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A STUDY ON SOME CLASSES OF HYBRID LANGEVIN PANTOGRAPH ¢-CAPUTO
FRACTIONAL COUPLED SYSTEMS

HOUARI BOUZID!, ABDELKADER BENALI', ABDELKRIM SALIM?:3:*, AND LOUIZA TABHARIT*

ABSTRACT. This paper focuses on the study of a class of coupled systems of hybrid Langevin fractional pan-
tograph differential equations involving the 1-Caputo fractional derivative within Banach spaces. By applying
Banach’s fixed-point theorem, we demonstrate the uniqueness of solutions to our coupled system. The existence
of the solution is then shown using Dhage’s fixed-point theorem. Additionally, we analyze the stability in the
sense of Ulam-Hyers and Ulam-Hyers-Rassias. Finally, we present an example to illustrate our results.

1. INTRODUCTION

Fractional calculus is a very important tool for dealing with the complex structures that appear in
various fields, including biology, chemistry, physics, control theory, wave propagation, signal and image
processing, etc. This calculus is characterized by an extensive theory and numerous applications, as it
involves extending differentiation and integration operations from integer orders to non-integer orders,
see [2,10,11,35,38]. Recently, researchers have developed numerous operators. In a recent publication by
Ricardo Almeida [6] in 2017, a novel definition of the fractional operator was introduced, leading to the
development of numerous operators by researchers. This definition, known as the 1-Caputo fractional
operator, thereby expands the range of existing operators such as the Caputo, the Caputo-Hadamard, the
Caputo-Erdélyi-Kober, and the Caputo-Katugampola, see [23].

Nonlinear coupled systems involving fractional derivatives are an important topic of modern study
by researchers, as they arise in various problems in applied mathematics. Consequently, numerous
research papers and books have been published in which researchers have discussed the existence,
stability, and uniqueness of solutions for different systems involving fractional differential equations and
inclusions, using various fractional derivatives and different types of conditions. For further details,
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see [5,8,12,30,31,34]. Many researchers have studied dynamic systems as special cases of fractional differ-
ential equations. Hybrid fractional differential equations are among the contemporary topics in scientific
research and have been studied by numerous researchers. This class of equations involves the partial
differentiation of an unknown hybrid function with a nonlinear dependence on that function. Some recent
results related to hybrid differential equations can be found in a series of research papers, see [3,13,17,26,27].

In [25], the authors Matar et al. investigated the following nonlinear fractional differential hybrid system
subject to periodic boundary conditions of the form

CDGEY (x(1)gi(r)) = fu(r,x(7),y(7)), T € [a,b],
CDgEY (y(1)ga(r)) = fao(r,x(7),¥(7)), T € [a,b)],
x(a) = x(b), ¥'(a) = x'(b),
v(a) = y(b), y'(a) = y'(b),

where CDgi’w and CD3£’¢ are the 1-Caputo fractional derivatives of order aj,as € (1,2),
(gi)iz12: [a,b] — R\ {0} and (f;);=12 : [a,b] x R? — R are continuous functions.

In 1908, Paul Langevin presented in the classic form of the Langevin equation to describe the evolution
of physical phenomena in fluctuating environments [24]. subsequently, various generalizations of the
Langevin equation were examined by many researchers, we mention here some works, see [18,19].

In [28], Salem et al. study the existence and uniqueness of solutions to dual systems of nonlinear frac-
tional Langevin differential equations of the Caputo type with boundary value conditions given as follows:

DY (DS + A1) x(1) = fi (1, x(7),y(7)), T€[0,1], 0< B <1, 1 < oy <2,
D2 (CDP2 + Ao} (1) = fo(r,x(1),y(1)), 7€ [0,1], 0< o <1, 1 < ap < 2,
x(0) =0, CDfi (0) =T(1 +1) | Igix(er),

S pix(ei,) = m P13 x(e2),
y(0) =0, CD2y(0) =T(B +1) 3T y(e3),
S pigy(€iy) = p2*PIN y(es),

where ©Dy+ is the Caputo fractional derivative of order «; and 3; for j = 1,2. 4By, and 7Ij+ are

Atangana-Baleanu, and Katugampola fractional integrals, respectively. vi > 0 and A;, u; € R for = 1,2,
vp € Rforn=1,2,3,4.p;;, e Rfori=1,...miand j =1,2. 0< ¢, <e1 <ea <ez < - <gp, fori =1,2
andn =1,2,3,4. f;,f; : [0,1] x R? — R are continuous functions.

The pantograph equation is an effective differential equation used in various fields, including electro-
dynamics, astrophysics, and cell growth. This has led to numerous recent works on the fractional-order
pantograph equation by several researchers, see [15,22,39].

Additionaly [4], I. Ahmad et al. demonstrated the existence of solutions for a nonlinear coupled system
of pantograph fractional differential equations with Caputo fractional derivatives of the form

CDS&X(T) = {1 (7, x(7),x(¥7),y(1)), T € [0,1],
(

¥ (
CDEv(r) = (7, x(7), y(), ¥(97)), 7 € [0,1],
a1x(0) — b1x(1) — e1x(1) = g1(x),
azx(0) — box(¥2) — cay(1) = g2(y),
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where Cng represent the Caputo derivatives of order o; € (0,1), 0 < ¥; < 1, a1 # b; + ¢; which
a;bi,ci € R, £:[0,T) xR> - Rand g; : C([0,1,R) - R,i=1,2.

In recent times, substantial attention has been directed towards investigating the Ulam stability of so-
lutions for coupled systems of fractional differential equations. In [32], A. Salim and al. investigate the
existence, uniqueness and Ulam stability of differential coupled system involving the Riesz-Caputo deriv-
ative with Boundary Conditions of the from

§¢ Dt x(7) = fu(
§¢ D2y (7) = fa
B1x(0) + Box(T) = s,
Y1y(0) + 72y(T) = 73,

),¥(7), 3¢ D3 x(7), ¢ D3?y(7)), 7 € [0,T1,
),¥(7), §¢ D3 x(7), § D3?y(7)), 7 € [0, 71,

(r
(r

S S
R

)
b

where #° D7 represent the Riesz-Caputo derivatives of order «; € (0,1) for i = 1,2, v;,8; € R for
§=1,2,3, 71+ #0and B; + B2 # 0. Also f1,f5 : [0,7] x R* — R are given continuous functions.

The study of Ulam stability in fractional differential equations introduces a novel approach for re-
searchers, paving the way for exploring various topics in nonlinear analysis. Moreover, the stability
analysis of fractional-order differential equations is more complex than that of classical differential
equations, due to the nonlocal nature and weakly singular kernels of fractional derivatives. Consequently,
Ulam-type stability issues have attracted considerable interest from numerous researchers, as evidenced
in [14,20,21,29,34,37].

Taking motivation from previous mentioned works, this paper introduces nonlinear hybrid Langevin
fractional pantograph equations. This study investigates the existence, uniqueness and Ulam-Hyers stabil-
ity of solutions for ¢-Caputo type to the following problem:

oo (o (- HT ) () ) =hilrx(rylen). 7 e = .l

af 7, x(

a1 c paz (CD{?:“} (g(y(yz))) T uym) — by(ry(r),x(pr). T e T = [0.d],

X(T) |T:O: 0, X/(T) |T:0: ny(T) |T:51: 0, 0< e <a,
Y(T) |7':0: Oa y/(T) ‘T:(): Ovy(T) |T:€2: 03 0< €2 < a,

where CDgi’w and CDgi’w are the y-Caputo fractional derivatives of order a1, a2 € (0,1], 51,82 € (1,2],
A veR\{0}and 0 < & p < 1. The given functions (f;);—1 2 : J x R? - Rand (g;)iz12:J x R = R\ {0}
are continuous.

This research stands out for its novelty, as it integrates and generalizes various types of fractional deriva-
tives for multiple values of the function v as follows:

1. ¢(7) = 7, then the coupled system (1.1) reduce to the Caputo-type system.

2. (1) = In7, then the coupled system (1.1) reduce to the Caputo-Hadamard-type system.
3. (1) = 77, then the coupled system (1.1) reduce to the Caputo-Erdélyi-Kober-type system.
4. (1) = Z-, 0 > 0 coupled system (1.1) reduce to the Caputo-Katugampola-type system.
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Thus, we can consider our results about systems with generalized fractional operator as the natural
continuation of previous results in the literature.

The structure of our paper is as follows: in section 2, we introduce some important notions and defini-
tions. Section 3 establishes the uniqueness result using Banach’s fixed-point theorem, and proves the ex-
istence results by applying Dhage’s fixed-point theorem for the )-Caputo fractional coupled system (1.1).
Section 4 covers stability in the sense of Ulam-Hyers and Ulam-Hyers-Rassias, along with its generaliza-
tions. Finally, in the concluding part, we provide an example to illustrate the main findings of our study.

2. PRELIMINARIES

In this section, we recall some definitions and basic results about fractional calculus.

We denote By C(J,R) the Banach space of all continuous functions from J into R with the norm ||9||s =

sup |n(7)| and let C™(J,R) represent the space of functions that are n-times continuously differentiable on
TeJ
J.

Now, we consider the following Banach space
E={kxy): xy € C(JR)},
endowed with the norm

1 ¥)ll= = max{[[x]|oo; [[¥[loo }-
Let v € C'(J,R) be an increasing differentiable function such that ¢(7) #0, forall 7 € J.

Definition 2.1 ( [7]). For o > 0, the y-Riemann-Liouville fractional integral of order « for an integrable
function n : J — R is given by :

T (s 7) —(s))e!
(2.1) Ig:wn(,r) :/0 ¢( )(@(F)(a)?/f( )) 7)(s)ds,

where I is the classical Euler Gamma function.

Definition 2.2 ([7]). Letn—1 < a < n,n : J — Rbe an integrable function and 1) is defined as in Definition
2.1. The y-Riemann Liouville fractional derivative of order « of a function 7 is defined by

) = || R
[ A e et
22 - 7w | Mooy %

where n = [a] 4+ 1 and [a] denotes the integer part of the real number «.

Definition 2.3 ([7]). Assume thatn € C”(J,R) and ¢ be defined as in Definition 2.1. y-Caputo fractional
derivative of a function 7 of order o € (n — 1,n), is determined as
CDgn(r) = I (),
n
where nzl} ()= |:’¢'/(T) dT} n(t)and n = [a] + 1 for @ ¢ N, n = « for a € N. By the definition, we have

(s ) — s n—a—1

iy (r), neN,

where N denotes the set of positive integers.
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Lemma 2.4 ([7]). For a > 0, we obtain
) CDST/J Igﬂ;wn(r) = n(7) for all functions n € C(J,R).

7 o «@ n— [fc] 0
M) Ify € C™(J,R), then IS €DV n(r) = n(r) — X022 O (r) — (o).

Lemma 2.5 ( [28]). Consider the functions n, ¢ € C(J,R) and o > 0, we have
D) Igf’/’ (.) is linear and bounded form C(J,R) to C(J,R).
) 159 (0) = Tim, I57"n(r) = 0.

Lemma 2.6 ([12,36]). For o, > 0andn € C(J,R). Then for each T € J, we have

b IR N 0C)) Bt
(C1) L5 T (r) — (0))7~" = WW(T) - 1#(0)];;) ;

( mW(ﬂ — ()],
(C3) Vk € {0,1,--- ,n— 1}, nisa positive integer, then © D$:¥ [1h(r) — ¢ (0)]* = 0,
(C4) 157" 15 n(r) = 15 (),

(C5) for any constant p, we always have CDgﬁ p=0.

C2) if B> n €N, then CDSY [w(r) — (0))P~! =

Theorem 2.7 (Banach’s fixed point theorem [33]). Let E be a Banach space and D : E — E a contraction, i.e.
there exists A € [0, 1) such that

[D(21) = D(xa)|| < Allr — o,
forall x1,xo € R. Then D has a unique fixed point.

Theorem 2.8 (Dhage fixed point theorem [16]). Suppose that ¥ is a non-empty subset of C(J,R), which closed
convex and bounded, V : C(J,R) — C(J,R), and U : ¥ — C(J,R) are two operators satisfying the following
conditions:

D1) V is Lipschitizian with a constant C*,

D2) U is completely continuous,

D3) n=VnUu=nec3,Vu e X, and

D4) AyBy < 1,where By = |By(X)|| =sup {||[Un)| :n € =}.

Then the operator equation n = VnUn has a solution.
3. MAIN RESULTS
3.1. Uniqueness and Existence of solutions.

Definition 3.1. A solution to the fractional boundary value problem (3.1), is defined as a function n €
C(J,R) that fulfills the equation (3.1) on J along with the specified boundary conditions.

Lemma 3.2. Leta € (0,1], S € (1,2]and (K;H) € C(J,R) x C(J,R\ {0}). Then, the fractional boundary value
problem

Doy [Cpgy {”(T)} + An(T)} =K(r), 7e€J=][0,d],

(3.1)
n(7) [r=0=0, 0'(7) |r=0=0,
N(T) |r=e=0, 0 < € < qa,

has a unique solution defined by

T (s T) —p(s))xtB-1
o) =i [ [ LD
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a / Vit - WS))ﬁ‘ln(s)ds

)

a+pPr—1
(3.2) 8) / 1/1 Oé-i-ﬁ))) K(s)ds} .

Proof. Letn € C(J,R) be a solution of the problem (3.1), then by using Lemma 2.4, we have

@)~ 9O
CT(B+1)
where ¢; € R, with j = 0,1,2. By the condition 7(7) |;=o= 0 and 7'(7) |;=o= 0, we obtain ¢; := 0 and
Co = 0.
On the other hand by 7(7) |;=.= 0, we have
I'(p+1) B o+ B

3.4 = = (Al —ISTPYK .
( ) Co ('l/)(ﬁ) _ ¢(0))ﬁ ( o+ 77(6) 0+ (6))
Finally, replacing these constants into (3.3), we get (3.2).

Conversely, let us now demonstrate that if (3.2) satisfies Eq (3.1), then the aforementioned equation can

(3)  (r) = H(r) |15 P0K(r) + AL n(r) + e + calib(r) — w<o>1} ,

be expressed as

T T)— s
;71((7)) = IR () + M (Aféﬁ%(e) - Ig‘jf’va(e)) — AP n(r).

Applying the ¢-Caputo derivative, CDg;w on both sides and utilizing Lemma 2.4, we obtain
cppw (1T _ jaw L'(f+1) B oy [otBy _
Dfy (H(T)) = 1K)+ e o ()Jm n(e) — IS K(e)) (7).

Reapplying, CDO“J;"b to the above equation, we obtain

e g5 ] -

Lastly, it is clear that the function in (3.2) meets the associated boundary conditions. This completes the
proof. O

Now, we define the operator T : & — = for 7 € J, as follows

T(x,¥)(7) = (T1(x,¥)(7), T2(x,¥)(7)),

such as

L) = el [0 - D= ) )|
and

) = walrny) [p e - D= )]
where

T ar1+p1—1
/w = a1+[33§ fi(s,x(s),y(£s))ds

IOl R IO e
)\/0 F(ﬁl) x{s)ds,
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and

T (s 7) — (g))x2tB2-1
) = vs) fa(s, y(s). x(ps) )ds

0 [(52)
The first result is achieved by a theorem derived from Dhages fixed-point theorem [16]. The following
hypotheses will be used in the sequel.
Theorem 3.3. Assume that the following hypotheses hold .

(cx1) The functions (fy)g=12 : J x R? — R are continuous on J.
(cx2) The functions (gr)k=1,2 : J x R — R\ {0} are continuous and there exist functions Gy, € C(J,[0,00))
that

|8k (7, x1) = gk, y1)| < Gi(7)[x1 — y1l,
forany x1,y1 € Randt € J, withk =1, 2.
(cx3) There exist functions P}, P2, P3 € C(J,R") such that
[ (7. %1, x2)| < Pp(7) + PE(7) x| + PR(7) 2,
forall T € Jand (x1,x2) € R?, with k = 1, 2.
(cx4) There exists k > 0 such that

max{g) 117, gdII5}
1= max{[Gr [l TT}, [GalloTT5} ~

and
(3.5) max{[|G1[[ooIl7, |Gal[oc 115} < 1,

where

v _ (2W(a) — 1/J( )it
) ( ))041"1‘61

. [(20@(@1% ) 1P + PE1c)

2|A[(¢(a) — 1&(0))61],€
F(ﬂl +1) ’

+

2 ¢(@) 02+B2 1
( H%+&+D )Pﬂ“
. (2( (a) — 9(0))*+%

2 3
) 1P e + P31

{ v
2lv](v
* r

0=v0)]
(B2+1) ’

1G1lloc = sup Gi(7), &7 = sup [g1 (7, 0)|, [|Pi[loc = supPi(7), i = 1,2,3.
TeJ TeJ TeJ

|G2lloo = sup Ga(7), g5 = sup g2(7,0)|, [[Ph]lec = supP5(7), i = 1,2,3.
Ted TeJ TeJ

Then the coupled system (1.1) has at least one solution on J.
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Proof. Define the set
Y={xy) €E: [(xy)llz <w}.
Next, to convert the coupled system (1.1) into the framework of a system of operator equations as

(Xv Y) (T) = (Vl (Xv Y) (T)Ul (Xa y) (T)v V2 (Xa Y) (T)UQ (X’ Y) (T))a
we defined the operators V = (V1,Vy) : [C(J,R)]?> = C(J,R) and U = (Uy, Us) : ¥ — C(J,R) as follows

Vibey)r) = sl x(),
V2(X’y)(7—) = g(T,y(T)),
and
) B
Vi) = Be)(r) — g o By
) — B2
Ualxn)ln) = B)(r) - v )
forT e J.

In the following steps, we show that the operators V and U satisfy all the conditions of Theorem 2.8.
Step 1: Firstly, we show that V = (Vy,Vs) is Lipschitzian on [C(J,R)]?. Let (x,y), (%,¥) € [C(J,R)]%. Then

by (C2) we have
Vi y)(7) = Vi&9) (7)) = [g1(7,x(7)) — g1 (7, %(7)]
< Gileollx = %o,
then,
(3.6) Vi(x,y) = Vi(® §)lloc < [1G1lloollx = X[[oc-

As before, we have

3.7) IVa(x,¥) = Va (%, 9)lloo < 1G2lsolly = Flloos
for all (x,y), (X,¥) € C(J,R) x C(J,R). Consequently, by the definition of operator V we obtain
[Vxy) = V&)= = [(Vikxy), Va(x,y)) = (Vi(%,3), V2(%,7)) =
= [[(Vilxy) = Vi(x,¥)), (Va(x,y) = Va(%,9))ll=

IN

max{|G1lloo, |Galloc}Ix = %,y = ¥ll=,

Hence, V. = (V;,Vy) is Lipschitzian on C(J,R) x C(J,R) with a Lipschitz constant G* =
max{ |G [l [Galloc

Step 2: We demonstrate that the operator U = (U, Uz) is completely continuous on . To achieve this,
we first establish that the operator U = (Uy, Uy) is continuous on C(J,R). Let {xn,yn}, oy be a
sequence in ¥ that converges to a point (x,y) € A. Applying the Lebesgue dominated convergence
theorem, we obtain

lim Ul(XTL?y‘ﬂ)( )

n—4oo

= Jim_ {0, 30)(7) -

n——+oo

(¥(r) —(0)™

()
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)a1+ﬁ1

:ng%{ / Y(s w( a1+ 51) £1(5,%n (5), Y (€5))ds
A/ YEWE v

1
€1 wl ))a1+[31—1
( 0 I'(ay +51)

/ %1;” “Xn<s>ds)}
(3.8) = Ui (x,y)(7).

fi(s,xn(s), yn(&s))ds

Hence,
HUI(Xnvyn) - Ul(Xay)Hoo — 07

for all 7 € J. Similarly, we also have

lim  Us(xp,yn)(T)

n—+o0o
((1) — ¥(0))*
= ng{poo {‘I’(Xn yn)(T) — WQ_W‘I’(Xm}%)(GZ)}

fQ(Sa Yn(s)a Xn (pS))dS

n—-+oo F(OQ )

I OO
/ L) (o)
U

) — €2 (s €9) — (8))2 B2—1
O ([N O 5wl

[(ag + B2)
2 ) (s €2) — (s))P21
[ )

(3.9) =Us (X7 Y) (T)

Hence,
HUQ(XTH Yn) - UQ(X7 Y) ||OO — 0,
Using (3.8)-(3.9), we deduce that

IU(xpn,yn) — U(x,¥)||lz — 0, n — 0.

Therefore, this shows that U(X) is a continuous operator .
Next, we prove that the set U(X) = (Uy, Uy)(X) is a uniformly bounded in ¥. For any (x,y) € X
and 7 € J, we have

((1) = 9(0)* 2 ([[PHloe + (IPF]|o0 + P[]0 ) )
[l +61+1)

n IA((1) = 9(0)
(61 +1) ’

[@(x,y)(7)] <

and
(¥ () = ¥(0))**T52 (P ]loe + (P30 + IP3]loc) k)
I'(ag + p2+1)

n w|(¥(1) = 9(0))k
(B2 +1) ’

W (x,y)(7)] <
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which implies

- 8
Usx.3)(0) < 1965, 3) ()] + (=i [P ()
(0(r) = 9(0)™ 5 ([Pl + (IPlse + [P )
F(Ozl —|— ﬁl + 1)

L 2NE) — )

LB +1)
() = $(0)" (Wler) = $(0)* (1P oo + (1Pl + [P oc))

Il +p1+1)

($(@) = pO) Y )

< (™ ) 1Pt

ar+ 51 +1)
2(h(a) — p(0) A 5
*K D(ar+ B +1) )W“”+W”w
2| (1(a) — 1(0))"
YY) }&

<

+

(3.10)

and

T) — B2

|m@JWN<W&JWﬂ+&£$J$3W
2(p(a) — ¢(0))2+52 .

< (I Py

2(¢(a) — 1)[;(0))062+32
" K [(ag + B2 + 1)
2|v| (¢ (a) — 1(0))”

" LBz +1) ] -

W (x,y)(e2)]

)(P%m+wa@

(3.11)

It follows from (3.10)-(3.11) that
U, y)ll= < max{IIf, II5}.

Thus,
U, y)llz < oo,

for all (x,y) € X. This shows that U(X) is uniformly bounded on X.
On the other hand, we demonstrate that U(X) is an equicontinuous set in £. Let 7, € [0, d]
with 71 < 72 and (x,y) € . Then we have

[U1(x,y)(72) = U (x,y)(71)]
T (9)[(W(72) = ()M T — (1) — () HA !
—Jo [(ar + B1)
™2 W) (s ) — g))arthi—1
o [ = O o)y )
™ ($)[((72) = ()M T = (1) = (s))P ]
—|—/O ) |x(s)|ds
T2 _ s B1—1
/ [AlY"(s) (72 (;1) ¥(s)) ()| ds
[(¥(72) = 9(0))" = (¥(11) — ¥(0))"]
(b(e1) —1(0))P

g, (s, x(5), y(es)) ds

+
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aj+p1—1
(/ (s V)T o (5, x(5), y(E8)|ds

(o +51)

HAA“¢ H&)>’4mwwa-

Therefore,

(U1 (x,y)(72) — Ui (x,5)(1)]

[(¥(12) = (0)r = (p(11) — 1(0))"1]
(¥(e1) — ¥(0))P
[((11) = 9(0))™ 01 — (4(ma) — 9(0))* 7]
< SR 1Pl + 1Pl + 1Pl )]
()= )" = (6] O £ () 0OV
I'(B+1)
¥ (0 ))61]

<2(x,y)(72) = (x,y) ()| +

[P (%, y)(e1)]

+

(3.12) i [(¢(72) — ()™ ; ((m1) —

We also have

[Ua(x, y)(72) — Ua(x,y)(71)]
T ()[((r2) = (s))*2 P2 — (P(11) — P(s)) T
- 0 F(a2 + ﬂ?)
T2 (g ) — s az+pa—1
PR = O s, () xlps) s

™ ()[((r) — ()P — () — (s))% ]
+ / 5 1¥(s)ds

2 (s, y(s), x(ps))lds

+

o (5) (8 (r2) — p(s))P2 )
+ / | fo 1¥(s)ds
L [Wm) — $(0)* — @(n) ~ ¥(0)*]
(b(es) —0(0))P

><< 2 ) (5)(Y(eg) — tp(s)) 1Pl

Ifa(s, y(s), x(ps))|ds

F(Oél + f2)
(s 1/) —1(s)) !
| - ¥(o)lds )
Hence,
[Ua(x, y)(72) — Ua(x,y)(71)]
[((11) = 1(0))*> 7> — (p(7p) — ¥(0))*272] 2
< (a2 +ﬁ2 ) [1P3]lse + (IP3]loc + IP3]loc) ]
— (P(12) = 9(0))%> + (¥(11) — (0))~
- (B2 +1) ) [Aals
(3.13) (w $(0))% . — (Y(71) —1#(0))52]11;_

Using (3.12)-(3.13), we deduce that
|Ux,y)(m2) — U(x,y)(11)ll2 —+ o 0, uniformly for all (x,y) € A.

Thus U(X) has the equicontinuity specification on the Banach space C(J,R). As a consequence, U is
relatively compact, and thus the Arzela-Ascoli theorem yields that U is completely continuous and
finally U is compact on .
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Step 3: We now show that the hypothesis (D3) of Theorem 2.8 is satisfied. For (x,y), (X,¥) € ¥ such that

(X7 Y) = (Vl (X> y)Ul (iv }7), Va(x,y)Ua(X,¥)) -

Then
x(T) = [Vi(x,y)Ui(x,7)|
< [lg1(m,x(7)) + g1(7, 0)| + [g1 (7, O) [JIIT
< I1G llool Xl 0 + 9ITTY,
and
|Y(T)| - ‘VQ(X7Y)U2(>_(7}_7)|
< [lga2(7,y(7)) + g2(7, 0)[ + [g2(7, 0) |15
< [1Gzllsollylloo + g9ITI5,
which implies that
0115 077K
max{g; 1§, g5 11
165y = < eilli g, U5}

> P P
1 — max{[|G1[|oo 17, | G2 || 115 }

under the condition that (3.5) is fulfilled. This shows that condition (D3) of Theorem 2.8 is satisfied.
step 4: Finally, we have

By = [[Bu(X)ll= sup {[lU(x,y)llz : (x,y) € B} <l

max{II}, 115},

IN

and
Ay <max{||G1llc, [G2|lo0 }-

Fromabove estimate, we obtain
AvBu < max{[|G1 |17, [| G2l 5} <1,

hence, all the conditions of Theorem 2.8 are satisfied, and therefore, the operator equation (x,y) =
V(x,y)U(x,y) has a solution in ¥. Consequently, coupled system (1.1) has a solution on J. O

The following result is based on Banach’s fixed-point theorem. Moreover, to establish uniqueness, given
the nature of our problem, we need to assume the following stronger conditions:

(C1) The functions (fx)g=1.2:J x R = Rand (gx)k=12:J x R — R\ {0} are continuous.
(C2) There exist positive functions Py, G, € C(J,R") such that

Ifr (7, x1,%2) — (7, ¥1,¥2)| < Pra(7)x1 — y1| + Pr2(7)[x2 — y2l,
and
gk (7, x1) — gr(7,y1)| < Gi(7)|[x1 — y1l,
forall 7 € J and x, yx € R, k = 1,2, where |Pg1lcc = supPr1(7), |Pk2/lcc = supPp2(7) and
|Gl = sup Gy(7), with k = 1,2. ! !
(C3) There exis;;i)sitive constants £ and My, such that
Ifx (7, x1,%2)| < Li and |gx (7, x1,%2)| < Mg,

forallT € Jandx; € R, k=1,2.
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For the sake of clarity, we denote

A, = [(1h(a) = (0)) P + (Y(a) — 9(0))** (P(e1) — (0))™]
I+ p1+1) ’
A, = 2A((e) — $(0))
L(pr+1) 7
A, = Wla) — P(0)) A
Flar+p1+1) 7
v, - [((a) — (0)**72 4 (¢(a) — ¥(0))”* (¢ (e2) — 1(0))*?]
F(OZ2+62+1) ’
v, = 2=y
v. - W) — 1(0))>> P>
I(ag+f2+1)
Ay = (Py, My + [|GillsoL1)As + (M + [|G1l006) 32,
Ag = (Pg, My + [|Gall0o£2) Vs + (My + || G2 |0 6) 52,
= (P, M1 + ||G1l|o £1) A1 + (M1 + [|G1|006) A,
= (P, M2 + [|Gal|cL2) V1 + (M2 + [|G2l|c6) Va.

Theorem 3.4. Suppose that (C1) — (C3) holds. If
(314) max{Ql,Qg} <1,
then the coupled system (1.1) have a unique solution on J = [0, a].

M1£1A1 M2£2V1
1—MiAy" 1= MoV,

Proof. Setting 6 > max( >, with 0 < M1A5, MV, < 1. we show that TBs C Bs,

where
Bs ={(x,y) €E: HXaYHE <0},
For x,y € Bs and for each ¢ € J, from the definition of T and hypothesis (C'1)- (C3), we get

Li((r) —p(0)*+H 4 I — Y(O)™ ¢

(3.15) ‘(I)(X, Y)(T)| < F(Ch + 81+ 1) F(ﬁl + 1) s
and
(3.16) W(x,y)(r)] < Lo((1) — (0))*2FF L V| (¢(T) — 1(0))P2 5

= T(ag + B2 +1) [(B2+1)
On the other hand, we obtain

Ty, y)(7)
Sawmﬂﬂﬂxwm—f

((1) —9(0))”
<lg1(r,x(7))] [W(Q)W

" ( (iﬁ(ell) VO) 2 M(Wlen) = 9(0)” 5)

TSy TGiT D)
L((r) —pO)5 5 \((r) — $(0))P
T et At D T TG0 4
< Ml [£1A1 + A2(ﬂ
< 0.

and

T2 (x, y)(7)]
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< |aa(r.x(r) [wx, 9 -

((1) = (0))"
< |ga(7,x(7))] [(1/1(62)—1/1(0))62

» (Ez(¢(62) —1(0))*=*= 4 P(e) —9(0))" 5)

Doz + B2 +1) I'(B2+1)
Lo((r) = 9(0))*> P2 y[(y(r) — 9(0))P
" I(az +f2+1) * (B2 +1) 5]
< M3 [L£2V + V2]
<.
Hence,
[T y)l= <4,

which implies that TBs C Bs.
We shall now prove that T is contractive. Let for (x,y), (%,¥) € Bs C E and for any 7 € J, by condition
(C2), we get

1B(x,y)(r) — B(,7)(7)|
S _ a1 +p1—1
/ LAOICG )W ﬁ1§ £ (s, x(5), ¥(E8)) — 1 (s, X(5), ¥/(5)|ds
(3.17) +|)\\/ LAOIC ) — [x(s) — %(s)|ds
Py, (1 >—w<o>>a1+ﬁ1 N@E 9O,
= ( (041 +61+1) * L'(p+1) > =%y =7ll=,
and
(s, y)(r) — (5 5)(7)]
S 7) — s ags+Pa—
/ et ) n )3 o (s, x(5), ¥(05)) — Fa(s, (), X(ps)) ds
042 2
(3.18) Ty / Em - ;” D () — (s)ds
P, (4(r >—¢<o>>“2+ﬁl () — b)Y
<< Tt htl) | T+l )'X_X’y_y”E’

where Py, = ||P1,1]|oc + [|P1,2]loc and Ps, = ||P2,1]loc + [|P2,2]|c0- By applying the triangle inequality (3.17)-
(3.15), we obtain

T1(%,¥)(7) = Ta(%,3)(7)]
< g1 (7, x(7))2(x, y)(7) — g1(7: X(7)) (%, )(7)]
((r) — ()™ - -
(3.19) +W|gl(77 x(7))@(x, y)(€1) — g1(7, (7))@ (X, ¥)(e1)],

and, by (3.18)-(3.16) we find that

(320) o s () ¥ (e) — ()W) )
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we conclude that

IT1(x,y)(1) = T1(X,3)(7)]
Py (¢(7) —(0)* TP A(¥(7) — 1(0)
=M ( D(og + B1+ 1) + (B + 1)

) =%,y — Flle

Ly(¢(7) = p(0)) 2P n [A[((7) — w(0)>ﬁ15
L(ay + p1 +1) LB +1)

Py, (Y(e1) = 4(0)* n Al
Tla+pB+1) LB +1)

Gl ( ) =%,y — Fllz

LML ((r) — 9(0)) ( ) =%,y — ¥ll=

G 0r) — w0 (EEHAD =IO B - x5l
After taking the supremum over J and simplifying, we get:
(3.21) ITi6y) = Tix e < lx—%y—=7l=
With the same arguments as before, we can show that
(3:22) IT2(x,y) = Ta(%, 9o < Dafx =%,y =7l
Thanks to (3.21)-(3.22), we get
(3.23) ITEY)() = TE Iz < max{Q, Q}x-%y-¥=.

Consequently, by (3.14), T is a contraction, and by utilizing Banach’s fixed point theorem, the coupled
system (1.1) has a unique solution. O

4. STABILITY RESULTS
This section discusses the Ulam stability of the coupled system (1.1). Let (x,y) € &, ¢1,02 > 0, and

J1,J2 : [0,a] — RT be continuous functions. We consider the following inequalities:

DY (CDpY + (1) ) — B (,x(7), y(€7))| < o1, T EJ,

)
4.1) gl(;v(;()(T))
D5\ D iy ) T D)) RO ) < eny e,
) DY (Cph gl(j(;zﬂ) +Ax(7) ) — hi(7,x(7),y(€7))| < o (7). T EJ,
05 (0 (1T ) ) = (x| < a(r), T e
and
I e O ) ) ~ ()] < B, e,
“Dgz? (“Dgr” &g(;zm +uy(r) ) — (1, y(r),x(pr))| < Ja(7), TEJ.

Definition 4.1 ( [32,34]). The coupled system (1.1) is Ulam-Hyers stable if there exists a real number ¢* =
max{p1, p2} > 0 such that for each p* = max{g1, 02} > 0 and for each solution (x,y) € E to the previous
inequality (4.1), there exists a solution (X,¥) € = of the system (1.1) with

16 ¥)(r) = (% 9)(7)ll= < 07"
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Definition 4.2 ( [32,34]). The coupled system (1.1) is generalized Ulam-Hyers stable if there exists 3 €
C(,R*,R"), such that 3(0) = 0 for any p* > 0, and for each solution (x,y) € = to the inequality (4.1), there
exists a solution (X,¥) € = of the system (1.1) with

1G5 ¥)(7) = (%, 3)(7)ll= < 3(e")-

Definition 4.3 ( [32,34]). System (1.1) is Ulam-Hyers-Rassias stable with respect to J = max{J;,J2} €
C(J,R"), if there exists a positive real number § = max{63,,65,} > 0 such that for each p* = max{p1, 02} >
0 and for each solution (x,y) € Z to the inequality (4.2), there exists a solution (%, 7) € Z of the system (1.1)
with

165, 9)(7) — (5 9)() = < 0703(7).

Definition 4.4 ( [32, 34]). System (1.1) is generalized Ulam-Hyers-Rassias stable with respect to J =
max{J1,J2} € C(J,R"), if there exists a positive real number § = max{6y,,6;3,} > 0 such that for each
solution (x,y) € E to the inequality (4.3), there exists a solution (%,y) € = of the system (1.1) with

16 ¥)(7) = (%, 9)(7) ||z < 03(7).

Remark 4.5. 1t is clear that:
1. Definition 4.1=- Definition 4.2.
2. Definition 4.3=- Definition 4.4.
3. Definition 4.3= Definition 4.1, (for taking J(.) = 1).
A function (x,y) € Eis a solution of the inequality (4.1) if and only if there exist a function Wj, € C(J,R)
such thatforallk =1,2:

I) [Wi(7)] < 01 and [Wy(7)| < 02, forall m € J.

1I) CD(%“[’ (CDg}r’w X)(T ) + Ax(7 ) —f1(7,x(7),y(&1)) = Wy(7), forall 7 € J,
)

I11) CDgf’¢ (CDgi’w ( ( G ))> + l/y(T)) — fo(7,y(7),x(p7)) = Wy(r), forall 7 € J.

22(7, (7
We now present the Ulam stability of the solution to coupled system (1.1).

Theorem 4.6. Assume that (C1), (C2) and (C3) are satisfied. then the problem (1.1) is Ulam-Hyers stable and
hence generalizes Ulam-Hyers stability under the condition (3.14).

Proof. Assume p* > 0 and (x,y) € Bs; C Eis a function that fulfills the inequality (4.1), and let (x,¥) € B;s
is the sole solution of the coupled system (1.1). Since (x,y) € Bjs is a function satisfes the inequality (4.1). It
follows from Remark 4.5 that

CD(‘)’;*" CDgi’w gi(ji(:()(T)) + Xx(7) | = f1i(7,x(7),y(&7)) = W1(r), T € J,
eDpe (D (20 ) + () =l y()x(pr) = Watr), 7 €

X(7) |r=0= 0, X'(7) |r=0=0,%(7) |r=,=0, 0 < €1 < ag,
¥(7) [r=0= 0, ¥'(7) [r=0= 0,¥(7) [r=e,= 0, 0 < €2 < a3 .

Using Lemma 3.2 once more, we have

i [y R RO
(1) = a(rx(n) X)) - (o).
and
i oy GO )
v = ey | Q) - (e
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where
N(x,y)(7) = Lot PV (7 x(7), y(67)) + Wi (r)] = ALGEYx(7),

and

Q) (1) = Ig2 2Pt (7,y(7), x(p7)) + Wa(7)] = w152 y(7),

Moreover, using part (I) of Remark 4.5 and (C2), we can obtain the following formula for each 7 € J .

NG, ¥)(7) — (%, 5)(7)]
< ISP (7, x(7), ¥(67) — B (m X(7), 5(€)| 4+ ALY x(7) — %(7)]
IS W (1)
Py, ((7) — B(0)+ [\[((r) — 1(0))
S( Tt A+ TB+1)

01(1p(1) — 9 (0)) A
Plar+p1+1)

) 160) = & 9=

(4.4)

and

Q(x,y)(7) = ¥(x,3)(7)|
< Ia2+,62 ity (7, y(7), x(p7)) — fa (7, 7(7), %(p7))| + VIg‘f’¢|y(T) —y(7)|
_|_Ia2+,32 Q/J‘W (r )‘

Py, (¥(7) —1(0)* %2 |v|((1) — 9(0))* o
S( Doz +Bt1) | T(h+1) )II(X,Y)—(x,y)IIE

02(3(7) — p(0))*=*7
(4.5) e T A+ T

)

in addition to,

@) {m(x,y)m =3 =2
Ryl < SraEEEn— + P
- [l = e s S,
POl < Srmn— - M
Applying the triangle inequality,(4.4)-(4.6), we have
x(7) = x(7)|
< Jg1 (7, ()R (x, ¥)(7) = &1(7, (7)) (%, 3)(7)]
+ = O XN 1) — (7 0(5 ) (@)
( ( ) L/)(O))B g1 Y 1 g1\, 'Y 1
Py, (¥(1) = 9(0)**7 A[(@(7) — $(0))™ .
< ( i + PO O ) - .9l
L a1+,81 A —(0))5
G (2D O RO SO 5) ) - ()l
g ((Pr((a) = ¢(0)™ Al .
+M1( (T) ¢( )) ( (a1+ﬂ1+1) + (61+1) ||(X7Y) (X7y)||=

Lie) = (@),

b(0 .
LA SO b ) 1) - ()l

G e (9(7) — () (



Pan-Amer. J. Math. 4 (2025), 14 18

Mu[(() = (0) 7 + ((¥(7) — ¥ (0)7 (¥ (1) — ©(0))™]

- I'(oar + 61+ 1)

01-
we obtain

48) I = %lloo < Y ll(5¥) — (£ 7= + =101

On the other hand, we have

4.9) [y = Flloo < Q2ll(x,y) = (%,9)ll2 + @202,

where w; := M1A1, and ws := MyV;.
Combining the two last inequalities (4.8) and (4.10), we get

(4.10) [(x,y) — (& 7)lz < [1 — max{, 2} max{w;, w2 }o*.

Let is put o* = max{oy, 02}; ¢* = [1 — max{Qy, 2 }]” " max{w;, w,}. Taking into account max{€;, 2} < 1,
we notice that ¢* > 0. Thus, we have

[ ¥)(7) = (% 9)(7)llz < "¢"

Consequently, the coupled system (1.1) is stable in the sense of Ulam-Hyers. This completes the proof
using Ulam-Hyers definition. O

Theorem 4.7. Suppose the conditions of Theorem 4.6 hold. If there exists 3 € C(R*,R™), such that 3(0) = 0 with
0* > 0. Therefore, the coupled system (1.1) is generalized Ulam-Hyers stable.

Proof. For 3(0*) = ¢*0*; 3(0) = 0. We prove that the solution to the system (1.1) is also generalized Ulam-
Hyers stable. O

We are now interested in the Ulam-Hyers-Rassias stability of our system.

Theorem 4.8. Consider the hypotheses (C'1) — (C3) and let (3.14) hold. Assume
(C4) There exist nondecreasing functions J1,J2 € C(J,R) and Q3,,Q3, > 0, such that forany v € J,

4.11) ISP (r) < Qa,31(7),
and

(4.12) Ig2P2 51 (7) < Qa,32(7).

Then, the coupled system (1.1) is Ulam-Hyers-Rassias stabile concerning J.

Proof. Let (x,y) € Bs is a solution of the inequality (4.2), we have

eDprt |eog |20 )| = i, sien) | < o)

and

eDpp* [eog | 20| 4 aav()] - ). vien)| < oaa).
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Let (x,¥) € Bs be the unique solution of the system

CD(()XJ&AP CDngr’w g1 (j,(;-(z’r)) + )‘X(T) - f1 (T7 X(T>7 }7(57» = VVl (T)7 TE J,

epeze (eppre (IO N4y} gy 5(r), 5(07)) = Wa(r), 7 € J.
g2(7,§(7))

(7) lrmo= %(7) lr—o= 0, ¥'(7) lr—o=x(7) |r0=0,

(7) |r=e, = X(7) |7=¢,= 0, 0 < €1 < ag,

(7) lrmo= ¥(7) lr=0= 0, 7'(7) lr—0=¥/(7) |-0=0,

()lr €= ()|T €™ 00<€2<a2

»l X\

<

So by Lemma 3.2, we have

{»zm = &i(nx(r) F(m)(ﬂW&(x,y)(q)},

7(r) = g(ny(n) [QE () - EEHDT QR 5)(E)]
where
{ R(%,9)(7) = Lg2 PV [ (7, %(7), 9(67)] = MgV x(7),
QR ¥)(7) == Iz 2 [fy(7, 5(7), % (m))]—vIwa (1),
From (3.14) and (4.11) we can write
7) — ar1+p1 ) — B1
= sl < ) (2D SO ) IO PO 5) ) - )l
) — ar1+p1 ) — B1
+M1 (Pﬁ (;p((af Jrgl((lz)l) + |)\|(wr(‘(ﬂ)l +¢1()0)) ) ||(X, y) _ ()7;, }7)||5
(4.13) + M101Q13:1(7).

Therefor,
% = X[loo < Mifl(x,¥) = (%,9)llz + M121Q131(7)-
On the other hand, by (3.14) and (4.12), we have
[y = ¥lloo < A2fl(x,¥) = (%, 9)ll2 + M202Q231 (7).
Then, we may obtain
(4.14) 1%, ¥) = (%, 9)ll= < max{Ay, A2 }|(x,¥) = (%,3)]= + Mo Q33(7),

where

M= maX{M1,M2}7 Q= maX{QTthﬁz}?

Then

MQy N
(4.15) [xy)— &y < *1maX{QA1,A2}" ™,
(4.16) = 0°03().

Hence, the system (1.1) is Ulam-Hyers-Rassias stable concerning J. Similarly, by following the same proce-

dure as before, substituting o* = 1, we can easily see that

(4.17) I6oy) = (%9l < 63(7),

for each 7 € J. Hence, system (1.1) is generalized Ulam-Hyers-Rassias stable.
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5. ILLUSTRATIVES EXAMPLES

Example 5.1. Let us consider the following system.

X\T
DRI (DR () + () ) = Blrx(r). ),
0.45,1) 1.75,9 ( ) _
(5.1) CDO+ CD0+ gg(r ) + %y(T) = fo(7,x(7),y(p7)),
xX(7) |r=1= 0, X'(7) |;21= 0, x(7) |._ 3= 0, 1<e = % <2,
Y(T) |7—:1: Oa y/(T) |T 1* ( ) ‘T:iz 1< €2 = % < 2’
where
J=10,2], a=2, &y =0.75, f; = 1.45, A =0.33, €1 = 3,
ap =045, B =175, v =073, e, =3, E =p= 5, (1) =
Also,
sin(7) [ (190 ) + cos(T)x(T )} + /7 +0.001
(52) fl (T,X(T), Y(gT)) = 62+T + 32 ’
241 9
63) flr (7)) = B [cos(y (7)) + costx(r)| + 0002

For 7 € [0;2] and (x,¥); (X,¥) € R?, we have

1 _ _
—(x—x+ly -7,

fi(r%,y) — (7% 9)] < 2
and

If2(7, %, y) — fa(7,%,7)| < (\X*XI + Iy = ¥D)-
So, we can take

[P, [|oo & 0.099574, £, ~ 0.01406744,
[P, |loe & 0.0574811, L5 ~ 0.0574811.

We also have

cos(x(7))

g1(r.x(7) = 2 and g (7, y(7)) = sin(7)y(7)

er ’

For 7 € [0;2] and (x,y); (X,¥) € R?, we can write

81(r %)~ 21(r, )| < x5
and
82(r.3) g2, 9)] < Iy ~ 31
Hence,
G% ~ 0.0306566, M; =~ 0.0306566,
G5 =~ 0.0432139, M, =~ 0.0432139.
and
A1 =14.367, Ay = 11.625, Az = 8.7096,
Vi1 =15.432, Vo = 14.069, V3 = 8.7096.
therefore,

§ > max (9.6267 x 107°,9.7782 x 1077) .
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So, let’s assume that

We also have
Q1 = 0.58463, Qo ~ 0.98863.

Thus,
maX{Ql,QQ} <1,

and by Theorem 4.6, we conclude that the coupled system (5.1) has a unique solution on [0, 2].

1
Let o1 = 5> 0and g2 = % > 0, as illustrated Theorem 4.6 and by (4.1). If x,y € C([0,2],R) complies
with
1
4 cDo75w 145¢ (T) 99 _ z
(5.4) | (X)) + IOOX f1(r,x(7),y(€7))| < 5
and
(.5) |CD0 45,7 1 751/) (T) L y(€7))| < §
go(1,y(7) 100 7’
there exists a solution x, 7 € C([0, 2], R) of the coupled system (5.1) with
_ 3
I(v1,v2) = (%,3)l= < =7,
which
©* = [1 — max{Q, 2} max{w,, w,} ~ 58.653 > 0.
where,

~ 0.47309
(5.6) “1 = max{w,, ws} ~ 0.66688.
s 2 0.66688

Consequently, the coupled system (5.1) is Ulam-Hyers stable on [0, 2]. Finally, we assume that o* = 0, we
obtain 3(0) = 0. Hence, the system (5.1) is generalized Ulam-Hyers stable.
Lastly, we consider J1(7) = J2(7) = e”. To confirm the condition
IOFTPY 3 (1) < Qa Jn(7),

for @3, >0and k =1,2.
Using fractional integration and simple calculations, we obtain

1 T
57 Iak+ﬂk7¢~ _ / 2 2 _ 2\ap+PBrr d
(5.7) of Jk(7) F(or 50 Jor s(t% —s%) Ji(s)ds
Jk(7) /T 2 2o tbe ~
5.8 < T [ o2 L @yt gs < 53, (1),
(5:8) — Dlag + Br) Jo+ s =57 s < 53k()

1
with Q3, = Q3, =5 > 0and k = 1, 2. Hence, hypothesis (C4) is satisfied and for every g; = 5 and g2 = %

If x,y € C(][0, 2], R) satisfied

69 eogre (oo (D) 4 Boin)) - it vten < 3
and

4 1. y(7) 3 3.
(5.10) |CD0 e <CD 5 (g2<7_7y(7_))> + 100y(7’)> —fo(r,x(7),y(€7))| < e

for 7 € [0, 2], there exists a solution %, ¥ € R? of the system (5.1) such that

||(X’ y) - (Xa y)HE

\UOJ
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where
0 = [1 —max{A;, As}] " Q3 M = 0.43149 > 0.

This implies that system (5.1) is Ulam-Hyers-Rassias stable. Finally, we assume that ¢o* = 1. We can easily
see that

H(X7Y) - ()27 y)”E < 0677

for each 7 € [0, 2]. Hence, coupled system (5.1) is generalized Ulam-Hyers-Rassias stable.

6. CONCLUSION

The current research focuses on exploring the existence, uniqueness and Ulam stability results for a
class of coupled systems for hybrid Langevin fractional pantograph differential equations involving the
1-Caputo fractional derivative subject to non-local and boundary conditions within a Banach space. Our
method for achieve a results the existence of solutions the coupled system relies on the application of Dhage
and Banach'’s fixed-point theorems. On the other hand, we explore stability in the sense of Ulam-Hyers
then that of Ulam-Hyers-Rassias our probleme. To illustrate the practical application of the main findings,
we provide a practical example. As research in this area continues to progress, we recommend further
exploration using generalized fractional derivatives. Furthermore, we have the opportunity to extend our
work by incorporating several recently introduced fractional operators, including the v-Hilfer fractional
derivative, reduced fractional operators, and the compact Caputo derivative. We hope that this article
will serve as a starting point for deeper exploration in these fields. We believe that there are many potential
avenues for further research, including differential inclusion, delay problems, impulsive systems, and many
others.
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