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BIVARIATE POLY-FUBINI POLYNOMIALS AND NUMBERS OF PARAMETERS a, b, c

NESTOR G. ACALA* AND MAIDA B. MACABABAT

ABSTRACT. In this paper, a new class of poly-Fubini polynomials and numbers with a, b, c parameters that gen-
eralizes classical Fubini polynomials and numbers is introduced. Fundamental properties of these bivariate poly-
Fubini polynomials such as addition formulas, explicit formulas, derivative and integral formulas and other sum-
mation identities are established. Moreover, we also obtain relations of these generalized bivariate poly-Fubini
polynomials with the classical Fubini polynomials and numbers, bivariate Fubini polynomials, Stirling numbers
of the second kind and other special polynomials and numbers.

1. INTRODUCTION

The classical Fubini polynomials or geometric polynomials F, (y) are defined in [20] by
Fu(y) =) Sa(n, k)kly", (1.1)
k=0

where S>(n, k) is the Stirling numbers of the second kind [8,11]. Setting y = 1 in (1.1), we obtain the nth
Fubini number (sometimes called ordered Bell number) F),, defined by

n

Fo(1):=F, = Sa(n, k)k!. (1.2)

k=0

The number F), combinatorially counts all the possible set partitions of an n-element set such that the order
of the blocks matters.

The polynomials F;,(y) satisfy the generating function:

1 = tm
m —nZ:OFn(y)Ea (1.3)
and the recurrence relation:
d
Frpa(y) = & [Fuly) +yFu(y)] (see [10]). (14)
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As a generalization of the classical Fubini polynomials, the Fubini polynomials of two variables or bi-
variate Fubini polynomials F,, (x, y) were introduced by Kargin [16] given by

wra— Z Fo(x y (see also [2,17,18]). (1.5)

Setting « = 0, (1.5) reduces to the classical Fubini polynomials.

For an integer k, the polylogarithm function Liy(z) is defined via the formal power series

oo m

Lig(e) = Y~ ¢ €Cla < 1. (16)

m=1

If £ <0,say k = —s, then it converges for |z| < 1 and is given by

E;:O <j>$3_j

Li_,(z) = T(—z)

where <§> are the Eulerian numbers. The number <j> is the number of permutations of {1,2,--- , s} with j

R GHTR

Liy(z) = —In(1 — z),

permutation ascents. Moreover,

In the case when k£ = 1 in (1.6),

where In(z) is the principal branch of the complex logarithm In(z) with the imaginary part restricted by
—7 < Im(In(z)) < 7.

In [5], Acala and Macababat defined poly-Fubini polynomials of two variables £ (x,y) using polylog-
arithm via the generating function

le(l — € t
m ZF . (1.7)

These polynomials satisfy the explicit formula

) m—+1
1 m+1 .
PO = 7y O e 0 (") Faate = 19)
m 7=0

Setting k = 1, (1.7) reduces to (1.5).

In this paper, we introduce a generalization of the Fubini polynomials of two variables using polyloga-
rithm and introducing parameters a, b, c. We then establish its fundamental properties and obtain its rela-
tions with other related special polynomials and numbers.

2. POLY-FUBINI POLYNOMIALS OF PARAMETERS a, b, ¢

We now define poly-Fubini polynomials of parameters a, b, c.

Definition 2.1. For k € Z, we define the bivariate poly-Fubini polynomials of parameters a,b, c denoted by
F,(Lk) (z,y;a, b, c) through the generating function:

Lip(1=(ab)™") o o= i) t"
= F sa,b,c)—. 2.1
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The polynomials FT(Lk)(y; a,b,c) = FT(Lk)(O, y;a,b, c) are called univariate poly-Fubini polynomials of parame-
ters a, b, c. When ¢ = ¢, the polynomials Fygk)(y; a,b,e) := ja (z,y;a,b) are called the bivariate poly-Fubini
polynomials of parameters a,b and the polynomials F¥(0,y;a,b) := Ja (y;a,b) are called univariate poly-
Fubini polynomials of parameters a, b.

Setting @ = 1,b = ¢ = ¢, and k = 1, the bivariate poly-Fubini polynomials of parameters a,b, ¢,
F{¥ (2, y;a,b, ¢) reduce to the bivariate Fubini polynomials introduced by Kargin [16].

The polynomials o) (x,y;a,b, c) satisfy the following addition formula.

Theorem 2.2 (Addition Formulas). For k € Z andn > 0,

FW(z + 2,y;a,b,¢) = Z (n>(ln )" E® (2 1 a,b,¢) 2" (2.2)
m
m=0
_ i n 1 n—m (k) . n—m
- m ( HC) m (Zv y;a, b7 C):E . (23)
m=0

Proof. Using (2.1), we have

oo

" Lig (1 — (ab)™")
E F¥ (2 + 2z y;:a,b,¢)— = vzt
n y Iy Uy Uy —t r ¢t
o n!  tla y(bt —a~t))
_ E (k) . e E n.n'
- ~ Fn (xayv a, bv C) n! nzo(ln C) z n!
o0 n n
= E E <n>(1nc)”_mFT(nk)(:x7y;a,bm)z"_mt'.
m n!

n=0m=0

Comparing the coefficients of % gives (2.2), and interchanging the roles of x and z in (2.2) gives (2.3). O

Taking z = 0 in (2.3), we obtain a relationship between the two-variable poly-Fubini polynomials
of parameters a,b,c, F,(lk)(:c,y;a, b,c) and the univariate poly-Fubini polynomials of parameters a,b,c,
F,Ek) (y; a, b, c) in the next corollary.

Corollary 2.3. For k € Zand n >0,
(k) . — . n n—m (k) (,,. n—m
F{ (,y30,0,0) m§:jo (m) ()"~ F (5 0,b, c)a" ™. (24)
The poly-Fubini polynomials of two variables satisfy the following derivative and integral properties:

Theorem 2.4 (Derivative and Integral Formulas). For k € Z andn > 0,

0
= F) (,p50,b,6) = (+ 1) (I ) O (2,550, b, ) 29

Ox
1
/F,r(,’k) (IE7 ysa, b, C)d(l}' = mF,’STI (.T, y;a, b, C) + C, (26)

for any constant C.

Proof. Using Corollary 2.3, we have

n+1
1
F\ (@, ya,0,0) = > (n+ )(IHC)"“’”Fﬁf)(y;mb, c)a T, (2.7)
m

m=0
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Differentiating both sides of (2.7) with respect to = gives

9 n+1 1
2o =S (”Z Y0141 = P, 1

m=0
n

)(Ine) Z ( ) (Ine)" "™ F®) (y:a,b,¢)z™™™
=0

=(n+ 1)(1nc)F7(l )(x,y;a,b,¢).
Equation (2.6) follows directly from (2.5). |

The next identity gives the relation between £ (z,y;a,b,¢) and ol (z,9).

Theorem 2.5. For k € Z and n > 0,

o _ g (lnetina
E\(z,y;a,b,¢) = (Ina +Inb)" " F} (lna+lnb’y )

Proof. From (2.1) and (1.7), we get

> " Lix(1 — (ab)™%)
E (k) . R — k xt
Fn (:c,y,a,b, C)n' - t(a‘t —y(bt _a_t))c
Lin(1 — —tlnab
lk( € ) etzlnc

~ ta (1= y[(ab) — 1])
_ Inab-Lip(1 - e tinab)
~ tlnab-[1 — y(etmab — 1)]6

Inab - Li(1 — e tinab wlnctlna
k( tln a’b(ilnab )

trinc etlna

~ tlnab- (1 —y(etnab — 1))

(oo}
Inc+1Ina tm
:E 1 Inpyn+ipth (ZRCT DA —.
nzo(na—&— nb) " na+mb ) nl

Comparing the coefficients of %, we get the desired result. O

Using Theorem 2.5 and (1.8), we obtain the explicit formula of Fflk) (z,y;a,b,c) in terms of the two-

variable Fubini polynomials.

Theorem 2.6. Fork € Zandn > 0,

lna—l—lnb)"'*'1 > ! m+1 zlnec+1Ina .
F (2, y70,b,) = > G ! Fuo (eI 0).

n+1 Ina+Inb

m:O

Theorem 2.7. Fork € Zandn > 0,

" /n a1 rlnc+1na
F®(@,y;a.b,0) = 2 (]) (na-+mb)™" £y <ln+lnby) “

(1) Himl ,
where c; = Z T DI £ 1)5'2(] +1,m+1).

m=0
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Proof. Using (2.1), we have

0 tn xt X (1 — ¢~ tn(ab)ym+1
ZFrgk)(‘r7y;a7ba C)il = ¢ < t ¢ ( c k)
= n!  tla=t —y(bt —a~t)) = (m+1)
crt 0 (_1)m+1m| (eftln(ab) _ 1)m+1
tamt —y(bt —a)) mz::o (m+ 1)+t { (m+1)! }
et = (—=1)™Hm Z [t In(ab)” tln(ab)
- - — Z Sa(j,m+1)
ot~y —a ) 2= (m 2
crt & ( 1)m+1m] > ] ] j—1
= —1‘]1nab ']S j,m"l_li
a=t —y(bt —at) mZ:O( +1)k-1 ; %f )’ [In(ab)]” S2( ) j!
cmt =& (=)™ m![In(ab))i ! t
= - So(j+1,m+1)—=
at —y(bt —a~?t) mzzojzzm (m+1)k=1(j+1) U m )]l
(i )tin(ab) o J (71)m+jm![ln(ab)]j+ls y ) ;
(= y(etnten) — 1)) jzo,,; DG+ 2 Fhm )J'
= zlnc+1Ina tm
= Fpo| ——— In(ab
(712_0 (lna+lnb )[n(a I n!>
e’} J m+ym|[ln(ab)]j+1 tj
So(j+1 1—
ZZ A D) 2 T hmE DG
7=0m=0
Hence,
" e Inc+1Ina t”
FR)( ") (na+ Wyt E,, (TRETHC
Z a:y,abc ;; (j na+ Inbd) o Inb n!’
where
J
1 m+7,,|

3. RELATIONS WITH OTHER POLYTYPE POLYNOMIALS OF PARAMETERS a, b, ¢, STIRLING NUMBERS OF

THE SECOND KIND AND OTHER SPECIAL POLYNOMIALS AND NUMBERS

In [13,14], Jolany et.al. defined a new generalization of Bernoulli numbers and polynomials.

introduced the generalization of poly-Bernoulli polynomials with a, b parameters denoted by B (z;a,b)

via the the generating function

n

F—— xab

Lix(1 — ab)*t i

Moreover, they extended the definition of generalized poly-Bernoulli polynomials with three parameters

denoted by B (z;a,b,c) as follows:

le( (k) t"
e ZB (@b 0)
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These generalizations will reduce to the poly-Bernoulli polynomials Bﬁbk)(x) introduced by Bayad and
Hamahata [7] by means of the following exponential generating function:

Lig(1—e™") ., tn

The numbers BY” := B (0) are called the poly-Bernoulli numbers which were introduced by Kaneko [15]
as generalizations of the classical Bernoulli numbers B,,.

It can be seen from the generating function (3.1) that, for any n > 0,
(=1)"B{ (=) = Bu(a),
where B, (x) are the classical Bernoulli polynomials given by the generating function:

tezt tn
1= ZBH(I)H

n=0

The poly-Bernoulli numbers B satisfy the relation (see [6]):

B,ka) = Z m!Sa(n+1,m+ 1)m!Sy(k+ 1,n+ 1),

m>0

On the other hand, in [4], Acala and Corcino defined generalized poly-Euler polynomials with three
parameters a, b, c denoted by P (z;a,b,c) as follows:

2Li; (1 — (ab)
W ZE(k)xabc—.
a

These are generalizations of the poly-Euler polynomials defined by Hamahata [12] via the generating func-

tion:

2Lig(1 —e™ %) N B (1

t(1+et) Z_: '
These polynomials satisfy the explicit formula:
1 &1 " m+1
EW (z) = —1) En(z — j). :
00 = 3 e B #(" ) Bt 62)

where E, (z) := E{")(z) are the classical Euler polynomials given by the generating function

2" & t
ik E
et + 1 ’r;) n(x)
When & = 0, EY”) := E(0) are called the poly Euler numbers which reduce to classical Euler numbers
when k = 1.
Theorem 3.1. For k € Zandn > 0,

Fékj (z,y;a,b,c) Z ( > (Inabd)® [Bﬁ,/k_)s (z +log,.(ab);a,b,c) — B,(Lk)s, (z;a,b,0)| as,

s=0

3\H

o0

y’ ,
where oy = Z — "
1
= (y+1)
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Proof. It follows from the generating function (2.1) that
® (g4 " Lig(—(ad)™") o,
nzlnF (z y,a,b,c)ﬁf P (C— (3.3)
Expanding the right-hand side of (3.3), we obtain
Lix(1 = (ab)™") ¢ _ Lik(1 - (ab)™") O —a™)  w
a"t —y(bt —a=t) bt —a-t (y+ 1Da=t — ybt
~ Lixg(1 - (ab)™) (ab)t —1 cat
G T
_ 1 Lik<1 — (a’b>_t)c[x+logc(ab)]t _ Lik(l — (ab)_t)czt
y+1 bt —a~? bt —a~t
-1
% (1 _ Y etln(ab))
y+1
— 1 le(l B (ab)_t)c[m+logc(ab)]t _ le(l B (ab)_t)crt
y+1 bt —a~t bt —a~t
i < Y )j tjlnab
X _J e Jna
AR
_ i [B,(k) (z + log,(ab); a,b,¢) — B (x;a,b c)} ~
y + 1 Pt n c y Wy Uy |
i i ( y )J n
X —— ) (jlnab)"—
n=0 j=0 Yy +1 !
Consequently,
Lig(1—(ab)™") . <= |~= (7 >, Y )
X — , 1 S
a0 = 2| 2 ) (g rpm
t’n.
X (Bnk—)s (I + 1ogc(a’b); a, b7 C) - Br(zk—)s (x7 a, ba C)):| ﬁ
Hence,
o0 & n
ZnF'r(LJI (1'7 Y a, b7 C)E
= ZZ < > (Inab)® [ Bk )s (z +log.(ab); a,b,c) — Bﬁbk_)s (x;a,b,c)] ozst—|, (34)
n!
n=0 s=0
h — ¥
where ovg = Z:;) W] .
Differentiating both sides of (3.4) with respect to ¢, gives
n—1
k) ( t
F .
Zn (z,y;a,b,c) =)
_ n s [g®) (k) e
= ;; (s) (Inab) {B s (x+1log.(ab);a,b,c) — B, (z;a b,c)} ! =1 (3.5
Comparing the coefficients of -—; in (3.5), gives the desired result. |

(n 1)
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Expressing B (z,a,b,c) in terms of BX(x) in Theorem 3.1 using the relation,

zlne—1nb

B®™(z,a,b,¢) = (Inab)"BF ( ) (see Theorem 3.5 [9])

Inab
we obtain the following expression of F¥ (2, y; a, b, ¢) in terms of the poly-Bernoulli polynomials B (x).
Corollary 3.2. For k € Zand n > 0,
(k) (Inab)™ - (k) (rlnc+Ina N0 zlnc—1nb
E.” (x,y;a,b,¢) Z < ) [Bn_s (lnab B, mar )|

s=0

Theorem 3.3. For k € Zandn > 0,
(y + VnFY) (x —log, a,y a,b,c)—ynF\”, (z + log,. b,y; a,b, )
= B (z +1log,b;a,b,¢) — B® (x —log, a;a,b,c).
Proof. Consider the equation

Lix (1 - (ab)™) Lix (1 — (ab) ")

Da—t — ubtle™t — t gt '
Mo — g0 —a1) [((y+1)a™" —yb'lc™t gt (b —aT)e (3.6)
Expanding the left-hand side of (3.6), we obtain
Lix(1 — (ab)™") —t i at
1 — o 7
P ,t))[(y+ Ja=" —yb'lc"'t (3.7)
s tn+1
:Z[erl )(z — log, a;a,b,c) — yF,(lk)(erlogcb;a,b,c)}—'
n!
oo tn
Z [ y+1 nF( 1(x —log.a,y;a,b,c)— ynF,(Lk_)l(x +log,.b,y;a,b, c)} ot (3.8)
Similarly, expanding into series, the right-hand side of (3.6) is equal to
o0 tn
Z |:B’r(Lk) (I + logc b7 a, ba C) - B'r(zk) (.13 - logc a; a, ba C) E (39)
n=0 ’
Comparing the coefficients of £ =7 in (3.8) and (3.9) completes the proof. a

Theorem 3.4. Fork € Z and n > 0,
(y + 1)EF (2 — log, a,y; a,b,¢)—yFP (z + log, b, y; a, b, c)

= % [E,(f) (z 4 log, b;a, b, c) + EW (2 —log, a;a,b, c)] .
Proof. Consider the equation
2Lix(1 — (ab)™") —t 7 at _ 2Lix(1 — (ab)™") 4 —t\ @t
1 —yb*)e”t = ———————2(b ot 1
t(a_t . y(bt _ a_t)) [(y + )a’ Y ]C (bt + a_t) ( ta )C (3 0)
Expanding the left-hand side of (3.10), we obtain
2Lij (1 — (ab)™t
i (1~ (ab)™) [(y + 1Da~t —ybt]c™ (3.11)

tla=t —y(b* —a™))

oo tn
=2 {(y + 1) FM (@ —log, a,y; a,b,¢) — yFM (x + log,. b, y; a,b, C)} - (3.12)
n=0
Similarly, expanding into series, the right-hand side of (3.10) is equal to
oo tn
Z {Er(bk)(a? +log, b;a,b,c) + EX(z —log, a;a, b, c)} ] (3.13)

n=0
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Comparing the coefficients of in (3.12) and (3.13) completes the proof. O

Theorem 3.5. For k € Z and n > 0, the generalized poly-Fubini polynomials FP (x,y; a,b, c) satisfy the following
relations:

F(k)(x y;a,b,c) = Z Z Inc)!Sy(1,m) F( )( mlnc,y;a,b)w(m), (3.14)

m=0I1l=m

FM (2, y1a,b,¢) = Y

n

(Inc)'Sa(l, m) (;) FW (y:.a,b)(2)m, (3.15)

F,(Lk) (z,y;a,b,¢) = Z (n) (Hl_s )S (I+s s)F( ) (i a, b)an)(x Inc), (3.16)
m=0 \"/ 155 ()
E¥) (z,95a,b,¢) = Z (1(’”1\)8 (j) (—)\)s_jF( ) Uhyia, D) HS (z1ne; \), 3.17)
m=0 7=0
where
-2\’ = tn
(s) v ot _ (8) (mne v
( ) ZB ' " and (et_A> e ;Hn (30)—

Here, ()., and x\™) are the falling and rising factorials respectively, defined as
(@) =ax(@—1)-(z—m+1)and '™ =x(x+1)---(z+m—1) form > 1, and (x)o = 2'® = 1.

Proof. For relation (3.14), we note that (2.1) can be written as

(k) .73 a,b,¢ ﬁ _ le(l — (ab)it)
;JF WD = g - )

(1 _ (1 _ 67t1nc))’m.

Applying Newton’s binomial theorem

— r+m—1 r—m m
(ruy =3 (T Ao, (ul < 1A,
m=0

and
(el —1)™ —m'ZSg n,m) (3.18)

where S3(n, m) are the Stirling numbers of the second kmd, we obtain

[ee] tn le(l—(ab)*t) o0 l’—|—m—1
ZFflk)(Jhy;a;byC)* = — = Z < >(1_etlnc)m
n=0 n! tla™t —y(b' —at) m=0 m
_ Z x(m) tln(‘ _ 1)7” le(l - (ab)—t) e—mt e
=y —a )
= Zx(m) (ZS tIHC) ) <ZF(k) —mlne, y;a,b)— )
m=0 n=0 n=0

g(%;%lnc SQZm() Pi(=mine,y;a, b)al >>’;,

Comparing the coefficients of fl—, gives relation (3.14).
For relation (3.15), we can express (2.1) as

S . " _ Lik(l — (ab)_t) tlne T
Z Fr(Lk)(;cymb, C)E TP ey ——_ ((e Ine _ 1) +1)°.
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Again, using binomial theorem and (3.18), we have

. tn le(l - (ab)it) - €z tlnc m
> F o)y = gl I S (e -

n=0 m=0

B 0o i (etlncil)m Lik(lf(ab)it)
= 2::0( )m ml tla=t —y(bt —a~?))

- Eo (oot (£

n=0 n=0

Z (Z Z Inc)!Sy(l,m ( )Fflk)l(y;a,b)(x)m) %n'

m=0Il=m

Comparing the coefficients completes the proof of (3.15).
For relation (3.16), we express (2.1) as

5 xtlnc

o " (et _ 1)5 e le(l — (ab)ft) s!
ZF(k) ca.b.o)— = . : T st
e (= 350,5,¢) 3 s! (e =1) tlat —y(b* —a™"))

ol tn+s tm s!
(s)
ZSg(n—i—s,s ><ZB (zlnc) )(ZF (y;a,b) )ts
iS (n+s s)ﬂ Z Z B xlnc F(k) (y;a b)ﬂ Sl
2 it 9)! mt e GO T

m=0n=m

0
o] oo n—m tl+s Lm’_m_l tm gl
= Z {Z 52(l+578) s IBS)(xlnc)Frgk)ml(yﬂaab)s}

m=0 Ln=m 1= (+s) (n—m—1)mlts
m l+s n—m—Ii\Y;a, m n
n=0 (m=0 =0 ( s! )

Comparing the coefficients completes the proof of (3.16).
For relation (3.17), we express (2.1) as

0 v b~ (=N e (=N i = (@)™
2 b oy = G T - )

n=0
_ 1 S 7 (emen b ) [S(5)yy—i Hed = (@)™
FE=DYE (ZH” ! ’A)n!> (Z <j>< N et =y —a ) )

n=0 j=0
(1 - A)S j=0 ‘7 n=0 " 7 n! n=0 ! Tl
_ 1 /s 5JZZ H()Hilnc)\)F()(]yab) n
(1 B A)S j=0 J n=0m=0 7 ’/l'
= i i: (77‘:1) i s (—A)*~ JF(k) (G,y;a,b)H, (:CIHC' A) ﬁ
=\ = (1 _ )\)s = J n—m ) m N ol
Comparing the coefficients completes the proof of (3.17). 0

In particular, when ¢ = e in Theorem 3.5, we have the following identities for the bivariate poly-Fubini
polynomials of parameters a, b.
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Corollary 3.6. For k € Z and n > 0, the generalized poly-Fubini polynomials FP (x,y; a,b) satisfy the
following relations:

Fék) (x’ y;a, b) = Z Z 52(la m)Fr,(Lk;)l(fma Yy a, b)x(m)a

m=0Il=m
oo

FO G0 = 3 3 sattom) () EO i)

m=0l=m

FP(@yab) =3 (”) 5 U 604 5, 9)F® (grab) B (@),

F (@, y0,0) = u(m)» 2 (S-)<—A>S-J‘F£’“>m<j,y;a,b>H£f><x; A).

J
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