzy primary
decompositionin R, i.e., A # ()., A;, forany n € N.

5. CONCLUSION

In this paper, we explored the fundamental ideas of intuitionistic fuzzy primary and P-primary ideal of
a commutative ring R. We proved that an intuitionistic fuzzy primary ideal is a two valued intuitionistic
fuzzy set with base set as a primary ideal (the base set of an intuitionistic fuzzy ideal A is defined as the set
{z € R|lpa(z) = pa(0);va(z) = va(0)} and vice versa. We also investigated the behaviour of intuitionistic
fuzzy primary ideal under ring homomorphism. The structure of intuitionistic fuzzy P-primary ideal of
a commutative R has been fully explored. Many properties of intuitionistic fuzzy primary ideals have
been studied in terms of residual quotients. We have also laid down the foundation of the most important
property in ring theory: decomposition of an ideal in terms of primary ideals in the intuitionistic fuzzy
environment.

REFERENCES

[1] K. T. Atanassov, Intuitionistic fuzzy sets, In: Sgurev v(ed) vii ITKR's session, Central Science and Technology Library of the
Bulgarian Academy of Sci, Sofia, (1983).
[2] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst. 20 (1986), 87-96.
[3] K. T. Atanassov, Intuitionistic Fuzzy Sets Theory and Applications, Studies on Fuzziness and Soft Computing, 35, Physica-Verlag,
Heidelberg, (1999).
[4] 1. Bakhadach, S. Melliani, M. Oukessou, S. L. Chadli, Intuitionistic fuzzy ideal and intuitionistic fuzzy prime ideal in a ring, Notes
Intuit. Fuzzy Sets, 22 (2016), 59-63.
[5] D. K. Basnet, Topics in intuitionistic fuzzy algebra, Lambert Academic Publishing, (2011).
[6] R. Biswas, Intuitionistic fuzzy subgroup, Math. Forum. X (1989), 37-46.
[7] H. Hur, Y. J. Su, H. W. Kang, Intuitionistic fuzzy ideal of a ring, J. Korea Soc. Math. Educ. Ser. B: Pure Appl. Math. 12 (2005),
193-209.
[8] Y. B. Jun, M. A. O. zturk, C. H. Park, Intuitionistic nil radicals of intuitionistic fuzzy ideals and Euclidean intuitionistic fuzzy
ideals in rings, Inf. Sci. 177 (2007), 4662-4677.
[9] W.]. Liu, Fuzzy invariant subgroups and fuzzy ideals, Fuzzy Sets Syst. 8 (1982), 132-139.
[10] D.S. Malik, J. N. Mordeson, Fuzzy primary representations of fuzzy ideals, Inf. Sci. 55 (1991), 151-165.
[11] J. N. Mordeson, D. S. Malik, Fuzzy Commutative Algebra, World Scientific publishing Co. Pvt. Ltd. (1998).
[12] M. Palanivelrajan, S. Nandakumar, Some operations of intuitionistic fuzzy primary and semi-primary ideal, Asian J. Alg. 5
(2012), 44-49.
[13] A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35 (1971), 512-571.
[14] P. K. Sharma, G. Kaur, Residual quotient and annihilator of intuitionistic fuzzy sets of ring and module, Int. J. Comp. Sci. In.
Tech. 9 (2017), 1-15.
[15] P. K. Sharma, G. Kaur, Intuitionistic fuzzy prime spectrum of a ring, CiiT Int. J. Fuzzy Syst. 9 (2017), 167-175.
[16] U. M. Swamy, K. L. N. Swamy, Fuzzy Prime Ideals of Rings, ]. Math. Anal. Appl. 134 (1988), 94-103.
[17] L. A. Zadeh, Fuzzy sets, Inf. Control. 8 (1965), 338-353.



	1. Introduction
	2. Preliminaries
	3. Intuitionistic fuzzy primary ideal
	4. Intuitionistic fuzzy primary decomposition
	5. Conclusion
	References

