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UNIQUE COMMON FIXED POINT FOR OCCASIONALLY WEAKLY BIASED MAPPINGS OF
TYPE (A) IN ULTRAMETRIC SPACE

IQBAL H. JEBRIL'*, HAKIMA BOUHADJERA?2, ANITA TOMAR3, AND SHIVANGI UPADHYAY*

ABSTRACT. In this paper, we have established the existence and uniqueness of a common fixed point for occa-
sionally weakly biased mappings of type (A) in an ultrametric space employing an implicit function. Our result
accredits us to ameliorate some fixed point theorems specifically Alinejad and Mirmostafaee [2]. In the sequel,
we have provided a novel explanation to a problem of Rhoades [B. E. Rhoades, Contractive definitions and con-
tinuity, Fixed Point Theory and its Applications (Berkeley 1986), Contemp. Math. (Amer. Math. Soc.), 72 (1988),
233-245.] on the question of the existence of contractive mapping having a fixed point at the point of disconti-
nuity in a non-complete ultrametric space via implicit relations. Our theorems and corollaries are improved and
enhanced versions of renowned conclusions wherein completeness and continuity have not been utilized.

1. INTRODUCTION AND PRELIMINARIES

It is noted that the Banach contraction principle is an elementary result in fixed point theory. Later, many
authors have broadened, generalized and enhanced given fundamental result in different ways. Further,
recently, fixed and common fixed point results in different types of spaces have been established.

One of the significant extensions of metric space [9] is an ultrametric space [2] in which the triangle
inequality is enhanced to

d(pa, p3) < max{d(u1, p2), d(p2, pu3)}

and validate it by suitable example. Occasionally the related metric is also called a non-Archimedean
metric.

The discrete metric on any set M is defined by setting d(jt1, 12) = 1 when p; # po. This is an ultrametric,
and there are also more interesting examples.

Definition 1.1. Let X be a nonempty set. A mapping d : X x X — R is an ultrametric on X' if, for all 1,
2, 13 e X:
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o Us: d(p1, ps) < max{d(p1, u2),d(p2, 13)} (ultrametric inequality).

o Up:d(p,p2) >0;
o Uz d(p1, pi2) = d(p2, p1) (Symmetry);
o Ustd(p,pn) =0;
o Uy d(p1, o) = 0then g = po;
)
)i

Then the pair (X, d) is known as an ultrametric space.

Equivalently, the ultrametric version of the triangle inequality says that d(u1, 12) and d(ue, u3) cannot
both be strictly less than d(u1, ) for any pa, po, ps € M.
In particular, the standard metric on the real line does not have this property.

Example 1.2. ([10]) For a € R let [a] be the entire part of a: By
d(z,y) = nf{27" :n € Z,[2"(x — ¢)] = [2"(y — e)]}
(here e is any irrational number) an ultrametric d on Q is defined which determines the usual topology on
Q.
Example 1.3. Let X = R endowed with the metricd : X x & — R such that
d(w,y) = max{lal, lyl}.

then, (X, d) is an ultrametric space.

Example 1.4. Endow the nonempty X’ with the discrete metric

0, ifz=uy;
d(z,y) =
() { 1, ifx#y.

Then, (X, d) is an ultrametric space.

In this paper, we prove the existence and uniqueness of a common fixed point for occasionally weakly
biased mappings of type (A) in an ultrametric space using an implicit function. We start our work by giving
the definition of commuting mappings in a metric space.

Definition 1.5. Two self-mappings P and Q of a metric space (X, d) are said to be commuting if and only if
PQur = QP
for all p1 in X.
In 1982, Sessa [18] relaxed the commutativity to the weak commutativity.

Definition 1.6. ([18]) Two self-mappings P and Q of a metric space (X, d) are called weakly commuting if
and only if

d(PQu1, QPpu1) < d(Pu1, Qua)
for all pp in X

In 1986, Jungck [11] enhanced the concept of weak commutativity by introducing the notion of compati-
ble mappings.

Definition 1.7. ([11]) Two self-mappings P and Q of a metric space (X, d) are called compatible if and only
if
hm d(,PQ:una Q,P/fén) = 0,

whenever {u,,} is a sequence in X such that lim Pp,, = hm Q,un =tforsomet e X.
n—oo
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In 1995, Jungck and Pathak [14] gave a generalization of the above concept of compatible mappings
called biased mappings.

Definition 1.8. ([14]) Let P and Q be self-mappings of a metric space (X, d). The pair (P, Q) is Q-biased if
and only if whenever {u,, } is a sequence in X and Pu,,, Qu, — t € X, then
ad(QPpin, Qpin) < ad(P Qpin, Pin)

if « = liminf and « = lim sup.

Again, the same authors [14], introduced the concept of weakly biased mappings which represents a
convenient generalization of biased mappings.
Definition 1.9. ( [14]) Let P and Q be self-mappings of a metric space (X, d). The pair (P, Q) is weakly
Q-biased if and only if Puy = Quq implies

d(QPu1, Qui) < d(PQpua, Pua).

In 2012, Bouhadjera and Djoudi [6] coined the term occasionally weakly biased mappings which is a
legitimate generalization of weakly biased mappings given by Jungck and Pathak in [14].

Definition 1.10. ( [6]) Let P and Q be self-mappings of a set X'. The pair (P, Q) is said to be occasionally
weakly P-biased and Q-biased, respectively, if and only if, there exists a point p; in X such that Ppy = Quy
implies

d(PQu1,Ppr) < d(QPpu1, Qur),

d(QPuy, Qui) < d(PQpu1, Pu1),
respectively.

Let us return back to 1993, Jungck et al. [13] introduced the concept of compatible mappings of type (A)
which is equivalent to compatible mappings under the continuity condition.

Definition 1.11. ( [13]) Self-mappings P and Q of a metric space (X, d) are said to be compatible of type
(A) if
lim d(QPpin, PPpn) =0, lim d(PQpin, QQpn) = 0
whenever {u,} is a sequence in X such that Py, and Qu, —»t € X.
After two years, Pathak et al. [16] generalized the above notion by giving the concept of biased mappings
of type (A).

Definition 1.12. ( [16]) Let P and Q be self-mappings of a metric space (X,d). The pair (P, Q) is said
to be Q-biased and P-biased of type (A), respectively, if, whenever {u,} is a sequence in X and Pu,,
OQu, —>teX,

ad(QQun, Ppin) < ad(PQin, Qpin),
ad(PPpin, Qpin) < ad(QP pin, Pin),
respectively, where a = lim in f,_,oc and if & = lim sup;, s .
And in the same paper [16], the authors gave the definition of weakly Q-biased of type (A) as follows:

Definition 1.13. ( [16]) Let P and Q be self-mappings of a metric space (X', d). The pair (P, Q) is said to be
weakly O-biased of type (A) if Pu; = Quq implies

d(QQu1,Puy) < d(PQu1, Qpur)-
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In 1996, the notion of compatible mappings was again generalized in [12] by Jungck.

Definition 1.14. ( [12]) Two self-mappings P and Q of a metric space (X', d) are called weakly compatible
if and only if P and Q commute on the set of coincidence points.

In 2008, Al-Thagafi and Shahzad [3] introduced the notion of occasionally weakly compatible (owc)
mappings as a generalization of weakly compatible mappings. While the paper [3] was under review,
Jungck and Rhoades [15] used the concept of owc and proved several results under different contractive
conditions (see [1], [21]).

Definition 1.15. ( [3]) Two self-mappings P and Q of a set X" are occasionally weakly compatible if and
only if, there is a point v in X which is a coincidence point of P and Q at which P and Q commute.

Recently, in 2022, Bouhadjera [5] introduced the concept of weakly P-biased of type (A), and the concepts
of occasionally weakly P-biased of type (A) and occasionally weakly Q-biased of type (A), and showed that
the two last new definitions coincide with our concepts; occasionally weakly P-biased and occasionally
weakly O-biased respectively given in [6].

Definition 1.16. ( [5]) Let P and Q be self-mappings of a metric space (X, d). The pair (P, Q) is said to be
weakly P-biased of type (A) if Pu; = Qu; implies

d(PPpu1, Qu1) < d(QPpu1, Ppr).

Definition 1.17. ( [5]) Let P and Q be self-mappings of a non-empty set X'. The pair (P, Q) is said to be
occasionally weakly P-biased of type (A) and occasionally weakly O-biased of type (A), respectively, if
and only if, there exists a point p; in & such that Pp; = Quq implies

d(PPp1, Qui) < d(QPpua, Pua),
d(QQMhPMl) S d(PQ:ula Q,Ul),

respectively.

In addition that weakly P-biased of type (A) and weakly O-biased of type (A) are occasionally weakly
P-biased of type (A) and occasionally weakly Q-biased of type (A), respectively, it is also clear from the
definitions that if P and Q are occasionally weakly compatible or weakly compatible then P, Q are both
occasionally weakly P-biased and Q-biased of type (A). Therefore, occasionally weakly compatible and
weakly compatible mappings are subclasses of occasionally weakly biased mappings of type (A). The next

example confirms.

Example 1.18. Let X = [0, co) with the usual metric d(p1, p2) = |11 — po|. Define P, Q : X — X by

2 ifuy €10,1 L ifu eo,1
P = M11 L 0.1] Qui=4¢ 45 . € [0.1]
o ifp € (1, 00), B if e (1,00).

We have Py = Qu if and only if p; = % or u; = 2 and
1 1 1 1 8
= — ) < - [ I
0-a(ee). 7)) <a(Pag)ep) - o
that is, the pair (P, Q) is occasionally weakly Q-biased of type (A). However,
1

L =d(Q0(2),P(2)) > d(PQ(2), Q2)) = |,

18
then, P and Q are not weakly Q-biased of type (A).
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On the other hand we have

1 7
1= 4(PP(2),Q2)) <d(QP(2),P(2)) = 5

that is, the pair (P, Q) is occasionally weakly P-biased of type (A). But, as
3 1 1 1 1
that is, the pair (P, Q) is not weakly P-biased of type (A).
Again, we have
1 1 1 1
’PQ(g) =31 # 9= Qp(g)a
1 1
POE) = ; # 5 = QP(2),

that is, P and Q are neither occasionally weakly compatible nor weakly compatible.

Now, recall that a non-Archimedean metric space is a special kind of metric space in which the triangle
inequality is replaced with
d(lu‘la IU’Q) < max{d(lufla ,Ltg), d(ILLS’ ,U'Q)}

Sometimes the associated metric is also called a non-Archimedean metric or an ultra-metric (see [2]).

Example 1.19. Let X = [0, o0) with the ultra metric space

0 ifv; =19

(01, 9) =
(91, 92) {1 if 9, # .

Define P, Q: X — X by

1% if p € [07 1)

Pur =4 ¢ |
{ pa o if p €1, 00),
9 ifpu €[0,4],
Qui =4 4 ifu e (%, 1),
:U‘% lf,qu € [1700)

Now, we have Puy = Quq if g =lor puy = 1
d(QQ(1), P(1)) =d(1,1) =0

d(PQ(l)’ Q(l)) = d(la 1) =0
d(QQ(1), P(1)) < d(PQ(1), Q(1)). But, for 1 — 3

d (QQ(i)m(b) —d (9, 116> _

a(Pafrag) =d (g5 55) =0

Hence d(QQ(5),P(3)) > d(PQ(3), Q(3)) then, P and Q are not weakly Q-biased of type (A); that is, the
pair (P, Q) is occasionally weakly Q-biased of type (A).

Now, we are ready to present our main results.
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2. THE MAIN RESULTS

let § be a family of all continuous increasing functions F : [0,00)® — [0,00) such that F satisfies the
following conditions:

e F(1,1,0,0,1,1), F(1,1,1,0,1,1) and F(1,1,0,1,1,1) € [0,1),
o F(Aw) = A\F(w) where w = (w1, ws, w3, ws, ws,ws) and A > 0.

2.1. A Unique Common Fixed Point Theorem for Four Maps.

Theorem 2.1. Let P, Q, R and S be self-mappings of an ultrametric space (X, d) satisfying the following condition:

2.1) d(Pu1, Qua) < F(d(Ppa, Qua), d(Rpur, Sp2), d(Pua, Rua),
d(Qpua, Spz), d(Ruy, Qua), d(Pp1, Spz))

forall py, po € X, where F € §. If P and R as well as Q and S are occasionally weakly R-biased of type (A) and
occasionally weakly S-biased of type (A), respectively, then P, Q, R and S have a unique common fixed point.

Proof. By hypotheses, there are two points ¥; and 9, in X such that P, = R, implies
d(RRY1,P) < d(PRY1, RY1)

and Qv = S, implies
d(88V3, Qs) < d(Q8VYs, SVs).

First, we are going to prove that P, = Qv,. From inequality (2.1) we have
d(PY1,QY2) < F(d(PY1, QV2),d(RV1,SV2),d(PVI1, RVY:1), d(Qd2, SV2),
d(RY1, QUs), d(PV1, SV2))

d(PO1,QU) < F(d(Pr, Q2), d(Ri1,80),d(Pr, R1), d(Qds, S05),
d(R1, QV2), d(PV1, SY2))

= d(P¥1,Q0s) < F(d(PVr, Q0s), d(Pi1, Q) d(Pr, Pi1), d(Qds, Q)
d(PV1, Qda), d(Pd1, QV2))

= d(Pﬂl, Qﬂg) < d('P’ﬁl, Qﬁg)]‘-(l, 1,0,0,1, 1).

As we know that F(1,1,0,0,1,1) € [0,1) which implies that d(Pv1, Q2) < d(PV1, QV2), a contradiction.
Hence, PY; = Qv; implies that Py = Ry = Qs = S0,

Now, we assert that PP, = Pv;. If not, then the use of condition (2.1) gives
d(PPY1,Q02) < F(d(PPY1, QV2),d(RPVY1,SV2),d(PPVY:1, RPd),
d(Q02,895),d(RPV1, QV2), d(PPY1,SV2))

= d(PPY,Ph) < F(A(PP,P),d(RPY1,P1),d(PPI, RP),
d(PY1,RI1), d(RPI1, P1), d(PPY1, P1)).

d(RPI1,PV)

d(RRY,, Po:)
d(PRY1, R:)
d(PPY1, Po,).

IN
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Also, we have

d(PPY1, RPY4)

IN

max{d(PPV,, P¥1),d(Pvy, RPY:)}
max{d(PP,, PY1),d(PVy, RR1)}
max{d(PPVy, PYy),d(RI1, PRV, )}
d(PPYy, PYy).

IN

Therefore

d(PPY1,P1) < F(d(PPY1,Pd),d(PPV1,Pb),d(PPY1, Pdh),0,
d(PPY1, Pd1),d(PPVY1, PY))

= d(PPY1,P1) < d(PPY,,PV:1)F(1,1,1,0,1,1)

as we know that 7(1,1,1,0,1,1) € [0,1) which implies that d(PPd1, P ) < d(PPV1,PV), a contradiction.
Hence, PP¥, = P;.

Suppose that QQ¥, # Od,. Using inequality (2.1) we obtain

d(PH,QQ02) < F(d(Pd1,Q2Q02),d(R1,SQ0s),d(Pd, Ri),
d(QQ02,5Q1s),d(RI1, QQV2), d(P1,SQV2))

= d(QU5,QQ0,) < F(d(QV, QQV5),d(Qd, SQV5),0,d(QQ0, SQ,),
d(QV2, QQ15), d(QV2, QQ05)).

As the pair (9, S) is occasionally weakly S-biased of type (A), we have

d(§Q03, QY2) = d(SSY2, Q)
d(Q8Y,,SVs)
d(QQ1Y, QY3).

IN

Again we have

d(QQY,,SQYs)

IN

max{d(QQWs, Qv), d(QV», SQI»)}
—  max{d(QQV, V), d(QDs, SS05)}
< max{d(QQVs, QU2),d(SV2, QSV2)}
= d(QQVs, V),

= d(QU2,QQ0>) < F(d(QV2, QQU2),d(QV2, QQ0>),0,d(Q02, QQV>),
d(QU2, QQY>), d(Q02, QQV2))

= d(QU2, QQY>) < d(QV2, QQU2)F(1,1,0,1,1,1).

As we know that F(1,1,0,1,1,1) € [0,1) d(QV2, QQ¥s) < d(Q¥2, QOY5), a contradiction. Hence, Q5 =
QQﬁg So 39192 = Qﬂg,‘ that iS, QP191 = 7)191 and SP191 = P191 Put 'P’l91 = R’l91 = Qﬂg = 5192 = 193,
therefore 13 is a common fixed point of mappings P, Q, R and S.
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Finally, let 5 and ¥4 be two distinct common fixed points of mappings P, @, R and S. Then, 93 = Pi3 =
QY3 = R¥3 = St¥3 and ¥4 = PIy = Q¥4 = RI4 = SY4. From (2.1) we have

d(Pi3,Q0s) < F(d(PV3, QV4),d(RV3,S504),d(PVI3, RVI3), d(QV4, SV4),
d(RV3, QV4), d(PV3,S504))
= d(Pvs, QVs) < F(d(PVs, QV4),d(Ps, Q94),0,0,d(PVs3, Qi4),
d(PV3, Qi4))
= d(Pv3, QI4) < d(P3, Q094)F(1,1,0,0,1,1)

which implies that ¥3 = 4. Hence P, Q, R and S have a unique common fixed point. O

Example 2.2. Let X = [0, co) with the ultra metric space

if 9 =9
dwy,0p) = O H =
1 1f191 #192
Define P,Q, R,S : X — X by

= ifp €10, 2] B if g €10, ],
P =14 & ifmed1) Qu=1{ % ifmeli),
prif g € [1,00), paif g € [1,00)
2 if M1 € [07 21*5]7 4 if M1 € [07 é]
Rup =< B ifpy € (55,1), Spu=19 4 ifp € (5,1)
pd o if g € [1,00), pi o if g € [1,00)

and let F(t1,to, t3, ty, t5,te) = & + 2 4 ko 4 Ula 4 s 4 fo,
Now, we have Py = Ry if i1 = 1or pg = £ and Quy = Spy if pyy = lorpg = %

A(RR(1),P(1)) = d(1,1) =0

d(PR(1),R(1)) = d(1,1) =0
d(RR(1),P(1)) < d(PR(1),R(1)). But, for uy = &

d(RR(;),P(;)) - (2215) _1

d (PR(é),R(é)) —d (215 215) ~0.

Hence d (RR($),P(3)) > d (PR(3), R(3)) then, P and R are not weakly R-biased of type (A); that is, the

pair (P, R) is occasionally weakly R-biased of type (A). Similarly, for p; =1
d(88(1),Q(1)) =d(1,1) =0

d(QS(1),8(1)) = d(1,1) = 0.

Now for yiy = %
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Hence d (S8(3),R(3)) > d (QS8(3),S(3)) then, Q and S are not weakly Q-biased of type (A); that is, the
pair (9, S) is occasionally weakly S-biased of type (A). As we can clearly see that P, Q R and S satisfy the
given condition (2.1). Hence P, Q, R and S have a unique common fixed point at ;1; = 1.

Remark 2.3. We have evidenced common fixed point theorems for two pairs of self mappings in a non-
complete ultrametric space via implicit relations without utilizing continuity or its variant like reciprocal
continuity, weak reciprocal continuity, conditional reciprocal continuity, sub-sequential continuity, sequen-
tial continuity of type (AP), or (AR), and so on (see, Tomar and Karapinar [20]). Further, the weaker
variant of commutativity (see, Singh and Tomar [19]), namely the notion of occasionally weakly R-biased
(k-biased) of type (A) has been utilized for the existence of common fixed point at the point of discontinuity
of self mappings. Consequently, we respond to open question about the survival of contractive condition
which assures the common fixed point at the discontinuity of self mappings in an ultrametric space (see,
Rhoades [17]). Our conclusions extend, generalize, and refine the conclusions of Banach [4], Chatterjea [7],
Ciri¢ [8] and so on to the ultrametric space.

Corollary 2.4. Let P and R be self-mappings of an ultrametric space (X, d) satisfying the following condition:

(22) d(Pu1, Puz) < F(d(Ppr, Puz), d(Ruy, Ruz), d(Pua, Run),
d(PN27R/~L2)7d(RﬂhPN?)ﬂd(PNhRN?))‘

If P and R are occasionally weakly R-biased of type (A), then P and R have a unique common fixed point.

2.2. Implicit Relations. let ® be a family of all functions ¢ : R} — R such that ¢ is non-increasing in
variables t9, t3, t4, t5 and tg, and satisfies the next condition:

(p(ta t7 07 07 t? t) and @(ta t7 ta Oa t? t) and @(t7 ta Oa tv tv t)
are positive for all ¢ positive.
Theorem 2.5. Let P, Q, R and S be self-mappings of an ultrametric space (X, d) satisfying the following condition:

(2.3) o(d(Pp1, Quz), d(Ru1,Spa), d(Ppu1, Ru1),
d(Qua,Sp2), d(Rp, Qua), d(Pui,Sps2)) <0

forall py, po € X, where o € ®. If P and R as well as Q and S are occasionally weakly R-biased of type (A) and
occasionally weakly S-biased of type (A), respectively, then P, Q, R and S have a unique common fixed point.

Proof. By hypotheses, there are two points ¥; and 95 in & such that P9, = Rd; implies
d(RRY1, PY1) < d(PRY1, RY1)
and Q¥ = &Y, implies
d(88Y2, QV2) < d(QSV2, SV2).
First, we are going to prove that P¥; = Qv,. From inequality (2.3) we have

Qp(d(’])/ﬂlv 9192)7 d(Rﬁlv SﬁQ)a d(lp’l?h Rﬁl)a d(Qﬁ27 8192)7 d(Rﬂla QﬁQ)a
d(Pd,892))
= @(d(PI1, Ql2),d(PVy, QI2),0,0,d(PV1, QU2), d(PV1, Qi2)) <0,

which implies that P, = Q9.
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Now, we assert that PP, = Pv;. If not, then the use of condition (2.3) gives

o(d(PPY1, Q¥s), d(RPY1,S892), d(PPY, RPY),d(Q02, S¥s),
d(RPVY1, QY2),d(PPY1,SV2))
= p(d(PPI1,PV1),d(RPY1,PV1), d(PPY1, RPI1),0,d(RPVY1, P1),
d(PPV1,P94)) <O0.
Since the pair (P, R) is occasionally weakly R-biased of type (A) we have d(RPY1, Pd1) = d(RRVY1, P1) <
d(PRY1,RY1) = d(PPV1, PV¥1). Also, we have
d(PPY1,RPVY1) < max{d(PPV1,PV1),d(PI1,RPd)}
= max{d(PPV1, PY1),d(PV1, RRI1)}
< max{d(PPvY1, Pd1),d(RV1,PRY:1)}
= d(PPY1,Pd),

and as ¢ is non-increasing in t,, t3 and t5, we get
o(d(PPVY1, PY1),d(PPY:1,Pd1),d(PPVY1,P),0,d(PPVY:1, P1),
d(PPY1,PV1))
< @(d(PPY1, Pd), d(RPI1, Pd), d(PPVY1, RPY1),0,d(RPI1, Pd),
d(PPY1,PY1)) <0,
which implies that PP, = Pv; and so RPY; = Pv;.
Suppose that QQ¥, # Od,. Using inequality (2.3) we obtain

p(d(Pd1, QQY5),d(RY1,SQY2), d(P1, R ), d(QQVY2, SQUs),
d(R1, QQVs), d(Pt1,SQVs))
= ¢(d(QV2, QQVs),d(QV2,5QV2),0,d(QQV2, SQVs), d(QV2, QQV2),
d(Qi, Q1)) < 0.
As the pair (Q, S) is occasionally weakly S-biased of type (A), we have d(SQ02, QUs) = d(SSV2, QUs) <
d(QS8Y2, SY2) = d(QQ0Y2, QV2). Again we have
d(QQVY2,8992) < max{d(QQVs, QV5),d(QV2,SQV2)}
= max{d(QQVs, QYs), d(QV, SSV2)}
< max{d(QQ¥s, Q9),d(S¥, QSI2)}
= d(QQVs, V),

and since ¢ is non-increasing in t3, t4 and t, we get

©(d(Q02, QQ05), d(QV2, QQV5),0,d(QV2, QQV3), d(QV2, QQV>),
d(QV2, QQV5))

< (d(QV2,QQ03),d(QV2, 8Q02),0,d(QQV2, SQV), d(Q, QQWs),
d(QV2,8Q105,)) < 0,

which implies that QQ¥; = Qs and so SQU; = QUy; that is, QPY; = Py and SPY; = Pd;. Put
P = R = Qy = Sy = V3, therefore 93 is a common fixed point of mappings P, Q, R and S.
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Finally, let 5 and ¥4 be two distinct common fixed points of mappings P, @, R and S. Then, 93 = Pi3 =
QY3 = RI3 = St¥3 and ¥4 = Py = QY4 = RI4 = SVY4. From (2.3) we have

©(d(PVy, QU3), d(RI4, SV3), d(P4, RV4), d(Q¥3, SU3), d(RY4, QU3),
d(PV4,SV3))
= p(d(V4,73),d(04,73),0,0,d(04,73),d(04,73)) <0
which implies that ¥3 = 9,. O
If P=0Qand R = S then

Corollary 2.6. Let P and R be self-mappings of an ultrametric space (X, d) satisfying the following condition

(24) o(d(Pu, Puz), d(Rur, Rpz), d(Pu1, Ru),
d(P,UQa RM2>7 d(RMh PMQ)) d(P,LL]_ 3 RMZ)) S 0

forall 1, po € X, where ¢ € ®. If P and R are occasionally weakly R-biased of type (A) , then P and R have a
unique common fixed point.

Conclusion. We have established the existence and uniqueness of a common fixed point of two pairs of
occasionally weakly biased of type (A) mappings which are not even continuous at a common fixed point
in a non-complete ultrametric space via implicit relations. It is interesting to see that an ultrametric space is
fascinating, generalized, and more distinct than a usual metric space due to the enhanced triangle inequality
which says that d(u1, p2) and d(ue, ps) can not both be strictly less than d(u1, p3) for any w1, po, p3 € M.
However, the standard metric on the real line does not have this property. Our theorems and corollaries are
sharpened versions of the well-known results, wherein completeness and continuity have not been utilized
to prove a common fixed point. Example 3.1 substantiates the utility of these extensions. Consequently,
we have provided a novel explanation to the Rhoades problem [17] on the question of the existence of
a contractive mapping having the fixed point at the point of discontinuity in a non-complete ultrametric
space.
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