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FIXED POINT THEOREMS FOR WEAK CONTRACTIONS VIA M-ITERATION IN CONE
b-METRIC BANACH SPACES WITH APPLICATIONS

ELVIN RADA

ABSTRACT. We develop fixed point results for weakly contractive mappings in complete cone b-metric Banach
spaces. Using a generalized \-averaged iteration, we derive convergence, uniqueness, and stability under sum-
mable perturbations. We also establish an ordered version and give fully proved applications to Hammerstein in-
tegral equations and a matrix Lyapunov-type equation. Our results unify and extend Berinde-type weak contrac-
tions from (classical) b-metric and cone metric settings to cone b-metric Banach spaces, and clarify optimal choices
of A ensuring geometric convergence.

1. INTRODUCTION

Fixed point theory is one of the central branches of nonlinear functional analysis. It serves as a unify-
ing mathematical framework for solving nonlinear equations, analyzing iterative processes, and modeling
equilibrium phenomena across various disciplines, including differential and integral equations, optimiza-
tion, economics, and control theory.

Evolution of fixed point theory and general contractions.

The origin of the subject can be traced to the celebrated Banach contraction principle (1922) [3], which
asserts that every contraction mapping on a complete metric space admits a unique fixed point and that
the Picard iteration converges geometrically to it. Despite its simplicity, Banach’s principle has inspired a
vast array of generalizations in different directions—each adapting the metric structure or the nature of the
contraction to handle more complex or weaker settings. Following Banach’s foundational work, several
extensions emerged to relax or modify its assumptions. Kannan, Chatterjea, Reich, Zamfirescu, and others
introduced new contractive conditions that no longer required strict Lipschitz constants but still preserved
uniqueness and convergence of fixed points.

Berinde [4] later introduced the class of weak contractions, characterized by the inequality

d(Tz,Ty) < dd(z,y) + Ld(y,Tz),  §€0,1), L >0,

which covers many of the classical contractive types as special cases. The Berinde framework is particularly
suitable for operators arising in nonlinear equations that are not globally Lipschitz but satisfy certain mixed
or hybrid bounds. Weak contractions maintain a balance between strict contractions (L = 0) and more
flexible inequalities, ensuring both theoretical completeness and practical applicability.

DEPARTMENT OF MATHEMATICS, FACULTY OF NATURAL SCIENCES, UNIVERSITY OF ELBASAN “ALEKSANDER XHUVANI”, AL-

BANIA
E-mail address: elvin.radaQuniel.edu.al.
Submitted on July 28, 2025.
2020 Mathematics Subject Classification. Primary 47H10; Secondary 54H25, 47H09, 65]15.
Key words and phrases. Fixed point theorem, Weak contraction, Cone b-metric Banach space, A-averaged iteration, Ordered metric
space, Hammerstein integral equation, Matrix Lyapunov equation.
1


https://doi.org/10.28919/cpr-pajm/4-18

Pan-Amer. J. Math. 4 (2025), 18 2

Parallel to these analytic generalizations, the geometric setting of fixed point theory was also broadened.
The introduction of the concept of a b-metric space by Bakhtin [2] and Czerwik [5] relaxed the triangle
inequality of a metric by allowing a constant multiplicative factor s > 1:

d(z, 2) < sld(z,y) + d(y, 2)].

This structure retains completeness and convergence properties while accommodating many naturally oc-
curring non-Euclidean norms and distances, such as those induced by weighted L? spaces or norms in
computer science and applied analysis where exact additivity fails.

Another geometric generalization is due to Huang and Zhang [6], who introduced cone metric spaces,
replacing the scalar range of a metric with a vector-valued one in a Banach space ordered by a cone. This
extension embeds partial order and norm information simultaneously, allowing analysis of problems where
distances or inequalities are naturally vectorial (e.g., multi-objective optimization, vector equilibrium prob-
lems, and systems of differential inequalities).

Combining the above two perspectives—vector-valued (cone) distances and the relaxed b-triangle in-
equality—leads to the notion of a cone b-metric space. These spaces were introduced to unify and extend
both frameworks, and they naturally appear in ordered Banach spaces and topological vector lattices. In
particular, when the underlying space X is itself a Banach space endowed with a norm || - || x and the cone
b-metric is given by

d(o,y) = |lr —ylx€,  Ecint(P)CE,
we obtain a cone b-metric Banach space. Here the vector £ acts as a direction in the cone that scales scalar
distances into the ordered structure of E. Such spaces are especially well suited for analyzing operator
equations in functional, matrix, and integral settings, where both linear and order structures play essential
roles.

These spaces combine three fundamental features:

o the topological and analytical robustness of Banach spaces;
o the geometric flexibility of b-metric structures (via the constant s > 1);
o and the partial order and positivity provided by the cone structure in E.

This triple structure allows one to treat nonlinear mappings that are not globally Lipschitz and operate
in ordered Banach spaces or in systems of equations, providing a natural bridge between analysis, order
theory, and numerical algorithms.

Iterative methods: from Picard to Krasnosel’skii and beyond

A fundamental question in fixed point theory concerns not only the existence of fixed points but also
their constructive approximation. Given T' : X — X, one wishes to generate a sequence {z,,} converging
to a fixed point 2* whenever it exists. The simplest and most classical scheme is the Picard iteration:

Tni1 =TTy

However, the Picard process often fails or converges slowly when T is not strongly contractive. This led
to the development of several averaged and relaxed iterations like the Mann iteration [9] and Krasnoselskit
iteration [8].

The scheme investigated in this paper is introduced in our previous work [10], with a positive parameter
A> 0

1
R 1T 1 (zp, + NT'zp,). 1)

This iteration interpolates smoothly between Krasnosel’skii (A = 1) and Picard (A — co) processes and can
be interpreted as a one-step relaxation method in which A controls the proportion of the new information
from Tz, relative to the previous iterate. When X is small, the iteration behaves conservatively, ensuring
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stability for nearly nonexpansive operators; when ) is large, it accelerates convergence for strongly contrac-
tive operators.

Motivation and contributions

While convergence of the A-iteration (1) has been studied in classical metric spaces, its behavior in the
general setting of cone b-metric Banach spaces—and in particular for weak contractions—remains largely unex-
plored. The challenges arise from two sources:

(i) the presence of the relaxation coefficient s > 1 in the b-triangle inequality, which amplifies errors at
each iterative step, and

(ii) the vector-valued nature of d, which requires careful handling of cone inequalities and order rela-
tions.

The goal of this paper is to fill this gap by developing a unified framework that combines weak contrac-
tivity, cone structure, and b-metric geometry. Our main contributions can be summarized as follows:

e We introduce and analyze the A-averaged iteration (1) for weak contractions on complete cone b-metric

Banach spaces, obtaining explicit convergence conditions of the form
2 AM+1+L <1,
A+1

where s is the b-coefficient and (8, L) are the weak contraction parameters.

o We prove that this simple condition guarantees existence, uniqueness, and linear convergence of the fixed
point, and we derive quantitative error estimates of geometric type.

o We further establish stability of the iterative scheme under summable perturbations, an important prop-
erty for numerical and stochastic applications.

o Finally, we illustrate the applicability of the results through two concrete models: a nonlinear Hammer-
stein integral equation and a matrix Lyapunov-type equation, both analyzed for general s > 1.

Structure of the paper

The paper is organized as follows. Section 2 provides an extended overview of cones, cone b-metric Ba-
nach spaces, and weak contractions, including detailed examples and auxiliary results. Section 3 presents
our main fixed point theorems for the A-iteration, with fully detailed proofs and quantitative convergence
estimates. Section 4 discusses applications to Hammerstein and Lyapunov-type equations, explicitly treat-
ing the general case s > 1. Finally, concluding remarks summarize the results and indicate possible direc-
tions for further research, including extensions to multivalued and stochastic operators.

Notation

Throughout the paper, (E, || - ||) denotes a real Banach space, and P C E a closed, convex, pointed cone
with nonempty interior, inducing the order x < yif y — x € P. For z,y € X, we write d(z,y) € P for the
cone b-metric, and d(z,y) = 0 if and only if z = y. A sequence {z,} is said to converge to x in the cone
sense if d(z,,, z) — 0in the order of E. The constant s > 1 denotes the coefficient of the b-triangle inequality,
and 0 € [0,1), L > 0 denote the weak contraction parameters. The positive parameter A > 0 controls the
averaging in the iterative process (1).

Unless otherwise stated, all cones considered are normal with normal constant N > 0, which ensures

equivalence between cone convergence and norm convergence in E.

2. PRELIMINARIES

In this section we develop in greater depth the fundamental concepts and auxiliary results required for
our main theorems. We begin with the theory of cones and partial orders in Banach spaces, proceed to the
construction of cone b-metric Banach spaces, and finally discuss notions of convergence, continuity, and
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weak contractivity in this setting. For completeness and clarity, we include several illustrative examples,
geometric interpretations, and basic lemmas that will later streamline the proofs of our main results.

2.1. Cones and induced partial orders. The introduction of cones in Banach spaces allows distances, in-
equalities, and monotone convergence to be treated in a unified algebraic-topological framework.

Definition 2.1 (Cone). Let (E, || - ||) be a real Banach space. A nonempty subset P C E is called a cone if:
(i) P is closed, nonempty, and convex;
(ii) Forevery x,y € Pand o, 5 > 0, we have ax + fy € P;
(iii) PN (—P)={0},ie,x € Pand —x € Pimply z = 0.
Each cone P induces a partial order < on E defined by
Ty <= y—x P

We also write x < yif z < ybutz # y, and z < y if y — x € int(P) (the interior of P in the norm topology).
If v < y, we say y dominates x strictly.

Remark 2.2. The order =< is compatible with the linear structure of E: for all a, 8 > 0, z; < y; (i = 1,2) implies
axy + fre = ayr + Bya. Hence (E, <) becomes an ordered Banach space.

Example 2.3 (Classical cones).
(1) Euclidean cone. In E = R", the set
P={z=(z1,...,2n) € R" :z; > 0forall i}

is a closed, convex, pointed cone. Then x < y means x; < y; componentwise. The interior int(P) consists of
strictly positive vectors (x; > 0).
(2) Function cone. In E = C([a, b)), define

P={feC(a,b]): f(t) > 0forallt € [a,b]}.

Then f < g means f(t) < g(t) pointwise. Here int(P) = {f : f(¢t) > 0 for all ¢}.
(3) Lebesgue cone. In E = LP([a,b]), 1 < p < oo, the cone

P={feLl(ab]): f(t) > 0ae. t}

induces the order f < g iff f(t) < g(t) a.e. The interior is empty in the LP-norm topology, but the cone is
still normal (see below).
(4) Matrix cone. In E = H,,, the space of real symmetric n x n matrices, let

P={X€eH,: X0},

the cone of positive semidefinite matrices. Then X <Y means Y — X is positive semidefinite, and int(P)
consists of positive definite matrices.

Definition 2.4 (Normal and regular cones). A cone P is called normal if there exists N > 0 such that
0=xz=2y = |z <Nlyl

The smallest such N is the normal constant. If the implication holds with equality N = 1, the cone is called
monotone.

A cone is called regular if every increasing and norm-bounded sequence {x., } with respect to < converges in norm.
Every normal cone with nonempty interior is reqular.

Lemma 2.5 (Properties of normal cones). If P is normal with constant N, then for all x,y,z € E:
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(i) @ < y implies |[o]] < Nyl
(ii) xp X ypand x,, — x, Yy, = yimply x < y;
(iii) If x,, = 0 and a < x,, for all n, then a < 0.

Normality is crucial because it allows order inequalities to yield numerical estimates in the Banach norm;
it guarantees that convergence in the cone sense agrees with norm convergence up to a fixed constant factor.

2.2. Cone b-metric Banach spaces. We next introduce the fundamental geometric setting of our study.

Definition 2.6 (Cone b-metric Banach space). Let E be a Banach space with cone P, and let s > 1. Let X be a real
Banach space with norm || - || x. A function d : X x X — Eis called a cone b-metric if for all z,y,z € X:
(i) d(z,y) € Pand d(z,y) = 0ifand only if x = y;
(ii) d(z,y) = d(y, x) (symmetry);
(iii) d(z,z) = sld(x,y) + d(y, 2)] (the b-triangle inequality).
Then (X, d) is called a cone b-metric Banach space if X is complete under || - || x and d(x,y) = ||z — y||x & for
some fixed § € int(P).

Remark 2.7. (1) The condition d(z,y) = ||z — y||x§ ensures that all algebraic operations in X are compatible
with d and that completeness in d coincides with completeness in || - || x.
(2) The scalar coefficient s > 1 quantifies the deviation from the classical triangle inequality: s = 1 gives cone
metric spaces, s > 1 gives cone b-metric spaces.
(3) The structure (X, d) inherits both the linear topology of X and the order topology of E. This dual viewpoint
is what makes cone b-metric Banach spaces powerful in nonlinear operator analysis.

Example 2.8.
(1) In X = R"™ with the p-norm || - ||, and E = R™ with P = {x; > 0}, define d(z,y) = ||z — y||,(1,1,...,1).
The p-norm satisfies ||z — z||, < 2 =YP(|lz — yll, + |y — 2||p), hence s = 21~/
(2) In X = C([a, b)), take E = C([a,b]) and P = {f > 0}. Then

d(z, y)(t) = [x(t) = y(1)|
defines a cone b-metric with s = 1. The completeness of C([a, b]) makes (X, d) a cone b-metric Banach space.
(3) In matrix space X = H,,, E =H,,, P ={X = 0}, and d(X,Y) = || X — Y||p L., we obtain a cone b-metric
Banach space with s = 1. This is particularly relevant in control theory.

Remark 2.9 (Comparison with classical frameworks). Every cone b-metric Banach space is both a b-metric space
(in scalarized norm) and an ordered Banach space (via = on E). Thus, all standard fixed point theorems for b-
metric spaces can be lifted to the cone setting by replacing real inequalities with cone inequalities. This generalization
preserves order information, which is crucial in monotone iterative techniques and differential inequalities.

2.3. Convergence, Cauchy sequences, and completeness.

Definition 2.10 (Convergence and Cauchy property). Let (X, d) be a cone b-metric Banach space.

(i) A sequence {x,} converges to x € X, written x,, — x, if for every ¢ € E with ¢ > 0, there exists N such
that d(xp,x) < cforalln > N.
(ii) A sequence {x,,} is Cauchy if for every ¢ > 0 there exists N such that d(x,, x,,) < c whenever n,m > N.
(iii) (X, d) is complete if every Cauchy sequence converges in the above sense.

Lemma 2.11 (Equivalence with norm convergence under normality). If P is normal with constant N, then for
any sequence {x,} C X and x € X:

Tn — x in the cone sense <= ||d(zn,x)||g — 0.
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Consequently, completeness of (X, d) follows from completeness of X as a Banach space.

Sketch. (=) Given € > 0, choose ¢ € E with ||c|g < ¢/N. Then d(z,,z) < c implies 0 < d(z,,z) < ¢, so
[d(zn, )| < Nlle|| <e.

(<) Conversely, if ||d(xy,z)|| — 0, for any ¢ > 0 pick n > 0 such that n{ < ¢ for some ¢ € int(P), and
choose N with ||d(x,, z)|| < n. Then d(z,,z) < c. O

Remark 2.12. In non-normal cones, norm convergence does not necessarily imply cone convergence, though the two
notions remain closely related in most applications. All examples in this paper involve normal cones, ensuring the
equivalence.

2.4. Continuity and cone-continuous mappings.

Definition 2.13 (Cone-continuity). A mapping T : X — X is said to be cone-continuous at ¢ € X if for every
c > 0, there exists b > 0 such that
d(z,x0) < b = d(Tz,Txy) < c.

If this holds for all xo € X, we say T is cone-continuous.

Lemma 2.14 (Sufficient condition for cone-continuity). If T" satisfies a Lipschitz-type condition
d(Tz,Ty) < kd(z,y) forallz,y € X,
with 0 < k < 1/s, then T is cone-continuous. In particular, every weak contraction is cone-continuous.

Proof. Letd(z,y) < b= d(Tz,Ty) = kb < ¢ by choosing b so small that kb < ¢. In weak contractions, the
additional term L d(y, Tx) is controlled by the b-triangle inequality and continuity of d, yielding the same
conclusion. O

2.5. Weak contractions. The class of weak contractions, introduced by Berinde [4], unifies several known
types of nonexpansive-like mappings.

Definition 2.15 (Weak contraction). A map T : X — X on a cone b-metric Banach space (X, d) is called a weak
contraction if there exist § € [0,1) and L > 0 such that

d(Tz,Ty) = 0d(z,y) + Ld(y, Tx), Vr,y € X. (2)

Example 2.16.

(1) If L = 0, we recover the classical Banach contraction condition.

(2) For L > 0, the inequality tolerates asymmetric dependence, appearing naturally in numerical and operator
equations where T is not globally Lipschitz.

(3) In the scalar case E = R, the inequality reduces to Berinde’s weak contraction in a b-metric space.

(4) If we replace Ld(y,Tx) by a combination of d(z,Tx) and d(y,Ty), we recover Kannan and Chatterjea
mappings as special forms.

Remark 2.17. Weak contractions are flexible enough to model operators that are not contractive in the classical sense
but still generate convergent iterative processes. This property is particularly useful for nonlinear integral, differential,
and matrix equations with delay or coupling terms.

Proposition 2.18 (Basic consequences of weak contractivity). Let T' be a weak contraction as above. Then for all
z,y € X:

(i) d(Tx,Ty) < (0 + Ls) sd(z,y);

(ii) if s(0 + L) < 1, then T is a strict contraction in the scalarized norm ||d(-, )| g
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Proof. Using d(y,Tx) < s[d(y,x) + d(z,Tz)], we get
d(Tz,Ty) 2 éd(z,y) + Ls(d(z,y) + d(z, Tx)).
Dropping d(z, T'z) or bounding it by a multiple of d(x, y) gives (i) and (ii) under s(§ + L) < 1. O
The above development shows that cone b-metric Banach spaces retain all key analytic and geometric

structures of ordinary Banach spaces while admitting a broader class of distances and contractive maps.
This makes them a natural setting for the forthcoming fixed point and stability results.

3. MAIN RESULTS
We analyze the A\-averaged iteration (1) in a complete cone b-metric Banach space (X, || - || x; d).
3.1. Convergence Theorem for the \-Iteration of Weak Contractions.

Theorem 3.1 (Convergence of \-iteration for weak contractions). Let (X, || - || x; d) be a complete cone b-metric
Banach space with b-coefficient s > 1 and normal cone P. Suppose T : X — X satisfies (2) with § € [0,1) and
L > 0. Fix A\ > 0 and define x,1 by (1). Set

AMA+1+L
) =8 g
If
AM+1+L
2
=T o
sq) = 8 ST < L )
then:
(a) There exists a unique fixed point +* = Tx*.
(b) Writing ay, := d(x,, Tzy,), we have the residual decay
nt1 SqN)an = an 2 g(N)"ap.
(c) The tail estimate holds for all n. > O:
ED
d(xp, ") < M7 ag. 4
( ) ()\+1)(1_8q<)\)) Q( ) 0 ()
Proof. Step 1: Two elementary identities from (1). By definition
1
Tpil = m(xn + \T'z,).
Hence, using symmetry and homogeneity of d in each argument:
1
< d(zn, Tan) = —2 (5)
- A + 1 ny n - A + 17

where we used d(u + v, w) < d(u, w)+d(v, 0) after splitting and the property d(ou, av) = ad(u,v) fora > 0
(which follows from the standard construction d = || - ||¢ in our applications; more generally one may bound
by convexity and the definition of <). Similarly,

A A
T < — T = .

AT, Tpa1) = d(a:n,
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Step 2: One-step residual inequality. We estimate a,,1 = d(2p+1, TTn+1) using the b-triangle twice and the
weak contraction (2):

ap4+1 = d(In+1, Tl"n+1)

IA

s(d Tpt1, TTp) +d(T:nn,Txn+1)> (b-triangle)

IA

s(d Tnt1, Txpn) + 0 d(xn, Tpni1) + Ld(zpyr, Tay)

<=s((1+L)d mnH,Ta?n)—i-éd(xn,an))

A
( (1+1L) /\+1 5>\+1an> by (5)-(6)
L+L+ XN
=8 )\7—’_1 Ay = q(A) Qp,.
Iterating gives a,, < ¢(A)™ao.

Step 3: Cauchy property of (z,,). For m > n, by chaining the b-triangle:
d(xna xm) j S d(xna xn+1) + 82 d(anLl, mn+2) R Smin d(xmfla xm)

Using (6) and ay, < ¢(\)*ag

m—1 m—1
A SA
< k—n-+1 k—n n
dlonon) = 370 oo X T 3 (a0 e
SA 1

2 31T gy W' sincesq(y) <1by ().

Thus {x,,} is Cauchy; completeness yields z,, — z* € X.
Step 4: Fixed point identity and uniqueness. We show z* = Tz*. For any ¢ > 0, pick n large so that
d(xpy1,2*) < cand d(T'z,, Tx*) < c (continuity of T follows from (2) and normality of P). Then

d(z*, Tz*) 2 s(d(a*, zny1) + d(Tny1, T2*)) 2 s(c+ e+ Le) < .
Since ¢ > 0 is arbitrary, d(z*,Tz*) = 0, i.e. 2* = Tz*. If y* = Ty* is another fixed point, then by (2),
d(z*,y*) = d(Tz*, Ty*) < dd(z*, y*), forcing d(z*,y*) = 0 (as 6 < 1), hence uniqueness.
Step 5: Tnil estimate. Letting m — oo in the Cauchy bound gives (4). O

Remark 3.2 (On the role of s and the condition). With r(\) := %, the core inequalities yield ap41 =
sr(A) an. We named g(\) = sr(X). The b-triangle chaining contributes an extra multiplicative factor s in the
geometric series, hence the sharp condition is s q(\) = s?r(\) < 1, exactly (3).

3.2. Parameter Optimization and Convergence Rate Analysis.

Proposition 3.3 (Monotonicity and optimal A under the admissibility constraint). Let

AM+1+L

rN =T

dN) = s\, A>0,
where s > 1,6 € [0,1), and L > 0. Then:
(a) qis strictly decreasing on (0, 00) and

lim ¢(\) =s(1+ L), hm q(A\) = s0.
A—0F A—00
(b) The admissibility condition for the A-iteration is
AM+1+L
N=s2 =
sa) =

Since q is strictly decreasing, the feasible set {\ > 0 : sq()\) < 1} is an interval of one of the following types:

<1.
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(i) If s?6 < 1, then the feasible set is (A, 00), where
1-s*(1+1L)
s26—1

and the smallest attainable q(\) (hence the fastest rate) is approached by taking A\ — oo, yielding the
limiting rate sd.

(ii) If s6 > 1, then the feasible set is (0, \o) with the same \o as above; the smallest attainable q()) is
obtained by taking A T A (i.e., as close as desired to Ay from below).

Ao = > 0,

(iii) If s6 = 1, then the inequality cannot hold (unless L = 0, in which case equality still prevents strict
inequality). Hence there is no admissible A > 0.

Proof. (a) Strict monotonicity and endpoint limits. Write r(\) = )\5;—# A direct differentiation gives
"0 SA+1)—(NM+1+L) o06-1-1L
r = = :
(A+1)2 (A+1)2
Hence 511
/ _ / _ -
q(A)—sr(A)—s(A+1>2.

Because § < 1and L > 0, wehaved —1 — L < 0,s0 ¢’(A\) < 0 for all A > 0. Thus ¢ is strictly decreasing on
(0, 00).
The endpoint limits follow by evaluating the rational function:

. 0-0+1+1L . Ad
Jim, g =s =g — = s+ D), lim gl =5 =0,
(b) Admissible \ and optimal choice within the feasible set. The convergence condition of Theorem 3.1 is
AM+1+L
N=s2 2 <.
4 =s A+1 <

Because ¢ is strictly decreasing, the set of A > 0 satisfying the inequality is an interval; its endpoints are
determined by the (unique) solution of the associated equality

2 A+ 1+ L
sSsST — =

7
A+1 @
Solving (7) gives
SN H1+L)=A+1 <= As20-1)=1-s*(1+1).
If 525 # 1, we obtain
1-s*(1+1L)
T ®

We now distinguish the three cases.

Case (i): 5?0 < 1. Then the denominator in (8) is negative. Since s > 1 and L > 0, we have s*(1 + L) > 1,
hence 1 — s%(1 + L) < 0. Thus the quotient ) is positive. Because q is strictly decreasing, the inequality

sqgA) <1 <= A> ).
Therefore the feasible set is (A\g, 00). The best (smallest) rate in this set is obtained by taking A — oo, which
yields the limiting factor sé.

Case (ii): 525 > 1. Now the denominator in (8) is positive. As above, 1 — s%(1+ L) < 0, hence A¢ > 0 (and
is strictly positive unless s = 1 and L = 0). Monotonicity of ¢ implies

sglA) <1 <= A<

Thus the feasible set is (0, \g) and the smallest ¢(\) in this set is approached by A 1 X¢.
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Case (iii): 526 = 1. Then (7) reduces to

SAMH1+L) =N+ 1)+6*L <= A+1+s2L=A+1,
which forces s2L = 0. Since s > 1, this implies L = 0, but then equality holds identically and the strict

inequality s ¢()\) < 1 fails for all A > 0. Hence no admissible \ exists in this case. O

Remark 3.4 (On “closed-form” choices of \). Because g(\) is strictly decreasing for all 6 € [0,1) and L > 0, it
has no interior minimizer on (0, o). Thus formulas such as

)\*:\/#—1 (6> 0)

do not give the true minimizer of q(\); they are heuristic balances that can be numerically convenient but are not

optimal in the sense of minimizing q(\). The rigorous optimal choice is determined by the monotonicity together with

the admissibility interval in (b): take A — oo when s26 < 1, and take X as close as possible to \g from below when
2

576 > 1.

3.3. Stability of the A-Iteration under Summable Perturbations.

Proposition 3.5 (Stability under summable perturbations). Assume the hypotheses of Theorem 3.1 and let
{yn} C X satisfy
1
= — T
Yn+1 Mt 1 (yn + A yn) + én, )
where e, € X and 377 ||len | x < oo. Then y,, — x* (the unique fixed point).
Step-by-step proof. Let {z,,} be the exact sequence (1) with the same xzy = yo. Define A,, := d(y,, z,) and

bn = d(yn; Tyn)
Step 1: Control of b,, 1. Mimicking the residual estimate, but with the additive error, we write

1
Yn+1 — m (yn + )\Tyn) = €n.

Hence
bn+1 - d(yn+1a Tyn+1)
=s (d(ynJrlv %H(yn + )\Tyn)) + d(%ﬂ(yn + )\Tyn)v TynJrl))

<5 (lleallx & + d( 7w + ATya) Ty ) )

where we used a standard embedding u — |lu||x £ € P for some fixed £ € int(P) to compare norm-errors
with cone distances (this is customary in cone-metric analyses; normality of P ensures equivalence of sizes).
Now apply the b-triangle and the weak contraction:

d(%ﬂ(yn + ATyn), Tyn+1) =s (d(%ﬂ(yn + ATyn), Tyn) + d(Tyn, Tyn+1))

=s (%bn + 5d(yna yn+1)) )

exactly as in Theorem 3.1 but with y’s. Also,

Ay yns1) = 5 (s 35500+ ATya) ) + lenllx €) =5 (2gba + lenllx €)
Collecting,
bust < sllenllx €+ 5% (AEby +35 (2500 + llenllx €) )
Thus
b1 = q(N) by + Chlen] x &,
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for some C; > 0 depending on s, §, A, L. Since g(A\) < 1and > |le,||x < oo, by the discrete Gronwall lemma
(or iterated geometric series), b,, — 0 and »_ b,, < .
Step 2: Control of A,, 1. We compare y,,+1 with ©,,41:
Ant1 = d(Yn+1, Tnt1)
- d(%ﬂ(yn + AT yn) + €ns 5y (@0 + )\Txn))
= sllenllx € + 537 (d(Yn, 2n) + Ad(Tyn, Tzy)) -
Using the weak contraction
d(Tyn, Txy) 20 A, + Ld(xy, Tyn).
Then
d(xn, Tyn) = s(d(scn,yn) + d(yn,Tyn)) = s(A, +by).

Hence

= (35 (L4 A+ ALs) ) An + 537 (ALs) bu + s lenllx €

Since b,, — 0 and ) |le,||x < o0, a second discrete Gronwall argument with linear forcing gives A,, — 0.
Finally, d(yn, 2*) < sd(yn,zn) + sd(zn,z*) = 0,50 y, — z*. O

3.4. Monotone Convergence in Ordered Cone b-Metric Banach Spaces.

Theorem 3.6 (Monotone convergence in ordered cone b-metric Banach spaces). Let (X, | - ||x;d, <) be a
complete cone b-metric Banach space with normal cone P and coefficient s > 1. Suppose T : X — X is increasing
and forall x <y,

d(Tz,Ty) = dd(z,y) forsomed € [0,1) with sé < 1.

If vy € X satisfies vg < Txo, then the Picard iterates x,41 = Tx,, form a nondecreasing sequence with x, — z*,
where x* is the least fixed point above x.

Proof. Monotonicity: xg < Txz¢ = 1 and T increasing implies z,, =< x,; for all n.
Cauchy property: d(zn+1,2n) = d(Txn, Txn—1) < 0 d(Tn,Tn—1). Hence d(z,41,2,) <X 6"d(x1,20). For

m>n,
m—1 m—1 s&"
d(wn,om) 25 3 s d(wgir, o) < 0" 6" (1, w) < (a1, 70),
(Tp, )_s;s (Tp+1 xk)_s;(s) (z1 xo)_l—sé (x1,20)

which — 0 since s§ < 1. Completeness gives z,, — z*.

Fixed point: The continuity of T follows from the Lipschitz bound with constant §; hence * = Tz*.
Minimality: If y* = x¢ and Ty* = y*, then by monotonicity x,, = T"xy < T"y* = y* for all n, and passing
to the limit gives z* < y*. O

4. APPLICATIONS

In this section we show how the abstract results of Section 3 apply to concrete operator equations.
This general case allows us to treat spaces and norms where the b-triangle inequality holds with a relax-
ation factor s > 1, such as ¢,,-spaces (p # 2), nonstandard norms, or weighted Banach spaces.
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4.1. Nonlinear Hammerstein integral equations in cone b-metric Banach spaces. Let X = C([a,b]) en-
dowed with the norm

|z|x = sup |z(t)],
t€la,b]

which makes X a Banach space. Let E = C([a, b]) with cone
P={feC(a,b]): f(t) > 0forallt € [a,b]},

and define the cone b-metric
d(z,y)(t) = |z(t) —y@)], s=>1.

The classical supremum norm satisfies the b-triangle inequality

e —zllx < sllz —yllx +ly — zllx),

for some s > 1 depending on the equivalent norm chosen on C([a, b]). Thus (X, d) is a cone b-metric Banach
space with coefficient s.
Consider the nonlinear Hammerstein-type operator

b
(T)(t) = / K(t,s) f(s,x(s) ds+g(t), ¢ € [a,b], (10)

where:
o K :[a,b] x [a,b] — R is continuous,
e f:]a,b] x R — Ris continuous in both variables,
o g€ (C([a,b)).

Theorem 4.1 (Hammerstein equation for general s). Assume:
(i) K satisfies
b
M := sup / | K (,8)|ds < oo
tela,b] Ja

(ii) f satisfies the weak Lipschitz condition
‘f(svu) - f(S,U)| < §|U 71}‘ +L|U - f(S,’U,)|, Vs € [avb]7 u,v € Ra

where § € [0,1), L > 0.
Then T : X — X defined by (10) is a weak contraction on the cone b-metric Banach space (X, d) with constants

§'=Ms, L'=ML, s>1.

Moreover, if
A+ 1+ L
C i | 11
Arl a1
then the \-iteration

1
P T (n + ANTzy,)

converges to a unique fixed point x* € X, the solution of the integral equation (10). The convergence rate is geometric
with factor
A+ 1+ L
s(A) =8 ——7F,
A
and the explicit error bound

SA
(A+1)(1 = sg5(N))

d(zp, ") < qs(N)"™ d(zo, Txzp).
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Proof. Forany z,y € X and ¢ € [a, b], we estimate
b
[Talt) =~ Tole)] = | [ K (t.5) (75 0(5)) = F(s,(5))

b
S/ [K (¢, )] (0lz(s) = y(s)| + Lly(s) = f(s,2(s))]) ds
< Méllz —yllx + MLy — Txl|x.

Thus,
d(Tx,Ty) 2 Mo d(x,y) + MLd(y, Tx),

so T is a weak contraction with &' = MJ, L’ = ML. The cone b-metric has coefficient s > 1, hence
Theorem 3.1 applies with these parameters. Condition (11) guarantees sgs(A) < 1, ensuring convergence
and the bound follows from (4). |

Remark 4.2. If s > 1, the factor s* in (11) reflects the additional geometric distortion in the b-triangle inequality.
For a fixed kernel K, smaller X values can compensate for larger s by lowering the numerator in q5 (). This flexibility
is essential when dealing with weighted or anisotropic norms on C([a,b]) where s > 1 naturally arises.

Corollary 4.3 (Banach contraction as a limit case). If L = 0, then T is a standard contraction with constant
8" = M4. Convergence of the A-iteration requires only
A 41
2
1
S A1 <1
which holds automatically when s§' < 1 and X > 0 is large enough.

4.2. Matrix Lyapunov-type equations in cone b-metric Banach spaces. Let H,, denote the Banach space of
symmetric real n x n matrices equipped with the Frobenius norm || - || p. Define the cone

P={X€eH,: X o0},

and the cone b-metric
dX,Y) =[|X = Y||p In,
with b-coefficient s > 1 (for the Frobenius norm, s = 1, but other equivalent norms, e.g. max norms, yield
s> 1).
Consider the nonlinear operator
T(X)=Q+ATXA,

where A, Q € R"*" are given.

Theorem 4.4 (Matrix Lyapunov equation for general s). Let (H,,, d) be the cone b-metric Banach space described
above. If
2 MIAlIE +1
g2 A T 2
A+1
then T(X) = Q + A" X A has a unique fixed point X* solving

<1,

X*=Q+ATX"A,
and for any initial X, € H,, the M-iteration
1
Xni1=+—— (X, +MQ+ATX,A
1= 5 K+ A@+ AT X, )
converges linearly to X* with rate
A AJE +1

QS()\):S A+ 1 )
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and error bound

. SA
d(Xn, X7) 2 A+ 1)(1 = sgs(V))

qs(A)" d(Xo, TXo).

Proof. Forany X,Y € H,,
IT(X) = T(¥)llr = |AT(X = Y) Al
<[IATIF Al X = Ylr
= [|AIF X = Y|p.
Thus T is a contraction with § = ||A[|% and L = 0. Applying Theorem 3.1 with coefficient s > 1 yields

convergence under s2(AJ + 1)/(X + 1) < 1. The fixed point X* satisfies X* = Q + AT X* A by continuity of
T, and uniqueness follows from the inequality

d(TX,TY) 2 §d(X,Y) 2 6sd(X,Y)
with ds < 1. The rate and error bound are obtained exactly as in (4). |

Remark 4.5. When s > 1, the same matrix iteration converges but may require a slightly stronger small-gain
condition on ||A||% to offset the s* factor. This reflects that non-Euclidean norms on H,, distort distances by at most
s, so the geometric decay constant qs(\) incorporates that amplification.

Corollary 4.6 (Continuous dependence and robustness). If A, Q vary continuously and satisfy
A Al +1
2 F
— <1
S i1 <1,
then the corresponding fixed points X *(A, Q) depend continuously on (A, Q) in || - || p. Moreover, if |A — A’||p and
|1Q — Q|| are small, the difference || X*(A, Q) — X*(A",Q")|ris O(|A — A'||r + ||Q — Q|| ) uniformly in s.

5. CONCLUSIONS AND FURTHER WORK

The present paper has developed a unified fixed point framework for weakly contractive mappings in
complete cone b-metric Banach spaces. By employing a tunable A-averaged iteration scheme,
1
Tpil = m(scn + \T'z,), A>0,
we established explicit and verifiable conditions guaranteeing existence, uniqueness, and geometric con-
vergence of fixed points.

Main contributions and significance.
(a) We proved a general convergence theorem for weak contractions under the condition
&2 AM+1+L <1,
A+1

which provides a simple quantitative criterion linking the b-metric coefficient s, the contraction
parameters ¢, L, and the averaging weight A\. This condition unifies and extends classical results in
Banach, b-metric, and cone metric settings, and it remains sharp in all limiting cases (s =1, L =0,
or A — o).

(b) We obtained complete error estimates and explicit convergence rates of the form

A+ 1)(?_ sq(N) g\ d(zo, Txo),  q(\) =s M+1+L

A+1
thus giving quantitative information suitable for numerical implementation.

d(xna 'I*) j
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(c) We analyzed the stability of the iteration under summable perturbations, showing that convergence
persists even when errors are accumulated—an essential property in numerical and stochastic com-
putations.

(d) We extended the results to ordered cone b-metric Banach spaces, obtaining monotone convergence
and minimality of fixed points.

(e) Weillustrated the theoretical framework through two representative applications: a nonlinear Ham-
merstein integral equation and a matrix Lyapunov-type equation. Both examples demonstrate how
the parameter s governs the admissible contraction range and how tuning A accelerates convergence
in practice.

The combination of weak contractivity, cone order structure, and b-metric geometry offers a flexible
analytical tool for problems where standard metric assumptions are too restrictive. The factor s quantifies
geometric relaxation, while the parameter )\ serves as a computational control that bridges conservative and
aggressive iterations. Together, they allow precise control of convergence in non-Hilbertian or weighted
Banach environments.

Further research. Several promising directions emerge naturally from this work:

(i) Multivalued and set-valued extensions. Adapting the results to multivalued operators using the
Hausdorff cone b-metric could yield new existence theorems for inclusion problems and differential
inclusions.

(i) Random and stochastic fixed points. Incorporating probabilistic perturbations into the A-iteration
may lead to stochastic analogues of weak contractions in cone-valued metrics.

(i) Fractional and hybrid differential equations. Cone b-metric methods can be applied to fractional,
delay, and hybrid equations where standard metric inequalities fail, allowing analysis of memory
effects and nonlocal terms.

(i) Fuzzy and intuitionistic fuzzy cone spaces. Introducing fuzziness into the cone structure may
provide a natural setting for uncertainty-quantified fixed point problems.

(i) Computational optimization of A\. From a numerical viewpoint, exploring adaptive or data-driven
choices of A could balance speed and robustness, particularly when s > 1 or the contraction con-
stants are estimated approximately.

Competing interests. The author declares no competing interests.
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