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ON WEAKLY CYCLIC SCHOUTEN-SYMMETRIC MANIFOLDS

JAEMAN KIM

ABSTRACT. The purpose of the present paper is to study several geometric properties of a weakly cyclic
Schouten-symmetric manifold. Also the existence of such a manifold is ensured by a non-trivial example.

1. INTRODUCTION

The Riemannian curvature tensor R on a Riemannian manifold (Mn, g) decomposes into a conformally
invariant part, the Weyl tensor W and a non-conformally invariant part, the Schouten tensor P . More
precisely,

R = P�g + W, (1.1)

where the symbol � is the Nomizu-Kulkarni product of symmetric (0,2)-tensors generating a curvature
type tensor:

(h� k)(X,Y, Z,W ) = h(X,Z)k(Y,W ) + h(Y,W )k(X,Z)

−h(X,W )k(Y,Z)− h(Y,Z)k(X,W ).

Since the Weyl tensor W is conformally invariant, to study the deformation of the conformal metric, one
only need to understand the Schouten tensor P [1]. As a natural generalization of the notion of a space
of constant curvature, the notion of a symmetric manifold was introduced by Cartan [3] who obtained a
classification of such a manifold. During the last seven decades the notion of a symmetric manifold has
been weakened by many authors in several ways to a different extent such as a weakly symmetric manifold
by Binh and Tamassy [2]; a weakly Z-symmetric manifold by Mantica and Molinari [12]; a weakly cyclic Z-
symmetric manifold by De, Mantica and Suh [6] and Kim [9]; a semisymmetric manifold by Lichnerowich
[11], Szabo [14,15] and Kowalski [10].
A (0,2) symmetric tensor P on a Riemannian manifold (Mn, g) (n > 2) is called a Schouten tensor if it is
defined as

P (X,Y ) :=
1

n− 2
(Ric(X,Y )− s

2(n− 1)
g(X,Y )), (1.2)

where Ric and s are the Ricci tensor and scalar curvature tensor, respectively.
A Riemannian manifold (Mn, g) (n > 2) is said to be weakly Schouten-symmetric if its Schouten tensor P
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satisfies the following relation:

(∇XP )(Y,Z) = A(X)P (Y,Z) + B(Y )P (Z,X) + C(Z)P (X,Y ),

where A,B,C are 1-forms and ∇ denotes the covariant differentiation with respect to the metric tensor
g. Furthermore, a Riemannian manifold (Mn, g) (n > 2) is called a weakly cyclic Schouten-symmetric
manifold if its Schouten tensor P fulfills the condition:

(∇XP )(Y,Z) + (∇Y P )(Z,X) + (∇ZP )(X,Y )

= A(X)P (Y,Z) + B(Y )P (Z,X) + C(Z)P (X,Y ), (1.3)

where A,B,C are the associated 1-forms.
An n-dimensional manifold of this kind is denoted by [WCSS]n. The aim of this paper is to study several
geometric properties of [WCSS]n and provide an example of [WCSS]4 with one parameter family of its
associated 1-forms.

2. MAIN RESULTS

The Schouten tensor P of (Mn, g) is said to be of Codazzi type if it satisfies

(∇XP )(Y,Z) = (∇Y P )(X,Z). (2.4)

At first we have

Theorem 2.1. Let (Mn, g) be a [WCSS]n. If its Schouten tensor P is of Codazzi type, then the manifold is weakly
Schouten-symmetric.

Proof. From (1.2), (1.3) and (2.4), it follows that

3(∇XP )(Y, Z) = A(X)P (Y,Z) + B(Y )P (Z,X) + C(Z)P (X,Y ),

which yields

(∇XP )(Y, Z) = D(X)P (Y, Z) + E(Y )P (Z,X) + F (Z)P (X,Y ).

Here D(X) = 1
3A(X), E(Y ) = 1

3B(Y ), F (Z) = 1
3C(Z).

This completes the proof. �

A Riemannian manifold (Mn, g)(n > 2) is said to be quasi Einstein if there exists a nonzero 1-form T

associated with a unit vector field such that its Ricci tensor satisfies the condition

Ric(X,Y ) = ag(X,Y ) + bT (X)T (Y ),

where a, b are smooth functions.
In particular if b = 0, then the manifold is Einstein. The notion of quasi Einstein manifolds arose during the
study of exact solutions of the Einstein field equations as well as during considerations of quasi umbilical
hypersurfaces. This manifold has received a great deal of attention and is studied in considerable detail by
many authors [4,5,7,8,13].

Theorem 2.2. Let (Mn, g) be a [WCSS]n with B − C 6= 0 in (1.3). Then the manifold is quasi Einstein.
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Proof. Interchanging Y,Z in (1.3) and then subtracting the relation obtained thus from (1.3), we get

0 = (B − C)(Y )P (Z,X)− (B − C)(Z)P (X,Y ).

Let us define D = B − C. Then the last relation reduces to

D(Y )P (Z,X) = D(Z)P (X,Y ). (2.5)

Contracting (2.5) with respect to X and Z, we have from (1.2)

D(Y )(
s

2(n− 1)
) = P (D], Y ), (2.6)

where D] is a vector field associated with the 1-form D, that is, g(D], X) = D(X).
On the other hand, if we replace Y by D] in (2.5), we get

D(D])P (Z,X) = D(Z)P (X,D]),

which yields from (2.6)

P (X,Z) =
s

2(n− 1)D(D])
D(X)D(Z)

=
s

2(n− 1)
U(X)U(Z), (2.7)

where U(X) = 1√
D(D])

D(X).

By virtue of (1.2) and (2.7), we have

Ric(X,Z) =
s

2(n− 1)
g(X,Z) +

(n− 2)s

2(n− 1)
U(X)U(Z), (2.8)

showing that the manifold is quasi Einstein. This completes the proof. �

A Riemannian manifold (Mn, g)(n > 2) is said to be Einstein if its Ricci tensor Ric satisfies

Ric(X,Y ) =
s

n
g(X,Y ).

Note that such a manifold has constant s [1] and hence

(∇XRic)(Y, Z) = 0.

Theorem 2.3. Let (Mn, g) be a [WCSS]n (n > 2). If the manifold is Einstein with s 6= 0, then the sum of the
associated 1-forms in (1.3), A + B + C, is zero.

Proof. From (1.2), (1.3) and the Einstein manifold, it follows that

0 =
s

2n(n− 1)
(A(X)g(Y,Z) + B(Y )g(Z,X) + C(Z)g(X,Y )),

which implies for X = Y = Z

s(A(X) + B(X) + C(X))g(X,X) = 0.

Due to s 6= 0, the last equation tells us

A + B + C = 0.

This completes the proof. �
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For a (0, k)-tensor field H on (Mn, g), we define a (0, k + 2)-tensor field R ·H [10,14,15] by

(R ·H)(X1, . . ., Xk;X,Y ) = (R(X,Y ) ·H)(X1, . . ., Xk)

= −H(R(X,Y )X1, X2, . . ., Xk)− . . .−H(X1, . . ., Xk−1, R(X,Y )Xk).

If a Riemannian manifold (Mn, g) satisfies the conditions R ·R = 0, R ·Ric = 0 or R ·W = 0, then (Mn, g)

is said to be semisymmetric, Ricci-semisymmetric or Weyl-semisymmetric, respectively.

Theorem 2.4. Let (Mn, g) be a [WCSS]n with B − C 6= 0 in (1.3). If the associated vector field U ] of 1-form U in
(2.7) is parallel, then the manifold is Ricci-semisymmetric.

Proof. From (2.8) it follows that

(R(X,Y ) ·Ric)(Z, V ) = −Ric(R(X,Y )Z, V )−Ric(Z,R(X,Y )V )

=
−(n− 2)s

2(n− 1)
(U(R(X,Y )Z)U(V ) + U(R(X,Y )V )U(Z))

=
−(n− 2)s

2(n− 1)
(g(R(X,Y )Z,U ])U(V ) + g(R(X,Y )V,U ])U(Z)) = 0

because of g(R(X,Y )Z, V ) = −g(R(X,Y )V,Z) and∇U ] = 0. This completes the proof. �

Theorem 2.5. Let (Mn, g) be a [WCSS]n with B − C 6= 0 in (1.3). If the associated vector field U ] of 1-form U in
(2.7) is parallel, then the semisymmetry and Weyl-semisymmetry are equivalent.

Proof. Taking account of (1.2), theorem 2.4 and R · s = 0, we obtain

R · P = 0.

Hence we have from (1.1)
R ·R = R ·W.

This completes the proof. �

A vector field X is said to be conformally Killing on a Riemannian manifold (Mn, g) (n > 2) [1] if it
satisfies the relation

£Xg = fg,

where f and £ denote a smooth function and Lie differentiation, respectively. In particular, if f = 0, then
the vector field X is said to be Killing.

Theorem 2.6. Let (Mn, g) be a compact orientable [WCSS]n with B −C 6= 0 in (1.3). If the associated vector field
U ] of 1-form U in (2.7) is conformally Killing and the scalar curvature s of (Mn, g) is nonpositive, then the vector
field U ] is parallel.

Proof. It is known from [16] that for a vector field X in a compact orientable Riemannian manifold (Mn, g),∫
M

[Ric(X,X)− ||∇X||2 − n− 2

n
(divX)2]dM ≤ 0 (2.9)

and equality holds if and only if X is a conformally Killing vector field. Here div denotes the divergence.
Taking account of (2.8) and (2.9), we have for X = U ]∫

M

[(
s

2(n− 1)
+

(n− 2)s

2(n− 1)
)− ||∇U ]||2 − n− 2

n
(divU ])2]dM ≤ 0.

By virtue of s ≤ 0, the last inequality yields∇U ] = 0. This completes the proof. �
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As a consequence we immediately obtain

Corollary 2.7. Let (Mn, g) be a compact orientable [WCSS]n with B − C 6= 0 in (1.3). If the associated vector
field U ] of 1-form U in (2.7) is Killing and the scalar curvature s of (Mn, g) is nonpositive, then the vector field U ] is
parallel.

The Weyl tensor W of type (0,4) of a Riemannian manifold (Mn, g)(n > 3) is defined by

W (X,Y, Z, V ) = R(X,Y, Z, V )− 1

n− 2
[Ric(Y, Z)g(X,V )−Ric(X,Z)g(Y, V )

+g(Y, Z)Ric(X,V )− g(X,Z)Ric(Y, V )] +
s

(n− 1)(n− 2)
[g(Y,Z)g(X,V )− g(X,Z)g(Y, V )]. (2.10)

Theorem 2.8. Let (Mn, g) be a [WCSS]n (n > 3) with B −C 6= 0 in (1.3). If its Weyl tensor W vanishes and the
scalar curvature s of (Mn, g) is constant, then the associated 1-form U in (2.7) is closed.

Proof. Differentiating (2.10) covariantly and then contracting the relation obtained thus, we get

(divW )(X,Y, Z) = (divR)(X,Y, Z)− 1

n− 2
[(∇XRic)(Y,Z)− (∇Y Ric)(X,Z)

+
1

2
ds(X)g(Y,Z)− 1

2
ds(Y )g(X,Z)] +

1

(n− 1)(n− 2)
[ds(X)g(Y,Z)− ds(Y )g(X,Z)]. (2.11)

Also it is well known [1] that the relation

(divR)(X,Y, Z) = (∇XRic)(Y,Z)− (∇Y Ric)(X,Z)

holds. Taking account of the last relation and (2.11) we have

(divW )(X,Y, Z) =
n− 3

n− 2
[(∇XRic)(Y,Z)− (∇Y Ric)(X,Z)

− 1

2(n− 1)
(ds(X)g(Y, Z)− ds(Y )g(X,Z))].

Due to W = 0 and s = constant, the last relation becomes

(∇XRic)(Y, Z)− (∇Y Ric)(X,Z) = 0.

From (2.8) and s = constant, it follows that the last equation yields

(∇XU)(Y )U(Z) + U(Y )(∇XU)(Z)− (∇Y U)(X)U(Z)− U(X)(∇Y U)(Z) = 0. (2.12)

Putting Z = U ] in (2.12), we get

(∇XU)(Y )− (∇Y U)(X) = 0,

showing that U is closed. This completes the proof. �

Theorem 2.9. Let (Mn, g) be a [WCSS]n (n > 3) with B −C 6= 0 in (1.3). If its Weyl tensor W vanishes and the
scalar curvature s of (Mn, g) is constant, then the integral curve of U ] is geodesic.

Proof. Taking account of (2.12) and putting Y = Z = U ], we obtain

(∇U]U)(X) = 0

or equivalently

∇U]U ] = 0,

showing that the integral curve of U ] is geodesic. This completes the proof. �
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Theorem 2.10. Let (Mn, g) be a [WCSS]n (n > 3) with B − C 6= 0 in (1.3). If its Weyl tensor W vanishes and
the scalar curvature s of (Mn, g) is constant, then the vector field U ] associated with 1-form U in (2.7) is parallel.

Proof. Taking account of (2.12) and putting Y = U ], we get from theorem 2.9

(∇XU)(Z) = 0

or equivalently
∇XU ] = 0,

showing that the vector field U ] is parallel. This completes the proof. �

3. AN EXAMPLE OF ONE PARAMETER FAMILY OF [WCSS]4

Now we can show that there exists a [WCSS]4 with one parameter family of its associated 1-forms. Let
(R4

+, g) be a Riemannian manifold given by

R4
+ = {(x1, x2, x3, x4)|x4 > 0}

and
g = (x4)

4
3 [(dx1)2 + (dx2)2 + (dx3)2] + (dx4)2.

This kind of metric was appeared in [6]. In the metric described as above, the only nonvanishing compo-
nents for the Christoffel symbols Γk

ij , the curvature tensors Rijkl and the Ricci tensors Ricjk are

Γ1
14 = Γ2

24 = Γ3
34 =

2

3
(x4)

−1
,

Γ4
11 = Γ4

22 = Γ4
33 =

−2

3
(x4)

1
3 ,

R1221 = R1331 = R2332 =
4

9
(x4)

2
3 ,

R1441 = R2442 = R3443 = −2

9
(x4)

− 2
3 ,

Ric11 = Ric22 = Ric33 =
2

3
(x4)

− 2
3 ,

Ric44 = −2

3
(x4)

−2
, s =

4

3
(x4)

−2
.

Therefore the non-vanishing components of the Schouten tensors Pjk and their covariant derivatives Pjk;l

are
P11 = P22 = P33 =

2

9
(x4)

− 2
3 , P44 = −4

9
(x4)

−2
, (3.13)

P11;4 = P22;4 = P33;4 = − 4

27
(x4)

− 5
3 , P44;4 =

8

9
(x4)

−3
. (3.14)

Let us define the associated 1-forms A,B,C of (1.3) on (R4
+, g) as follows:

Ai = −2

3
(x4)

−1

for i = 4 and 0 otherwise,

Bi =
−(16 + t)

3
(x4)

−1

for i = 4 and 0 otherwise,

Ci =
t

3
(x4)

−1

for i = 4 and 0 otherwise. Here t ∈ R.
In the manifold (R4

+, g), (1.3) reduces to the following equations:

P11;4 + P14;1 + P41;1 = A4P11 + B1P14 + C1P41,
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P22;4 + P24;2 + P42;2 = A4P22 + B2P24 + C2P42,

P33;4 + P34;3 + P43;3 = A4P33 + B3P34 + C3P43,

P44;4 + P44;4 + P44;4 = A4P44 + B4P44 + C4P44.

From (3.13), (3.14) and the definition of A,B,C, it is easy to see that the last equations hold true. Therefore
the Riemannian manifold (R4

+, g) with A,B,C mentioned in the above is a [WCSS]4.
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