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SPECTRAL ANALYSIS OF ORDER GCD GRAPH ON INTEGERS MODULO RING

MAMIKA UJIANITA ROMDHINI1,∗, ABDURAHIM1, FAISAL AL-SHARQI2, AMIT SEHGAL3, AND HOSSEIN RASHMANLOU4

ABSTRACT. Let n be a positive integer and let Zn denote the ring of integers modulo Zn. We introduce the
order GCD graph ΘZn , whose vertex set is Zn, where two distinct vertices a and b are adjacent if and only if
gcd(|a|, |b|) = |a · b|, with |a| denoting the multiplicative order of a in Zn. We investigate fundamental structural
properties of ΘZn , including a spectral analysis of the graph by studying the eigenvalues of its adjacency matrix
and their relationship to the arithmetic structure of Zn. Several illustrative examples are provided to highlight
the interplay between number-theoretic properties of n and the spectral characteristics of ΘZn .

1. INTRODUCTION

Most studies on graphs defined over groups or rings primarily focus on computing various graph-
theoretical parameters. However, beyond such computations, graphs can serve as insightful tools for un-
covering new structural information about groups or rings and for establishing conditions or constraints
on the graphs derived from them. The exploration of these properties often leads to the identification of
elegant and mathematically intriguing graphs [4]. Over the years, graph-theoretic approaches have been
widely employed in the study of algebraic structures, particularly groups, to extract both structural and
spectral characteristics through graphical representations. More recently, researchers have broadened this
scope by introducing and analyzing novel classes of group-based graphs, including prime coprime graphs,
power graph [7,12], non-commuting graphs [10], identity graphs, and order gcd graphs, thereby deepening
the dynamic interconnection between algebra and graph theory.

Spectral graph theory offers a profound connection between algebraic systems and combinatorial struc-
tures. Over the past few decades, significant research has focused on investigating graphs derived from
algebraic objects such as rings, groups, and semigroups. Among these developments, a particularly note-
worthy concept is the order GCD graph of a group or ring, which encapsulates the relationships between
elements whose products, or, more generally, their interactions, satisfy specific divisibility or annihilation
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conditions. In recent years, there has been growing scholarly interest in the study of topological indices of
graphs associated with algebraic structures (see, for example, [1–3]). One of the most extensively investi-
gated examples is the GCD graph of a finite group (or ring), first introduced by [11]. The interplay between
group or ring theory and graph theory provides valuable insights into the underlying structure of these
algebraic systems, including connectivity, degree distributions, and spectral properties.

Recent advancements in graph theory extend its scope from simple graphs to algebraic structures such as
groups, rings, and fields [8], with applications ranging from cryptography and coding theory to communi-
cation networks and computer science. McLean [6] offers background relevant to subgroup-induced graph
structure. A significant contribution in this direction is the GCD graph, introduced by Klotz and Sander
in 2007 [5] in their study of unitary Cayley graphs. They later investigated its relation to graph products.
More recently, Sarkar and Patra (2024) [11] introduced the order GCD graph on the integer modulo group
Zn, denoted as ΘZn

. In this graph, the vertices correspond to the elements of Zn, written as V (ΘZn
). Ad-

jacency between two distinct vertices a and b occurs precisely when the greatest common divisor of their
orders equals the order of their product, i.e., gcd(|a|, |b|) = |a · b| [11], where |a| and |b| are the order of a and
b, respectively. The underlying structure is identified as a ring rather than a group, as it inherently involves
two binary operations, addition and multiplication modulo pk. This formulation ensures that our analysis
consistently captures both additive and multiplicative relationships in modular arithmetic.

2. PRELIMINARIES

We now present the fundamental concepts and notations used in spectral graph theory. The symbols
and their corresponding definitions are summarized in the table below.

TABLE 1. Notation and its Definition

Symbol Definition
Θ(Zn) prime coprime graph of Zn
|u| order of u in Zn
Zn group of integers modulo n

ΘZn
prime coprime graph of Zn

du degree of vertex u
A(ΘZn

) adjacency matrix of ΘZn

γi eigenvalues of the matrix
EA(ΘZn) adjacency energy of ΘZn

Spec(ΘZn
) spectrum of ΘZn

ρA(ΘZn
) A-spectral radius of ΘZn

The adjacency matrix An×n corresponding to ΘZn
is given by A (ΘZn

) = [aij ] whose (i, j)-th entry is

aij =

{
1, for adjacent vertices
0, otherwise.

(2.1)

The characteristic polynomial of A (ΘZn) is PA(ΘZn )(γ) = |γIn −A(ΘZn)|. The roots of PA(ΘZn )(γ) = 0

are the eigenvalues of A(ΘZn
) and denoted as γ1, γ2, . . . , γn.

Moreover, the A−spectrum of ΘZn
can be written as:

σA(ΘZn) =

(
γ1, γ2, . . . , γpk

k1, k2, . . . , kpk

)
,
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where k1, k2, . . . , kr are their respective multiplicities of eigenvalues. Therefore, the A−energy of ΘZ
pk

can
be defined as follows:

EA(ΘZn
) = Σni=1 |γi| ,

and A−spectral radius of ΘZ
pk

is defined as

ρA(ΘZn) = max{|γ| : γ ∈ σA(ΘZn).

To facilitate the derivation of the characteristic polynomial of ΘZn
, we first recall the following theorem.

Theorem 2.1. [9] If an n× n matrix

T =

 0 J1×(n1−1) J1×n2

J(n1−1)×1 0n1−1 J(n1−1)×n2

Jn2×1 Jn2×(n1−1) (J − I)n2

 ,

where n = n1 + n2, then characteristic polynomial of T is

PT (γ) = γn1−2(γ + 1)n2(γ2 − n2γ − (n2 + 1)(n1 − 1)).

3. MAIN RESULTS

This section presents the main results of the study. We begin by formulating the characteristic polynomial
of a specific form of matrix.

Theorem 3.1. If an n× n matrix

T =

 (J − I)2 J2×(n1−2) J2×n2

J(n1−2)×2 0n1−2 J(n1−2)×n2

Jn2×2 Jn2×(n1−2) (J − I)n2

 ,

where n = n1 + n2, then characteristic polynomial of T is

PT (γ) = γn1−3(γ + 1)n2
(
γ3 − n2γ

2 − (n1 − 2 + (n1 − 1)(n2 + 1))γ − (n2 + 2)(n1 − 2)
)
.

Proof. The characteristic formula of M is the determinant of γIn −M as follows.

PT (µ) =

∣∣∣∣∣∣∣
(γ + 1)I2 − J2 −J2×(n1−2) −J2×n2

−J(n1−2)×2 γIn1−2 −J(n1−2)×n2

−Jn2×2 −Jn2×(n1−2) (γ + 1)In2
− Jn2

∣∣∣∣∣∣∣ .
Let Ri and Ci be the matrix’s i-th row and column, respectively. Suppose now R′i and C ′i are the new i-th
row and column of the matrix acquired from Ri and Ci by the elementary row and column operations,
respectively. These apply to PT (γ) as follows:

(1) We replace the n1 + i-rows with the row operation: Rn1+i −→ Rn1+i −R1, for i = 1, 2, . . . , n2.
(2) We replace the first column with the summation of the element of the first column and elements of

n1 + 1, n1 + 2, . . . , n1 + n2 rows, or in other words, C1 −→ C1 + Cn1+1 + Cn1+2 + . . .+ Cn1+n2
.

(3) The next step is replacing the second column, C2 −→ C2 +
(

1
γ

)
C3 +

(
1
γ

)
C4 + . . .+

(
1
γ

)
Cn1

.

(4) The last step is replacing the first column, C1 −→ C1 +
(
n2+1
γ

)
C3 +

(
n2+1
γ

)
C4 + . . .+

(
n2+1
γ

)
Cn1

.
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We can express PT (γ) as

PT (γ) =

∣∣∣∣∣∣∣∣∣∣
γ − n2 − (n1 − 2)

(
n2+1
γ

)
−1− (n1−2)

γ −J1×(n1−2) −J1×n2

−(n2 + 1)− (n1 − 2)
(
n2+1
γ

)
γ − (n1−2)

γ −J1×(n1−2) −J1×n2

0(n1−2)×1 0(n1−2)×1 γIn1−2 −J(n1−2)×n2

0n2×1 0n2×1 0n2×(n1−2) (γ + 1)In2

∣∣∣∣∣∣∣∣∣∣
.

It is obvious that the above determinant is in the form of an upper triangular matrix, then we can directly
derive that

PT (γ) = γn1−3(γ + 1)n2
(
γ3 − n2γ

2 − (n1 − 2 + (n1 − 1)(n2 + 1))γ − (n2 + 2)(n1 − 2)
)
.

�

3.1. Spectral properties of ΘZ
pk

. For further discussion, the graph ΘZn
considered in this study corre-

sponds to the case where n = pk. Hence, it is denoted by Θ
(
Zpk
)
.

To provide a clearer understanding of the structural properties, we present an explicit construction of
the order GCD graph corresponding to the ring Z23 in the following example.

Example 3.2. The discussion begins with an examination of the ring Z23, where p = 2 and k = 3. The
element orders in Z23 are determined as follows: |0| = 1, |1| = 8, |2| = 4, |3| = 8, |4| = 2, |5| = 8, |6| = 4,
and |7| = 8. From these results, we obtain the gcd values for all possible element pairs in Z23 , as shown in
Table 2. In addition, the orders corresponding to the products of distinct elements in the ring are similar to
Table 2.

gcd |0| |1| |2| |3| |4| |5| |6| |7|
|0| - 1 1 1 1 1 1 1
|1| 1 - 4 8 2 8 4 8
|2| 1 4 - 4 2 4 4 4
|3| 1 8 4 - 2 8 4 8
|4| 1 2 2 2 - 2 2 2
|5| 1 8 4 8 2 - 4 8
|6| 1 4 4 4 2 4 - 4
|7| 1 8 4 8 2 8 4 -
TABLE 2. GCD for any element of Z23

Therefore, the order GCD graph of Z23 , ΘZ23
, as presented below.

Furthermore, based on the structure illustrated in Figure 1, the corresponding adjacency matrix of the
ring Z23 can be constructed as follows:

A(ΘZ23
) =



0 1 1 1 1 1 1 1

1 0 0 0 1 1 1 1

1 0 0 0 1 1 1 1

1 0 0 0 1 1 1 1

1 1 1 1 0 1 1 1

1 1 1 1 1 0 1 1

1 1 1 1 1 1 0 1

1 1 1 1 1 1 1 0


=

 0 J1×3 J1×4

J3×1 03 J3×4

J4×1 J4×3 (J − I)4


8×8

.
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FIGURE 1. GCD Graph for Z23

From the above matrix, the eigenvalues of A(ΘZ23
) are obtained as 0 (of multiplicity 2), -1 (of multiplicity

4), and 2 ±
√

19 (of each multiplicity 1). Hence, the spectral radius of ΘZ23
is 2 +

√
19. Consequently, the

energy is computed as ΘZ23
as 4 + 2

√
19, which equals twice the spectral radius, thereby confirming the

result of the corollary.

The next theorem presents the explicit form of the characteristic polynomial corresponding to the adja-
cency matrix A(ΘZ

pk
) of the order GCD graph over Zpk .

Theorem 3.3. For the order GCD graph ΘZ
pk

on Zpk (p prime, k ∈ N), the characteristic polynomial of A(ΘZ
pk

) is

PA(ΘZ
pk

)(γ) = γp
k−1−2(γ + 1)p

k−pk−1

(γ2 − (pk − pk−1)γ − (pk − pk−1 + 1)(pk−1 − 1)).

Proof. Let W1 =
{
p, 2p, 3p, . . . ,

(
pk−1 − 1

)
p
}

and W2 = Zpk\W1. According to the definition of the GCD
graph, each vertex in W1 is non-adjacent to every other vertex within W1. However, it is adjacent to all
vertices in W2, along with two additional vertices from W2. Hence, by Equation 2.1, the pk × pk adjacency
matrix of ΘZ

pk
must take the form

A(ΘZ
pk

) =



0 1 1 . . . 1 1 1 . . . 1

1 0 0 . . . 0 1 1 . . . 1

1 0 0 . . . 0 1 1 . . . 1
...

...
...

. . .
...

...
... . . .

...
1 0 0 . . . 0 1 1 . . . 1

1 1 1 . . . 1 0 1 . . . 1

1 1 1 . . . 1 1 0 . . . 1
...

...
...

. . .
...

...
... . . .

...
1 1 1 . . . 1 1 1 . . . 0



.

Equivalently, the adjacency matrix can be represented in the form of block matrices as follows:

A(ΘZ
pk

) =

 0 J1×(pk−1−1) J1×(pk−pk−1)

J(pk−1−1)×1 0pk−1−1 J(pk−1−1)×(pk−pk−1)

J(pk−pk−1)×1 J(pk−pk−1)×(pk−1−1) (J − I)pk−pk−1

 .
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Based on Theorem 2.1, with n1 = pk−1, n2 = pk − pk−1, then we get

PA(ΘZ
pk

)(γ) = γp
k−1−2(γ + 1)p

k−pk−1

(γ2 − (pk − pk−1)γ − (pk − pk−1 + 1)(pk−1 − 1)).

�

As Theorem 3.3 provides the characteristic polynomial of ΘZ
pk

, we can consequently determine the spec-
tral radius and energy of ΘZ

pk
.

Theorem 3.4. For the order GCD graph ΘZ
pk

on Zpk (p prime, k ∈ N, then the spectral radius for ΘZ
pk

is

ρ(ΘZ
pk

) =
1

2

(
pk − pk−1 +

√
(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1)

)
.

Proof. The polynomial of PA(ΘZ
pk

)(γ) in Theorem 3.3 yield the eigenvalues for ΘZ
pk

. With multiplicity

pk−1 − 2, we obtain γ1 = 0. Then we get γ2 = −1 of multiplicity pk − pk−1, and

γ3,4 =
1

2

(
pk − pk−1 ±

√
(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1)

)
,

as the roots of the quadratic formula. Hence, the spectrum for ΘZ
pk

is as follows

Spec(ΘZ
pk

) =

{(
1

2

(
pk − pk−1 +

√
(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1)

))1

,

(0)p
k−1−2, (−1)p

k−pk−1

,(
1

2

(
pk − pk−1 −

√
(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1)

))1
}
.

The maximum of |γi| is

ρ(ΘZ
pk

) =
1

2

(
pk − pk−1 +

√
(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1)

)
.

and this is spectral radius of ΘZ
pk

. �

Theorem 3.5. For the order GCD graph ΘZ
pk

on Zpk (p prime, k ∈ N, then the energy for ΘZ
pk

is

E(ΘZ
pk

) = pk − pk−1 +
√

(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1).

Proof. Referring to the spectrum given in Theorem 3.4, we can compute the energy of ΘZ
pk

as shown below.

E(ΘZ
pk

) =(pk−1 − 2)|0|+ (pk − pk−1) |−1|+∣∣∣∣12
(
pk − pk−1 ±

√
(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1)

)∣∣∣∣
=pk − pk−1 +

√
(pk − pk−1)2 + 4(pk − pk−1 + 1)(pk−1 − 1).

�

3.2. Spectral properties of ΘZ
2pk

. This part focuses on the case n = 2 · pk, where p is a prime number and
k is a positive integer, to investigate the spectral properties of the order GCD graph defined on the ring of
integers modulo n. As stated in Example 3.2, the integer n = 23 can alternatively be expressed as n = 2 · 22.
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Theorem 3.6. For the order GCD graph ΘZ
2pk

on Z2pk (p odd prime, k ∈ N, the characteristic polynomial of
A(ΘZ

2pk
) is

PA(ΘZ
2pk

)(γ) =γ2pk−1−3(γ + 1)2pk−2pk−1

(
γ3 − (2pk − 2pk−1)γ2 − (2pk−1 − 2 + (2pk−1 − 1)(2pk − 2pk−1))γ−

(2pk − 2pk−1 + 2)(2pk−1 − 2)
)
.

Proof. LetW1 =
{
p, 2p, 3p, . . . ,

(
2pk−1 − 1

)
p
}

andW2 = Z2pk\W1, whereW1∪W2 = Z2·pk . According to the
definition of the GCD graph, each vertex in W1 is non-adjacent to every other vertex within W1. However,
it is adjacent to all vertices in W2, along with two additional vertices from W2. Hence, by Equation 2.1, the
2pk × 2pk adjacency matrix of ΘZ

2pk
must take the form

A(ΘZ
2pk

) =



0 1 1 1 . . . 1 1 1 . . . 1

1 0 1 1 . . . 1 1 1 . . . 1

1 1 0 0 . . . 0 1 1 . . . 1

1 1 0 0 . . . 0 1 1 . . . 1
...

...
...

...
. . .

...
...

... . . .
...

1 1 0 0 . . . 0 1 1 . . . 1

1 1 1 1 . . . 1 0 1 . . . 1

1 1 1 1 . . . 1 1 0 . . . 1
...

...
...

...
. . .

...
...

... . . .
...

1 1 1 1 . . . 1 1 1 . . . 0



.

Equivalently, the adjacency matrix can be represented in the form of block matrices as follows:

A(ΘZ
2pk

) =

 (J − I)2 J2×(2pk−1−2) J1×(2pk−2pk−1)

J(2pk−1−2)×2 02pk−1−2 J(2pk−1−2)×(2pk−2pk−1)

J(2pk−2pk−1)×2 J(2pk−2pk−1)×(2pk−1−2) (J − I)2pk−2pk−1

 .

Based on Theorem 3.1, with n1 = 2pk−1, n2 = 2pk − 2pk−1, then we get

PA(ΘZ
2pk

)(γ) =γ2pk−1−3(γ + 1)2pk−2pk−1

(
γ3 − (2pk − 2pk−1)γ2 − (2pk−1 − 2 + (2pk−1 − 1)(2pk − 2pk−1))γ−

(2pk − 2pk−1 + 2)(2pk−1 − 2)
)
.

�

4. CONCLUSIONS

We presented the order GCD graph ΘZn
on the ring Zn, with adjacency defined via the multiplicative

orders of vertices, and examined its fundamental structural and spectral properties. Our results show that
the arithmetic structure and prime factorization of n strongly influence the graph’s topology and adjacency
spectrum. Future work may address the Laplacian and signless Laplacian spectra, graph energy, and spec-
tral integrality, as well as extensions of the order GCD graph to other algebraic settings such as finite fields
and finite commutative rings.
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