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ON GOULD-HOPPER-BASED TYPE 2 DEGENERATE POLY-FROBENIUS-EULER POLYNOMIALS

HALIDAH B. MAHMOD* AND RAYLEE J. GASPARIN

ABSTRACT. In this paper, we introduce the Gould-Hopper-based type 2 degenerate poly-Frobenius-Euler poly-
nomials and investigate some of its fundamental properties such as addition formula, explicit formula, implicit
summation formulae, operational identities and some symmetric identities. We then establish connections of
these polynomials with Stirling numbers of the first kind.

1. INTRODUCTION
The Frobenius-Euler polynomials of order « are defined through the following generating function (see

[1,15)):

1—u\” = tn
(1.1) ( ) em:ZHT(LO‘)(x;u)E, weC, u#l.

et —u

n=0

When z = 0in (1.1), HT(LO‘)(O; u) = Hr(la)(u) gives the Frobenius-Euler numbers of order «. If, in addition,
o =1, then Hfll) (u) = Hyp(u) gives the Frobenius-Euler numbers. On the other hand, setting o = 1 in (1.1),
the Frobenius-Euler polynomials, H,(Ll)(x; u) = Hp(z;u) are obtained. Moreover, setting u = —1 yields the
classical Euler polynomials, H,(Ll)(m; —1) = E, () (see [16,17]).

In 2024, a Type 2 poly-Frobenius-Euler polynomials were introduced by Corcino et al. in [7] via the
following generating function:

Eig(log(1+ (1 —u)t)) .4 < tn
Tt _ E H®) (1) —
t(et —u) € = (; u)n!’

where Eij(x) denotes the polyexponential function.

Polyexponential function, the inverse of the polylogarithm function, was introduced and defined in [14]
through the following series:
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In 2015, Kim et al. [13] introduced the degenerate forms of Frobenius-Euler polynomials called degener-
ate Frobenius-Euler polynomials through the following generating function:

1—u
(1.2) PN ZHM T3 u) A eR (or C),

where €3 (t) is the degenerate exponential function [2] given by

oo

tTL
T _ /A _ z
(1.3) ex(t) = (1+ )"/ = Z:()(x)m)\n!,
and (), is the degenerate A—falling factorial defined by (see [9,12])
zx—=N(x =2\ - (z—(n—1N), n=12,...
(@)nx =

1, n=2>0

, xeC.

Setting A = 1, the A-falling factorial reverts to the classical falling factorial (),,. Setting x = 0 in (1.2), the
degenerate Frobenius-Euler numbers H,, »(u) were obtained.

In 2025, Corcino et al. [6] introduced the type 2 degenerate poly-Frobenius-Euler polynomials, denoted
by H T(Lkz\(x, u), using polyexponential function. For \,u € C with u # 1, the polynomials H. T(Lkg\(x, u) have
the following generating function:

Eik(log(l + (1 — u 'T _ > (k)
(4 textt) — ) 0= 2t
Setting « = 0 in (1.4), the type 2 degenerate poly-Frobenius-Euler numbers, H, nk;\(u),
Eik (log(l 1 - u > k: tm
1.
- TEEDE YL

were obtained. In addition, setting k& = 1 yields the degenerate Frobenius-Euler polynomials H,, »(x;u) [13].
As A — 0, (1.4) reduces to the type 2 poly-Frobenius-Euler polynomials ¥ (x;u) [7].

Another well-known family of numbers, the Stirling numbers of the first kind, S1(n, k), is given by
(see [4-6])

)y = Z S1(n, k)
k=0

and defined by the following exponential generating function:

Zsl (n, k i' = M, (see [4-6,12]).

Another type of polynomial that is widely investigated by many researchers is the one introduced by
Gould and Hopper in 1962 which was defined through the following generating function [10]:

piut | = (i " .
o S G ezt
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The degenerate version of the Gould-Hopper polynomials were then defined through the following gen-
erating function [8]:

(1.6) Z G (x y jezt.

As A — 0, (1.6) reduces to Gould-Hopper polynomials G\’ )(x, y) and setting j = 2 gives the degenerate
2-variable Hermite Kampe de Fériet polynomials 9752/2 (z,y) (see [11]).

2. GOULD-HOPPER-BASED TYPE 2 DEGENERATE POLY-FROBENIUS-EULER POLYNOMIALS

Definition 2.1. Fork € Z, j € Z*, n > 0 and u # 1, the Gould-Hopper-based type 2 degenerate poly-Frobenius-

J)(

Euler polynomials , denoted by ; H FD) (2, y; u), are defined through the following generating function:

e Z G o) g = L E ) e ),

where Eij(z) denotes the polyexponential function.

The Gould-Hopper-based degenerate Frobenius-Euler polynomials, which are obtained from (2.1) by
setting k = 1, are then defined by

S 1D (o = A=W e v
(22) HZ:OQHM,\(L%U) ’I’L' - 6)\(t) _ ue)\(t)ek(t )
A special case of (2.1) is obtained by setting j = 1, namely,
gk, R " o~ Eiy (log(1 + (1 — u)t)) ﬁ
(2.3) nz:OgH (z,y;u) i ﬂz:o Hex() —u) (T +Y)na o

In the case of j = 2, (2.1) reduces to the Hermite-based type 2 degenerate poly-Frobenius-Euler polyno-
mials which are defined through the following generating function:

4 > o g0’y = LB L L= ek ),

The difference operator Ay , with respect to z is defined as follows [3] :

25) Pref@) =5 [f+ )~ F@)],  A#0

It is easy to see that Ay ,e%(t) = tef(t) and Ay el () = tief (7). With this, we obtain the following
difference rules.

Theorem 2.2. (Difference Rules). Fork € Z,j € Z* andn > 0,

(2.6) Do gL yw) = (n o+ 1) gHLS (,50),

) By gH) @) = (n43); g HLS) (2. w).
The following Lemma will be useful in the succeeding properties.

Lemma 2.3. [17] For any positive integer j, the following elementary series manipulation holds:

(2.8) SN Akn) =" A(k,n — jk),
n=0 k=0 n=0 k=0

where -] denotes the largest integer which does not exceed the number in the square brackets.
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Theorem 2.4. (Addition Formulas). For n > 0, we have

. - n j
(2.9 (7) gH( 77)(33 +u,y+wiu) = Z <m> QHEz 777)1 NEATRT )gfnj’&(v,w),
m=0
(2.10) (i) gHglkA])(ac +u,y;u) = Z (m) gH(k’J)(v,y;u) (T) s
m=0
(k.5) A n!
J ) — J i :
(2.11) (i41) gH, 3 (z,y +w;u) = mZ:Oan_jm’A(m’w’U) () mox ol — )l
Proof.
(oo}
. (/w) t"  Eip (log(1+ (I —u)t)) , .\ 4 w i
H! j j
@) 3ol vy wi) oy = AL syt o) x ek ()

n=0

—Z HO) (a ~u)ﬁ§:g“>(v o
g YT v AN T )

n=0

=303 (1) o g

n=0m=0

Comparing coefficients of % give the desired result.
In proving (i7) and (iii), we make use of identity (1.3).

oo

(k.9) (k.9) t t
Zan)?( +va ZQHnAJ(U Y3 )EZ(x)n,AE
n=0 " n=0 :

_ k.j
@0 Z H ’j) (z,y + w;u) - —i H®D (2 w;u) S (v) )™
g Y 1 G in,\ » U ] Y)m,a m)
n=0 m=0

. . . "
Comparing the coefficients of ] completes the proof.

Corollary 2.5. Setting y = 0 in (2.9), we have

2.12) GHID (@ +vwiu) =Y ( >H7(f_)m,/\(:c;u)g1(qf’)/\(v,w).

m=0

(2.13) gHElk )(x—l-v wiu) = Z (n)HT(Lk_)m,/\(m;u)Hm)\(v,w),

where H, x (v, w) is the degenerate 2-variable Hermite Kampé de Fériet polynomials.

Corollary 2.7. Setting w = 0 in (2.11), we have

[n/j]

(k) n!
(2.14) GH I\ (@, y;u Z Y, (@5u) (1), ml(n— jm)l’
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It can be seen from (1.5) and (1.6) that

Eik (log(l + (]. — U)t)) (k t" t"
(2.15) RO ;JHM .nZOQM( v

Application of the Cauchy product of power series in the RHS of (2.15) yields

n=0

n=0m=0

Then comparing the coefficients of both sides completes the proof of the next theorem.

Theorem 2.8. (Explicit Summation Formula). For n > 0,

(2.16) GHED (2, y5u) = > (;) 2 ()G, (x,y),

m=0

Other explicit formulas were also obtained and given in the next theorem.

Theorem 2.9. Forn > 0,
(k [’I’l/] (k) /\mn' y
. H a] H €T . (7)
(4) g (,y;u Z Simal® m!(n —im)! \\

[n/j n—jm

(i) GHE D @yin) = S S (” Jm) (X)n,p,ijzgfi(“)

m=0 p=0
n—p—jm \)™n! Y
x () ml(n — jm)! ()\)m'
Proof. Using (1.5) and (1.3), we obtain

y k t" e k tn
(4) ZQH( e YU = S H(w; w) (1 4+ AtH)o/A
n=0
_ = k) " s Y tjm
=X aRwwG 3 (5), o
n=0 m=0
o [n/j]
An) yy "
2.17 _ H(k) . 7<7) -
- > 2 2y (3.

Similarly, for (ii) we have

(i) ZgHﬁb’f’j)(x,y;u)% = ZHS&(U)% > (X)n ():;) ) (%)m ( ;ﬂ)

n=0 ’ n=0 " n=0 m=0

Application of Cauchy product on the summations gives

oo [n/jln—jm
o= 3 3 (R (5) |, o

n=0m=0 p=0

(2.18) « Nt (y) "

m!(n— jm)! \Xm n!

Comparing coefficients on both sides of (2.17) and (2.18) completes the proof.

Corollary 2.10. For j = 2 in (2.16), we have

(219) QH(k % ‘T Y U Z < )Hﬁbk)m)\ U)Hm,k(zyy)'
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Theorem 2.11. For all integers a > 0,b > 0, a # band n > 0, the following symmetry identity holds:

> (n)bm nem G HE) (b, Wy u) g HOYY) (ax, aly; u)
m=0

(220) - (”)amb”’”gHif_’il,mx,af‘y;u)gHﬁn’i)wx by u).
m=0 m
Proof. Let
Eix, (log(1 + (1 — u)at)) Eix (log(1 + (1 — u)bt)) b
t) = ST (bt)eSt (at
Al) at(ex(at) — u) bt (ex (bt) — ) 3 (Bt)ex"(at)
x eV ((bt))el Y ((at)?).
By rearranging the factors in A(t), we obtain
A(t) = i H(k’J)(bx bjy'u)ﬂ i H(k’])(ax a’y; u) b
= og R og Tl
oo n n iy ) tn
(2.21) =2 > (m> DA GHL), (b Vi) gH Y (o, alysu)
n=0m=0 ’
Also A(t) can be expressed as
A(t) = i H( ’j)(ax ay; ) ’J) (bz, Vy; )antn
- Og ) ) ) n
2.02 _ — n mpyn—m H(k»j) Ja)- H(k»j) b bj . ﬁ
( . ) - Z Z m a g n—m,)\(axva yv“)g m,A ( Z, yau) n!
n=0m=0

By equating (2.21) and (2.22) and comparing coefficients on both sides, we obtain the desired result.

Corollary 2.12. For b =1 in (2.20), we have

. n n—m k, 5 i
Z( > GHYD (2, y3u) gH 'S (az, aly; u)

m=0
n
(2.23) =3 <n> mGHID) | (az,aly;u) gHO S (2, ;).
m=0

Theorem 2.13. For all integers a > 0,b > 0, a # band n > 0, the following symmetry identity holds:

n [p/J]
n - y . ; p!
Z(p) bPa™ ngglkjp),/\(bxabJ%U) Z Hz(> )jm NCERD) (ajy)m)\ —3

n " [p/3] !
_ n— 9 : j _r
(2.24) = pz:(:) ( )a”b PoH™) (ax,aly;u Z Jm abzsu) (Vy), (p — jm)m!”
Proof. Let
Dty = B 0sl+ (L= wab)) oy oy gy Bik (08 + (1= W) oy

at(ex(at) — u) €x
x eV (bIt),

bt(ex(bt) — u)

By using (1.3), D(t) can be expressed as

D(t) = Zgﬂ(k’”(bx,b’y;U)Lm > B (x5 u) - Z(aﬂy)m,Aim!

n=0 n=0 m=0
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[p/J]
—ZZ( >b” np H( J 5 (b, by u) ZH}S)JmAax;u)

n=0 p=0
. p! t"
2.25 x (a’ —_—
(225) (M (o — jm)tm! n!
In a similar manner, it can be shown that
o0 o0 y ¥
,J) N (k) ;7@ j a"m
Z H a'raa]y7u)WZHn,)\(bx7u) n (b]y)m)\ ml
n=0 m=0

[p/J]
—ZZ( )apb" p HSL;J A (az, aly; w) ZH(k]m/\ (bx;w)

n=0 p=0

, p! t"
2.26 27) J
(2.26) X< (4) 50 (p — jm)lm! n!

Therefore, by equating (2.25) and (2.26), we obtain the desired result.

Theorem 2.14. For n > 0, the following implicit summation formula holds:

g . n v g n—m
(2.27) gHgﬁf)(ﬂfa’lJ;U) => < > <X> ngf:,i)(f —v,yu) (A
m=0 n—m

m

Proof. Using (2.1), we have

oo

(k,5) . tn _ Elk (log(l + (1 - U)t)) T—v Y17\ U
nzogH (Z’y7u)ﬁ - t(e,\(t) — U) 6)\ (t)e)\(tj)e)\(t)
_ (kd) _ . ﬁ - v n ﬁ
ZgH (2 U’y’u)n!;()\)no\) n!
n ; v nem t"
= Z Z (m) QHES,&)@ — v,y u) (X)nfm () ol
n=0m=0 :

Comparing coefficients gives the desired result.

The following identity [16] will be useful in the proof of the next theorem:

(2.28) Z f(m+mn) Z f(N O
m,n=0
Theorem 2.15. For n > 0, the following implicit summation formula holds:
(2.29) gHEniL Aw, ysu) = % (7) <Z> (W=2)1, 5 ngffil (T, Y5 u).
1,p=0
Proof. Applying (2.28), we have
3 eH A = 3 o
— o)y ZogHm-&-n/\zy? )UW;%
> g by S D)

l,p=0 " m,n=0



Pan-Amer. J. Math. 5 (2026), 16 8

,U7TL tTL

k.j
Z Z ( )( ) x)z+p,A9H£nﬁL—l—p,A($ay;U)ma-

m,n=01[,p=0

3. CONNECTION WITH STIRLING NUMBERS OF THE FIRST KIND

In this section, we present some connections of Gould-Hopper-based type 2 degenerate poly-Frobenius-
Euler polynomials with the Stirling numbers of the first kind.

Theorem 3.1. Forn > 0,

(k,5) 1 sy n+1 : (1 — u)ril )
3.1) gH, 3 (x,y5u) = 1 Z( . > > Si(rym)— 57— GH (@, g5 ).
r=0 m=
Proof. It can be seen in [6] that
. _ - (log(L+ (1 —w)t)™
Eiy,(log(1 + (1 — u)t)) = ; Dk
(3.2) = 1 Z: S1(n,m)(1 —u) por
Thus,
tn
ZQH J) I » Y5 )7'
1 - |1 1 1—u :
= — 1 — n__ . X Y43
P3| s oy o T o)
1—u)” L & t"
_,Zzsl (nm) 2= > GH M\ (e ysu)—
n=0m=1 n=0
SN CSD e} oyt
(33) = ;2 <r> Z Sl T m k 1 an_T,A(z,y,u)m.
Reindexing the RHS of (3.2) gives
0o n m
> oH (@)
n=0
oo n+l r—1 n
n -+ 1) Z 1 (1 — u) ) t
:ZZ Si1(r,m) o oA (@ ) —
— = ( —n+ 1 m n!
Comparing the coefficients of both sides gives the desired result. O

Theorem 3.2. For n > 0, the following relations holds:

> (1)@ gt i _uzg ) e 520

n ! —a)
(3.4) Z( ) 3 ﬁsl(w 1Lm+ 1)(1(Z+)l)gflj_)lv/\(x7y).

= m=0

Proof. Note that (2.1) can be written as

(3.5) —u Z H (2, y;u )i = Ei (log(1 + (1 — u)t)) €% (t)el (7).
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The LHS of (3.5) can be expressed as

B (k (k) (g 4 "
(3.6) LHS = tZLX;() Jir gH (@, u —ngH (@, y5u) |

n=0
while the RHS as
1*u 9
= Z Z Si(n,m+ 1)(1 —u)™ !ngf
m=0n= m+1
B L))"t = oy,
- ;)7;) R Sin+1,m+1)——— CESIRE _g ) (,y) o
1
n 1 Lt gy
37 =t . S(+lm )Y -
7 ;g(l)mzzo(mﬂ)k—l i m+1) (1+1) Gntal®:9)
The result follows after equating (3.6) and (3.7).
Theorem 3.3. Forn > 0,
H®D (2, y:0) = i (1) ()~ . (”) zp: (p) zl: L su+im+)
A o r=0 —u p=0 p =0 ! m=0 (m+1)k_1 ' 7
1 — )ittt ;
(3.8) y ((z+)1> (1) 12 9\ (1)

Proof. By (2.1), we have

ZgHUw (. 70) - = iy 081+ (1~ w)1) (e (t) — )~ K () ()

n+1 tn+1 1
fnzomzoﬁ (n+1,m+1)(1—u)"" T D i D
< (2) wan S 0w
r=0 n=0
_oo L 77“00 n (1—u)”+1ﬁ 1
_T_0<_u> (u) ;;sl(n+1,m+1) CENRICESE

!Zgniwy
n:O
/1 _ n (1 —u)t*t 1
= — ) (u)™" Sil+1,m+1 —
T_O(—u>() ZZ(z)mZO ! ) (I+1) (m+1)F
n l)\n'Zg(J)

5 £ e

or p=0 1=0
(1 -+t m
R DG @y v

The proof is complete.
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