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ON BIVARIATE FUBINI-FIBONACCI POLYNOMIALS AND NUMBERS

NORMIA C. AMPASO!»* AND NESTOR G. ACALA?

ABSTRACT. In this paper, we introduce a new type of Fubini polynomials called bivariate Fubini-Fibonacci poly-
nomials, denoted by Ff (z,y) using golden exponential function, via generating function
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We then derive some fundamental properties of these polynomials including addition formula, explicit formula,
recurrence relations, and derivative and integral formulas. Moreover, we establish the relationships between
Fubini-Fibonacci polynomials and other Fibonacci polynomials and obtain the harmonic-based f-exponential

generating functions of Fubini-Fibonacci polynomials and numbers.

1. INTRODUCTION

The study of special polynomials such as the Fubini polynomials has garnered significant interest among
numerous researchers, with some investigating their properties in relation to other types of polynomials.
The classical Fubini polynomials or geometric polynomials F;, (y) are defined in [2] by

Fu(y) =) Sa(n, k)kly", (1.1)
k=0
where S3(n, k) is the Stirling numbers of the second kind [3,4]. The polynomials F),(y) satisfy the generating
function:
1 - tn
B —— EF,(y)—, 12
1—ylet—1) 7;) (y)n' (12)

and the recurrence relation
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By setting y = 1in (1.1), we obtain the n'* Fubini number (sometimes called ordered Bell number) F,,, defined
by

Fo(1):=F, =Y Sy(n, k)k!
k=0
Combinatorically, the number F;, counts all the possible set partitions of an n-element set such that the
order of the blocks matters.
In [6], Kargin introduced the bivariate Fubini polynomials, denoted by F,,(x,y), as a generalization of
the classical Fubini polynomials, which are defined by means of generating function

ea:t

T_ylet—1) éFn(%y)Z;. (see [7,8]) (1.3)

When z = 0, (1.3) reduces to classical Fubini polynomials.

Recent studies on new families of Fubini numbers and polynomials have introduced several classes
including the g-class Fubini polynomials [10], higher-order central Fubini polynomials of two variables [11],
bivariate Apostol-Fubini polynomials of higher order [9], poly-fubini polynomials of two variables [16], w-
torsion Fubini polynomials [12], Fubini- type numbers and polynomials via generating functions and p-adic
integral approach [13], degenerate Fubini polynomials [8,14], and degenerate central Fubini polynomials
[15].

Now, we will present some necessary information about golden calculus [17,20] that we will use through-
out the article. Golden calculus explores concepts parallel to the classical calculus. It is based on Fibonacci
numbers and Binet’s formula of Fibonacci numbers. The Fibonacci numbers satisfy the recurrence rela-
tion [21]:

o= fn—1+ fu—2, for n>2

where the first few Fibonacci numbers are 0, 1,1, 2, 3,5, 8,13, .. .. These numbers can be expressed explicitly
using Binet’s formula [21]:
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where ¢, ¢’ are positive and negative roots of equation 2> — 2 — 1 = 0. These roots explicitly are

1++5 :1-+5 1

5 ¥ 5 >
Number ¢ is known as the golden ratio or the golden section. The golden derivative is defined as the operator
d /o d
Tie Tge d
fog =B meTE {xd] .
g p—p z];

The golden derivative for any function f(z) is given as
Floz) — f(=£)
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The golden derivative operator is a linear operator since for every pair of functions f and g and scalar c, the

fog f(x) = Dyf(x) =

following properties hold;

S
8
=
8
N~—
+
=
8
SN—
S—
I
-
8



Pan-Amer. J. Math. 5 (2026), 5 3

The golden binomial and its expansion in terms of fibonomial coefficients is derived. Let us first intro-
duce the f-factorial in which defined as

fn' = fn : fn—l ’ fn—2 ' "fla
where fo! = 1. The golden binomial coefficients are defined by

n B [n]f! o fa!
[ k ] T HARS T kel 49

with n and k being nonnegative integers, n > k and are called the fibonomials. The golden binomial can be

expanded
n n - n oD e
(@+yf=@+yl =) [ B 1 (=177 a2 hyh (15)
7 k=0 ¥
The golden exponential functions are defined as
e {L‘n e n(n—1) a’,‘n
e?EZﬁ? Ef=) (-1)"* Yk
n=0 n=0

These golden exponential functions have golden derivatives given as
D fe’;f = ke’}w,
kx __ —kzx
DyEY" = kE "™,
for arbitrary constant & (or f-periodic function). The following identity holds:
zpy _ (@ty)
eFEY = e !,

where,

o)y _ N~ @+ Y)F
r - Z fal
n=0

Recently, Pashaev and Ozvatan [1,17] introduced generating functions for Bernoulli-Fibonacci polyno-
mials using golden exponential function. The generating functions for Bernoulli- Fibonacci polynomials,
denoted by B/ (r), are defined by

M e L (1.6
e; -1 n=0 ! fn'

When z = 0, (1.6) reduces to the generating function of Bernoulli-Fibonacci numbers B} := B/ (0) given by

oo

On the other hand, Kus et al. [18] introduced generating functions for Euler- Fibonacci polynomials
E/(x) given by

A Y 17
etfﬂ—; @) (17)
Setting = 0, equation (1.7) reduces to the generating function of Euler-Fibonacci numbers E/ := E/(0)
given by
2 _ ES L
et +1 ")
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In parallel to equations (1.6) and (1.7), the generating functions of Genocchi-Fibonacci polynomials G, ()
are defined as

atest 2 n
fo_ f

= E G . 1.8

6tf 1 ~ ’I’L(m) fn! ( )

If we take z = 0 in (1.8), we get the generating function of Genocchi-Fibonacci numbers G, := GJ(0) given
by

el

n
tn!

2t
61} +1 n=0
In this paper, we will introduce a new class of Fubini polynomials and numbers using the golden expo-

nential function, and establish various fundamental properties and identities.

2. BIVARIATE FUBINI-FIBONACCI POLYNOMIALS AND NUMBERS

We now introduce the bivariate Fubini-Fibonacci polynomials, univariate Fubini-Fibonacci polynomials
and Fubini-Fibonacci numbers using golden exponential functions.

Definition 2.1. The bivariate Fubini-Fibonacci polynomials, denoted by F/ (z,y), are defined through the gen-
erating function:

When z = 0 in (2.1), we obtain the univariate Fubini- Fibonacci polynomials F}f (y) = F(0,y). That is,
1 = t"
1- y(esf - 1) nz:% fn'

Also, setting + = 0 and y = 1 in (2.1), the Fubini-Fibonacci numbers F = FJ(0,1) are obtained with
generating function,

- HT

2_ef n=0

The bivariate Fubini-Fibonacci polynomials can be expressed in terms of univariate Fubini-Fibonacci
polynomials.

Theorem 2.2. Forn >0,

Flay) = [” Ff (y)a" " 2.2)

Proof. Using Definition 2.1, we have
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Comparing the coefficients of t—, gives (2.2). O
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Theorem 2.3. For n > 1, bivariate Fubini-Fibonacci polynomials can be calculated recursively by

n—1
Fl(z,y) =" +y2[

Proof. Starting from the generating function of bivariate Fubini-fibonacci polynomials,

1—y e—l ZF Jnyn

If we multiply this equality by (1 — y(e} — 1)), we have

(z,y). (2.3)
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o0 n tn
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n=0 n=0 1=0 f n:
Comparing the coefficients of +7, we obtain
(y + 1)EL (2,y) = 2" —&—yZ[ Ff(z,y),
f
or
Fl(z,y) = 2" +y2l a:y)
f

O

Example 2.4. Applying Theorem 2.3, we obtain the first few terms of bivariate Fubini-Fibonacci polynomi-
als. The first few terms of bivariate Fubini-Fibonacci polynomials are as follows:

Ff(z,y) =1,

Ff(z,y)=x+y,

Ff(z,y) =2 +yz + (y +v),

Ff(z,y) = 2® + 29)2” + (2y + 207)z + (y + 4° + 20%),
(z,y)

= a2+ (3y)a® + (6y + 6y*)a® + (3y + 12¢° + 6y°)x + (y + 12y° + 12¢° + 6y7).
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Setting « = 0 as special case, we obtain the first few terms of univariate Fubini- Fibonacci polynomials. For
the first few terms of polynomials we have

F{(y)=1,

Fl(y) =y,

F{(y)=y+v
Ff(y) =y +4° + 24°,
F4f(y) Y+ 12y% + 1292 + 6.

=1, F'=1, F =2 F=7  F =31
The polynomials F/ (z,y) satisfy the addition formula in the next theorem.

Theorem 2.5. Forn >0,

n n (n=k)(n—k=1)
Ff(w+2); y>—2[k F (0, p)(-1) 5 4
k=0 !
n n (n—k)(n—k—1) L
- [k Fl () (-1) S, @5)
k=0 f
Proof. Using Definition 2.1, we have
(z+2)y)
t" €
Ff ((z+2),9) = f
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Comparing the coefficients of glves (2.4), and interchanging the roles of x and z in (2.4) gives (2.5). O

Setting z = 1in (2.5), we get a recurrence relation of the bivariate Fubini-Fibonacci polynomials.

Corollary 2.6. Forn > 0,

HCEREEDS H

k=0

(n—k)(n—k—1)
2

Ff(1,y)(-1)
f

" ", (2.6)

The bivariate Fubini-Fibonacci polynomials satisfy the following derivative and integral properties.
Theorem 2.7. Forn > 1,
D] (,y) = faFi_1(39): 27
1
[ Fltendsa = L@+ . @8)
n+1

for any constant C.
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Proof. It follows from Theorem 2.2 that

For the integral property, we apply the derivative property,

D?F7{+l(x7y) = fn+1Fy{(I7y) (29)

Integrating both sides of equation (2.9), we obtain

F7{+1($,y) = /fn+1F,{(x,y)dfx.

Hence,

1
/Fﬂf(:c,y)dfff = Fl, (z,y) +C.
n

3. RELATIONS INVOLVING FUBINI-FIBONACCI POLYNOMIALS AND OTHER FIBONACCI TYPE
POLYNOMIALS

The next theorem gives the relationships involving Fubini-Fibonacci polynomials and other Fibonacci
polynomials.

Theorem 3.1. The following relations hold:

1 & n -
Fl j(wy)=+) [ . B (x) [F/:_k(l,y) - Fi_k(y)} , Yn>1 3.1)
" k=0 f
I n
Fl(r.y) =5 [ L | El@ [P0+ @], vz (32)
k=0 ¥
1 K| n
Fla(oy) =573 [ | dl@ [P+ FL@] . vz (33)
n k=0 f
Proof. Using the Definition 2.1, we have
o0 m ezt
Y Fl@w =15
n=0 fn' 1- y(etf - 1)
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This gives
oo o0 oo t”
> ey = Sl |3 () - F) 7
n=0 n=0 n=0
(o) n tn
-> [ ] {@) (FL0 0 - FLw) £ (34)
—0 k=0 ¥ n:
Taking the golden derivative with respect to ¢ on both sides of (3.4), we obtain
s +n n f f f t’nfl
S hiFlGe, V=2 Rl (FLatw) = FLuw))
n=0 n n= lk 0 n
oo n+1
n + 1 tr
= Z Z Bg(x) (Fr{+1—k(17y) - Fg—&-l—k(y)) as
n=0 k=0 f ”'
Comparing the coefficients of f +7, we get
n+1 n+ 1
o Flwy) =Y | "7 | Bl@) (Fla ) - FlLaw),  vezo,
k=0 ¥
or equivalently,
1 & n
=330 1| e (R0 - L), st
" k= f
Relations (3.2) and (3.3) can be derived analogously. ]

4. HARMONIC-BASED f-EXPONENTIAL GENERATING FUNCTION

In this section, we obtain harmonic-based f-exponential generating function of bivariate Fubini-
Fibonacci numbers, univariate Fubini-Fibonacci polynomials and Fubini-Fibonacci numbers. Let us first
present some definitions that we will use to prove the next theorem. In [19] Tuglu et al. defined the har-
monic Fibonacci numbers as follows

n
1
F’n = Z Rl
= fx
where Fy = 0.
Furthermore, Kus et al. [18] defined the harmonic-based f-exponential generating function as follows

(oo}
tn
eth = 1 + Z FnF, (41)
n=1 n
where
o0
tn
aﬁte'th =1 + Z Fn_t'_lﬁ (42)

In addition to these, Kus et al. [18] obtained the harmonic-based f- exponential generating function of
Bernoulli-Fibonacci and Euler-Fibonacci polynomials.

Theorem 4.1. The bivariate Fubini-Fibonacci polynomials satisfy the harmonic-based f-exponential generating func-
tion
xt

S Fl(ay)+ o 43)
X —_— ' '
n=0 (A fal 1= yt(Op et — efet +1)
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Proof. By using the harmonic-based f-exponential function e/* and the exponential generating functions
of bivariate Fubini-Fibonacci polynomials, we get

n=0
Sttt
n=1
=1t
=1—-y|t —
< nZ:O frns1 fn'>
- i(]ﬁ‘ F,) L
- y n+1 n f'
n=0
o0 tn o tn
] (ED SN
n=1 fn n=1 f
=1 — yt(ds el — et 1 1)
Thus,
oo ewt
N Fl (@) = L
0 fa! 1*y(€f*1)

1 — yt(0f refrt — efet +1)°
O

Taking z = 0 in (4.3), we obtain the harmonic-based f-exponential generating function of univariate
Fubini-Fibonacci polynomials in the next corollary.

Corollary 4.2. The harmonic-based f-exponential generating function of univariate Fubini-Fibonacci poly-
nomials is given by
e 9] n 1

Z ful 1 yt(9yefrt —efrt 4 1)

4.4)
Also, setting + = 0 and y = 1 in (4.3), we obtain the harmonic-based f-exponential generating function of
Fubini-Fibonacci numbers in the next corollary.

Corollary 4.3. The harmonic-based f-exponential generating function of Fubini-Fibonacci numbers is given

by

SR T
S Rl L= t(@pel )

n-
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