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SPATIOTEMPORAL COMPLEXITY OF A SELF- AND CROSS-DIFFUSIONS PREDATOR-PREY
SYSTEM WITH IVLEV FUNCTIONAL RESPONSE

ABDULLAH ALDURAYHIM1, SANAA MOUSSA SALMAN2, AMR ELSONBATY1,3, ABDULKARIM A. ABDULRAZZAK4,
AND A.A. ELSADANY1,5,∗

ABSTRACT. This paper examines the emergence of complex dynamics in a predator-prey system characterized by
the Ivlev functional response and influenced by both self- and cross-diffusion. We analytically derive the condi-
tions for the occurrence of Hopf, Turing, and wave bifurcations within a spatially extended domain. Additionally,
we provide a theoretical investigation into the evolutionary processes that shape the spatial distribution and in-
teractions of populations undergoing local diffusion. Through numerical simulations, we uncover a diverse range
of spatiotemporal patterns, including spots, spirals, and other regular and irregular structures. Our results reveal
that the inclusion of spatial effects leads to richer and more intricate dynamics, such as irregular behavior and
spiral wave formation. These insights contribute to a deeper understanding of the ecological dynamics.

1. INTRODUCTION

Ecological systems inherently involve complex interactions between species and their environments,
often across various spatial and temporal scales. Since the foundational work of Lotka and Volterra in
the 1920s [1,2], which introduced the now-classic predator–prey model with its characteristic cycles, such
models have remained central to both ecology and mathematical biology due to their broad applicability
and significance.

Pattern formation in nonlinear complex systems is a cornerstone of research in different natural and
biological systems [3]. Beginning with the foundational studies of Segel and Jackson [4], researchers have
observed that spatial patterns and population aggregation commonly emerge in ecological systems, driven
by localized interactions in both natural settings and theoretical models. The field expanded significantly
after Turing’s groundbreaking analysis of reaction-diffusion systems [5], which established a key theoretical
foundation for studying pattern formation across multiple disciplines. In recent years, reaction-diffusion
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models have seen increasing use due to their capacity to capture intricate spatial dynamics in fields like
biology [6-10], chemistry [11–12], and physics [13-15]. These models serve as vital tools for investigating
how simple, localized interactions can give rise to complex, often self-organized, large-scale patterns in
diverse systems.

Recently, many researchers have explored predator–prey models with various functional responses and
harvesting strategies. Shang et al. [16] examined the effects of a constant-yield harvesting rate on system
stability and bifurcation behavior, showing that constant prey harvesting can destabilize the system. They
also found that a linear harvest rate better reflects real-world dynamics. Lian et al. [17] investigated a model
with cross-diffusion predator–prey model with nonlinear harvesting term. Their work emphasized the role
of harvest intensity in generating population oscillations. To further improve model realism, Shang et al.
[18] proposed a predator–prey model with a simplified Holling type IV functional response and a nonlinear
Michaelis–Menten-type harvest term. This approach better captured complex ecological interactions and
the effects of nonlinear harvesting on system dynamics. Overall, these studies highlight the importance
of incorporating harvest terms in predator–prey models to understand ecological systems under human
influence and to support more effective resource management strategies.

The following predator-prey system with an Ivlev functional response has gained more attention [19]:

u̇ = ru(1− u)− (1− e−αu)v,

v̇ = v[(1− e−αu)−mv − d],
(1.1)

where u and v denote prey and predator densities, respectively. The parameters r, α,m and d are all
positive and have the following meaning. r is the intrinsic growth rate of the prey, m is the intraspecies
competition coefficient, d is the natural death rate of the predator. The term (1 − e−αu) is the Ivlev type
functional response, where α is the conversion rate of consumed prey to predator. In model (1.1), the
trophic transfer between species is assumed to be equivalent. The authors in [1] assumed that at different
levels in the food chain, the trophic transfer is more complex. Nonlinear trophic transfers with trophic
losses should be taken into account. Let β > 0 be the rate of trophic absorption of predator, then system
(1.1) will be in the form:

u̇ = ru(1− u)− (1− e−αu)v,

v̇ = v[(1− e−βu)−mv − d],
(1.2)

with 0 < β ≤ α which means trophic losses in the transfer is taken into account. Assume that the prey
is of economic interest, that is it can be harvested, and let the harvesting ratio be proportional to the prey
population, then system (1.2) becomes [1]:

u̇ = ru(1− u)− (1− e−αu)v − hu,

v̇ = v[(1− e−βu)−mv − d].
(1.3)

The authors in [1] assumed that 0 < d < 1 and r > h. In the current paper, the spatiotemporal dynamics
of the system (1.3) will be investigated under uniform environment. The interaction between species is
modeled by reaction-diffusion systems taking into account the movements of species for food, mates, or
shelter. Consider the movement of both prey and predator in the plane, the system under consideration
will be in the form:

∂u(x, t, y)

∂t
= ru(1− u)− (1− e−αu)v − hu+D11∇2u,

∂v(x, t, y)

∂t
= v[(1− e−βu)−mv − d] +D22∇2v,

(1.4)
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where u(x, t, y) and v(x, t, y) are, respectively, the prey and predator densities at a position (x, y) ∈ Ω ∈
R2

+ and time t, D11 > 0, D22 > 0 are the diffusion coefficients of prey and predator, respectively, and
∇2 = ∂2

∂x2 + ∂2

∂y2 is the Laplacian operator in a two-dimensional space.
In natural, the prey species tend to move away from the predator species in order to protect themselves
from the predator’s attack. Meanwhile, the predator species approach the higher concentration of the prey
species, however, they prefer to avoid group defense. The escape velocity of the prey is proportional to the
diffusive velocity of the predator. This phenomena is called cross-diffusion. The main thrust of this paper
is to investigate the influence of the cross-diffusion on system (1.4). Consequently, the model we are going
to employ takes the form:

∂u(x, y, t)

∂t
= ru(1− u)− (1− e−αu)v − hu+D11∇2u+D12∇2v,

∂v(x, y, t)

∂t
= v[(1− e−βu)−mv − d] +D21∇2u+D22∇2v.

(1.5)

The parameters D12 and D21 are, separately, the cross-diffusion coefficients that describe the population
fluxes of prey and predator as a result of the other species’s presence. The values of D12 imply that the prey
populations move towards lower concentration of the predator populations, while the values of D21 imply
that the predator populations move towards higher concentration of the prey populations. Thus, the values
of D12 and D2 might be positive, negative, or zero. We summarize the possible cases for the cross-diffusion
parameters as follows.

• IfD12 < 0, D21 < 0, then the prey species tends to diffuse to higher concentration areas of the preda-
tor species and the predator species tends to diffuse to higher concentration area of the prey species.

• If D12 > 0, D21 > 0, then the prey species tends to diffuse to lower concentration areas of the
predator species and the predator species tends to diffuse to lower concentration area of the prey
species.

• If D12 < 0, D21 > 0, then the prey species tends to diffuse to higher concentration areas of the
predator species and the predator species tends to diffuse to lower concentration area of the prey
species.

• If D12 > 0, D21 < 0, then the prey species tends to diffuse to lower concentration areas of the preda-
tor species and the predator species tends to diffuse to higher concentration area of the prey species.

In this paper, we assume that the diffusive matrix

D =

(
D11 D12

D21 D22

)
,

is positive definite, that is, D11 > 0, D22 > 0, and we assume that D11D22 − D21D12 > 0, to achieve the
principle of thermodynamics, which indicates that self-diffusion is stronger than cross-diffusion.

The system (1.5) is analyzed with the no-flux boundary and nonnegative initial conditions

∂u

∂n
=
∂v

∂n
= 0, (x, y) ∈ ∂Ω, t > 0,

u(x, y, 0) ≥ 0, v(x, y, 0) ≥ 0, (x, y) ∈ Ω,
(1.6)

where ∂
∂n denotes the derivative along the outward unit normal vector to ∂Ω.
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The structure of the paper is as follows. Local dynamics of the temporal system (1.3) is summarized in
Section 2. Bifurcation analysis of the spatio-temporal system (1.5) is discussed in Section 3. In Section 4, a
series of numerical simulations are performed. The paper ends with a conclusion in Section 5.

2. LOCAL DYNAMICS OF THE TEMPORAL SYSTEM

In this section, we summarize the local dynamics of the system (1.3) as follows [1].
The system (1.3) has the equilibria:

• E0 = (0, 0) which means the absence of both the prey and the predator; always exists,

• E1 = (1 − h
r , 0) which means the existence of the prey in the absence of the predator; exits only if

r > h,

• E∗ = (u∗, v∗) which means the co-existence of both the prey and the predator. This equilibrium
point is the unique positive one and it exists only if d < 1 − e−β(1−h

r ) and α < 2r
r−h . E∗ = (u∗, v∗)

here satisfies

− 1

β
ln(1− d) < u∗ < 1− h

r
, v∗ =

1

m
(1− e−βu

∗
− d).

In order to study the local stability of the equilibria, we need to calculate the Jacobian matrix of the system
(1.3) at any (u, v) which reads

J(u, v) =

(
r(1− 2u)− αe−αuv − h −1 + e−αu

βve−βu 1− d− e−βu − 2mv

)
.

We summarize the local stability of the equilibria of the system (1.3) in the following proposition.

Proposition 1. The equilibria of the system (1.3) have the following topological classifications:

• E0 is a saddle point,

• E1 is a sink if 1− e−β(1−h
r ) < d and a saddle if 1− e−β(1−h

r ) > d,

• E∗ is locally asymptotically stable if the following conditions hold true:

d < 1− e−β(1−h
r ) and α <

2r

r − h
.

Proof. The Jacobian matrix calculated at E0 = (0, 0) reads

J(E0) =

(
r − h 0

0 −d

)
,

and the eigenvalues associated to J(0, 0) are λ1 = r − h > 0 and λ2 = −d < 0. Thus, E0 is a saddle point.
While the Jacobian matrix calculated at E1 = (1− h

r , 0) reads

J(E1) =

(
−r − h −1 + e−α(1−

h
r )

0 1− d− e−β(1−h
r )

)
,

the eigenvalues associated to J(E1) are λ1 = −r − h < 0 and λ2 = 1 − d − e−β(1−h
r ). If 1 − e−β(1−h

r ) < d,
then E1 is a sink, while if 1− e−β(1−h

r ) > d, then E1 is a saddle point.
Note that the Jacobian matrix J∗ calculated at E∗ reads
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J∗ =

(
r(1− 2u∗)− αe−αu∗

v∗ − h −1 + e−αu
∗

βv∗e−βu
∗ −mv∗

)
=

(
a11 a12

a21 a22

)
with trace, tr(J∗) = a11 + a22 = r(1− 2u∗)− h−mv∗ − αe−αu∗

v∗ < 0,
and determinant

det(J∗) = a11a22 − a21a12 = −mv∗(r(1− 2u∗)− h− αe−αu
∗
v∗)

− βv∗e−βu
∗
(−1 + e−αu

∗
) > 0.

This means that E∗ is locally asymptotically stable. �

The characteristic equation associated to J∗ reads

λ2 − tr(J∗) + det(J∗) = 0, (2.1)

with
λ1,2 =

1

2
(tr(J∗)±

√
tr2(J∗)− 4det(J∗)). (2.2)

3. BIFURCATION ANALYSIS OF THE SPATIOTEMPORAL SYSTEM

In this section, we derive cross-diffusion driven instability conditions for the system (1.5) at the inte-
rior equilibrium point E∗ = (u∗, v∗). According to Turing instability phenomenon [3,5,20], the reaction-
diffusion nonlinear system is asymptotically stable in the absence of diffusion but it is unstable if diffusion
is present. We will obtain the parametric Turing space conditions under which the aforementioned insta-
bility takes place. First of all, we execute a linear stability analysis of the system (1.5) at the interior point
E∗ for small space- and time-dependent fluctuations and expand u and v in Fourier space as

u(x, y, t) ∼ u∗ + ū(x, y, t), |ū(x, y, t)| � u∗,

v(x, y, t) ∼ v∗ + v̄(x, y, t), |v̄(x, y, t)| � v∗,
(3.1)

where

ū(x, y, t) = θ1e
λt+i(kxx+kyy),

v̄(x, y, t) = θ2e
λt+i(kxx+kyy),

(3.2)

where k = (kx, ky) is the wave number of the solution, k = |k| =
√
k2x + k2y ∈ Z+ ∪ {0}, i =

√
−1, λ is the

perturbation growth rate in time t, θ1 and θ2 are the corresponding amplitude. Substituting relations (3.2)
into the system (1.5) and neglecting all nonlinear terms in u and v we obtain the following

λ

(
θ1

θ2

)
=

(
a11 −D11k

2 a12 −D12k
2

a21 −D21k
2 a22 −D22k

2

)(
θ1

θ2

)
.

Thus, the characteristic equation of the reaction-diffusion system (1.5) reads

λ2 − trk(J∗)λ+ detk(J∗) = 0, k ∈ N0 = {0, 1, 2, ....}, (3.3)

where

trk(J∗) = −(D11 +D22)k2 + tr(J∗),

detk(J∗) = (D11D22 −D12D21)k4 − (a11D22 + a22D11 − a12D21 − a21D12)k2

+ det(J∗).

The eigenvalues associated to the characteristic equation are

λk =
1

2
(trk(J∗)±

√
tr2k(J∗)− 4detk(J∗)).



Pan-Amer. J. Math. 5 (2026), 2 6

3.1. Turing bifurcation. Turing bifurcation can be achieved for the reaction-diffusion system (1.5) if the
equilibrium point E∗ which is stable in the absence of diffusion becomes unstable if diffusion is present.
From the conditions for local asymptotic stability of the system (1.3) at E∗ we know that tr(J∗) < 0, this
guarantees that trk(J∗) is also negative since trk(J∗) = −(D11 + D22)k2 + tr(J∗). Hence, we E∗ loses its
stability only when

detk(J∗) = A(k2) = (D11D22 −D12D21)k4

− (a11D22 + a22D11 − a12D21 − a21D12)k2

+ det(J∗) < 0.

(3.4)

Since we have assumed that D11D22 − D12D21 > 0 and we already have det(J∗) > 0, the only necessary
condition in which Turing bifurcation may occur is that the coefficient of k2 in (3.4) must be negative, i.e.,
a11D22 + a22D11− a12D21− a21D12 > 0. Actually, A(k2) achieves its minimum at the critical value k2 = k2c ,
where

k2c =
a11D22 + a22D11 − a12D21 − a21D12

2(D11D22 −D12D21)
> 0. (3.5)

The condition A(k2) < 0 at k2c turns into

(a11D22 + a22D11 − a12D21 − a21D12)2

4(D11D22 −D12D21)
> det(J∗),

which is the Turing instability condition. Note that in the absence of cross diffusion (that is D12 = D21 = 0),
the condition for Turing instability becomes

a11D22 + a22D11 > 2
√
det(J∗)D11D22.

Now, in the presence of cross-diffusion, the conditions for the Turing-space are given as follows:

(1) tr(J∗) = a11 + a22 < 0,

(2) det(J∗) = a11a22 − a12a21 > 0,

(3) D11a22 +D22a11 −D12a21 −D21a12 > 0,

(4) (a11D22+a22D11−a12D21−a21D12)
2

4(D11D22−D12D21)
> det(J∗).

By definition, the first two conditions ensure that the equilibrium point E∗ is stable for the non-
diffusive system (1.3). For the reaction-diffusion system (1.5), E∗ becomes unstable if Re(λ1,2(k2)) bifur-
cates from negative to positive values. In view of the characteristic equation (3.3), a necessary condition for
Re(λ1,2)(k2) > 0 is detk(J∗) < 0, which leads to the last two conditions.
The above four conditions ensure that the stable equilibrium pointE∗ becomes unstable due to perturbation
through wave numbers which are the roots of the equation A(k2) = 0. Hence

k21,2 =
−B ±

√
B2 − 4AC

2A
,

where

A = D11D22 −D12D21,

B = a11D22 + a22D11 − a12D21 − a21D12,

C = det(J∗).
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Generally speaking, at the bifurcation point, two equilibria of the model system intersect and exchange their
stability. Biologically speaking, this bifurcation means a smooth transition between equilibrium states. In
case of Turing bifurcation, the spatial symmetry is broken and spatial pattern are formulated which are
stationary in time and oscillatory in space. The equilibria in the Turing space which are stable with respect
to homogeneous perturbations lose their stability due to perturbations of specific wave numbers k. Taking
r as the bifurcation parameter, the critical value rT for Turing bifurcation can be obtained by solving the
equation A(k2) = 0, hence we obtain

rT =
θ1k

4 + θ2k
2 +mv∗(h+ αe−αu

∗
v∗)− βv∗e−βu∗

(−1 + e−αu
∗
)

mv∗(1− 2u∗)
, (3.6)

where

θ1 = D11D22 −D12D21,

θ2 = −(a11D22 + a22D11 − a12D21 − a21D12).

4. NUMERICAL SIMULATIONS

In this section, different scenarios for the dynamics of the model are investigated in temporal-only and
spatio-temporal cases.

4.1. Temporal-only dynamics. In the first scenario, we consider the cases where the steady state of prey
only E1 is locally asymptotically stable. We examine two examples in which the conditions of stability for
E1 are satisfied. Let r = 0.5; h = 0.4; d = 0.4;α = 1.3;β = 1.55;m = 1. Fig.1 (a-c) depict that E1 is stable in
this case. Also, let r = 0.85; h = 0.8; d = 0.3;α = 1.3;β = 1.1;m = 1. Then, the obtained Fig.1 (d-f) show
that the solution orbits converge to the stable E1. It is important to note that the steady-state value for prey
population is very small since the value of harvesting rate in this case is larger than its value in previous
case.
In the second scenario, we consider the cases where coexistence steady state E2 is locally asymptotically
stable. Two examples are also presented to confirm the stability conditions obtained E2. In the first
example, the parameters’ values are selected as r = 0.7; h = 0.2; d = 0.3;α = 1.3;β = 1.1;m = 1. Fig.2 (a-c)
shows that E2 is stable. Also, let r = 0.6; h = 0.2; d = 0.3;α = 0.9;β = 0.7;m = 1. Then, the attained Fig.2
(d-f) show that the solution orbits converge to the stable E2 too.

5. SPATIO-TEMPORAL DYNAMICS

Numerical evaluations for Turing instability conditions (TICs) are essential due to the complicated forms
of these conditions. In particular, we investigate the critical Turing bifurcation value for each parameter in
the system when the other parameters are kept fixed.
Let D11 = 0.102;D12 = 0.02;D21 = 0.08;D22 = 0.02 and consider the following scenarios:
Case I: Parameter r is varied and the remaining parameters are fixed at h = 0.2; d = 0.3;α = 0.75;β =

0.7;m = 1.5.

Case II: Parameter α is varied and the remaining parameters are fixed at r = 0.68; h = 0.2; d = 0.3;β =

0.7;m = 1.5.

Case III: Parameter h is varied and the remaining parameters are fixed at r = 0.68; d = 0.3;α = 0.75;β =

0.7;m = 1.5.

Case IV: Parameter m is varied and the remaining parameters are fixed at r = 0.68; d = 0.3;α = 0.75;β =

0.7;h = 0.15.

Similarly, Case V and Case VI study TICs for parameters d and β, respectively.



Pan-Amer. J. Math. 5 (2026), 2 8

The obtained results are presented in Figure 3 to Figure 6 where WOLFRAM MATHEMATICA package are
used. Each curve in Figs 3(a), 4(a), 5(a), 6(a) is associated to one of the TICs in the way that Turing space is
found when all curves are above zero. The positive initial conditions for the solutions are taken randomly
about the homogeneous steady state E2 of the system within the range {E2 ± 0.01} and the homogeneous
Neumann boundary conditions are employed.

(a) (b)

(c) (d)

(e) (f)

Figure 1. Solution trajectories and phase portraits of the state variables at (a-c) r = 0.5; h = 0.4; d = 0.4;α =

1.3;β = 1.55;m = 1 and (d-f) r = 0.85; h = 0.8; d = 0.3;α = 1.3;β = 1.1;m = 1.
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(a) (b)

(c) (d)

(e) (f)

Figure 2. Solution trajectories and phase portraits of the state variables at (a-c) r = 0.7; h = 0.2; d = 0.3;α =

1.3;β = 1.1 and (d-f) r = 0.6; h = 0.2; d = 0.3;α = 0.9;β = 0.7;m = 1.
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(a)

(b)

(c)

Figure 3. Examination of Turing instability conditions (TICs) in terms of r at h = 0.2; d = 0.3;α = 0.75;β =

0.7;m = 1.5 in (a) and the obtained Turing patterns for u and v are shown in (b) and (c), respectively, where
r = 0.68.
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(a)

(b)

(c)

Figure 4. Examination of Turing instability conditions (TICs) in terms of α at r = 0.68; h = 0.2; d = 0.3;β =

0.7;m = 1.5 in (a) and the obtained Turing patterns for u and v are shown in (b) and (c), respectively, at α = 0.73.
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(a)

(b)

(c)

Figure 5. Examination of Turing instability conditions (TICs) in terms of h at r = 0.68;α = 0.75; d = 0.3;β =

0.7;m = 1.5; in (a) and the obtained Turing patterns for u and v are shown in (b) and (c), respectively, at h = 0.15.
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(a)

(b)

(c)

Figure 6. Examination of Turing instability conditions (TICs) in terms of m at r = 0.68;α = 0.75; h = 0.15; d =

0.3;β = 0.75 in (a) and the obtained Turing patterns for u and v are shown in (b) and (c), respectively, atm = 0.9.
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6. CONCLUSIONS AND DISCUSSIONS

This study investigates pattern formation in a predator-prey system governed by self-diffusion and
cross-diffusion, incorporating the Ivlev functional response. We analyze the conditions for Hopf, Turing,
and wave bifurcations, assessing system stability through eigenvalue analysis and the Routh–Hurwitz cri-
terion. By comparing scenarios with and without cross-diffusion, we demonstrate how varying diffusion
coefficients drive transitions between distinct spatial patterns holes, hole strip mixtures, stripes, and spots.

Our findings reveal that cross-diffusion is a critical factor in shaping these patterns. To isolate the role
of cross-diffusion, we first examined pattern evolution in its absence, observing that the system consis-
tently stabilized into a hole pattern. Introducing cross-diffusion—with coefficients D12 and D21 as key
parameters triggered a progression from holes to hybrid hole-strip formations. Further increases in D12

shifted patterns toward pure stripes, while adjustments to parameters r, α, m and h ultimately produced
spot patterns. These results highlight how cross-diffusion coefficients profoundly influence spatiotemporal
dynamics, yielding diverse and complex structures. Notably, initial irregular patterns consistently evolved
into stable, ordered configurations (holes, hole-strips, stripes, or spots), indicating system wide conver-
gence to equilibrium. Additionally, numerical simulations revealed that spiral wave patterns, generated
under varied initial conditions, maintained consistent structures regardless of starting configurations fur-
ther evidence of stability. Beyond spirals, the system exhibited a rich array of patterns, including mosaics,
spots, and chaotic arrangements. These findings illustrate how species interactions and spatial movement
generate persistent ecological patterns, offering insights into real-world predator-prey dynamics and their
observable spatial structures.
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