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NEUTROSOPHIC COPSON TYPE ROUGH Z-STATISTICAL CONVERGENT SEQUENCES

MANPREET KAUR!, REENA ANTAL'*, AND MEENAKSHI CHAWLA?

ABSTRACT. The main objective of work is to study the concept of rough Z-statistical convergence for Copson-
transformation in the setup of neutrosophic normed spaces by considering algebraic and topological properties of
the set of rough ideal statistical limit points for Copson transformation sequences. We also defined the set of rough
Z-statistical cluster points and investigated some properties for the sequences using Copson-transformation.

1. INTRODUCTION

The Copson operator is a relatively lesser-known but intriguing operator in the study of sequences and
series, named after the mathematician Copson [11]. It is utilized in the theory of summability for both series
and sequences. Recently, Roopaei [25] has explored the spaces ¢y(C"), ¢(C") and /,(C™) using the Copson
square matrix of order n. This investigation focuses on all sequences whose Copson transformation results
in sequences y = (y;) belonging to as sequence spaces cy, ¢, £, respectively i.e,

o) (’n—‘rk—j—l)

~ronN o T k—j ~
n(c") = y—(yj)ew'jlggo ;w Yk €1
=J
for n € {co,c, £}
Steinhaus [29] and Fast [14] originally developed the concept of statistical convergence. This idea was
later revisited and expanded by Schoenberg [26] with the inclusion of natural density. The natural density
T

of a subset T}, of natural numbers, represented as D(T},), is defined as D(T},,) = lim — such that |T,,|
n—oo n

represents the number of elements in T, = {r € N : r < n}. A sequence w = (wy) is considered to be
statistically convergent to wy if for every e > 0, the natural density of set {k € N : |wy, — wyg| > €} is zero.

Phu [24] initially proposed the concept of rough convergence for sequences in finite-dimensional normed
linear spaces. Subsequently, Aytar [4] introduced the concept of rough statistical convergence, further gen-
eralizing the idea using natural density. Further research includes studies on double sequences [20], triple
sequences [13], lacunary sequences [16], ideals [23], and various spaces [1-3, 8].

Kostyrko et al. [18] introduced the concept of ideal convergence (Z-convergence) by extending statistical
convergence through the use of ideals. For further information, see [5-7,17,19]. Utilizing the concept of
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ideals, Das et al. [12] defined a new generalization in 2011 called rough ideal statistical convergence in
normed spaces.

Smarandache [28] suggested neutrosophic sets, a new generalisation of intuitionistic fuzzy sets. This
concept is also used to define neutrosophic metric spaces [15] and neutrosophic soft linear spaces [9]. Bera
and Mahapatra [10] started the notion of a neutrosophic norm and established several sequential concepts,
such as convergence and Cauchy. Recently, Kirisci and Simsek [15] expanded the statistical convergence
and its properties in neutrosophic normed spaces (NNS).

The present research work on the idea of combinded concept of rough Z- statistical convergence using
Copson operator on NNS is inspired by notable developments in the field of NNS in recent years. Some
important ideas, including topological and algebraic ideas, have been presented and precisely defined.
The next section presents the fundamental definitions required for the progress of the study. Sections 3
and 4 focus on all important results of the study. Specifically, Section 3 introduces a rough Z-statistical
convergence using the Copson operator on the NNS. This section also establishes algebraic and topological
properties such as convexity and closedness for the set of rough Z-statistical limit points associated with the
Copson operator. In Section 4, the concept of rough Z-statistical cluster points using the Copson operator
on the NNS is established, and the relationship between the limit points and cluster points is examined.

2. PRELIMINARIES

This section provides a comprehensive review of the essential definitions required for our study. Ini-
tially, we examine the neutrosophic normed space (NNS), which was defined by Kirisci and $imsek [15]
utilizing ¢-norm [27] and ¢-conorm [22]. Furthermore, we address the established statistical convergence of
sequences on the NNS.

Definition 2.1. [15] Consider N' = {p,s(p),v(p),7(p) : p € W} as a normed space such that ¢,v,7 :
WxR* — [0, 1], Wbe a vector space and &, ® are continuous ¢-norm and continuous ¢-conorm respectively.
Then, tuple W = (W, N, ®, ®) is said to be neutrosophic normed space (NNS) if the following conditions
are satisfied for every 4,7 € Wand s,¢£ > 0and o # 0

(1) 0 <<(u,t),v(u,t),7(a,t) <1foreveryt € RY;

() s(a,t) +v(a,t)+ 7(a,t) < 3fort € RY;

3) <(a,t) =1,v(a,t) =0and 7(a,t) = 0 fort > 0iff u = 0;

i, t)

t
4) ¢(u,t) =0,v(u,t) =1and 7(a@,t) =1 fort < 0;
) s(au,t)=¢ (1], ﬁ) ,u(at,t) =v (11, th) and T(at,t) =T (11, ﬁ),

t
6) s(a,s)®s(a,t) <c(a+0,s+t);
(7) <(@, @) is continuous non-decreasing function;
(8) v(u,s)@v(v,t) >v(u+0,s+1t);
(9) v(u, ®) is continuous non-decreasing function;
(10) 7(a,s) @ T(0,t) > (4 + 0,5+ t);
(11) 7(a,®) is continuous non-decreasing function;
(12) limgyoo s(@yt) = 1, lims—y 00 v(@, t) = 0 and limy—, oo 7(a, t) = 0.

Here, (s, v, 7) is the neutrosophic norm on W.
Example 2.2. [15] Take (W, ||.||) as a normed space. For all ¢ > 0 and @ € W, if we take

@) s(:t) = stzy » v(t) = Ayl and 7(i;¢) = L2l when ¢ > |,
(ii) s(@;t) = 0, v(

u;t) =1and 7(a;t) = 1 when t < ||a|.
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Along with a1 ® ae = apaz and a1 @ ag = a1 + @ — aqaz for ag, s € [0,1].
Then, tuple W = (W, N, ®, ®) is a NNS.

Definition 2.3. [15] A sequence w = (wy) from NNSW = (W, N, @, ®) is said to be statistically convergent
with respect to norm (s, v, 7) if for e > 0 and 7 € (0, 1) there exists £ € W such that

1 . - .
lim — |{k<mn:clwp—&e)<1—norv(w, —E&e)>norr(w, —& ) >n} =0,

n—oo N

ie D{k e N:g(wy —&,e) <1—qorv(wy —& ) >qorr(wy — & ) >7}) = 0.

3. ROUGH IDEAL STATISTICAL CONVERGENCE USING COPSON-TRANSFORMATION ON NNS

In this section, we define the concept of rough statistical convergence and rough ideal statistical conver-
gence with the help of a Copson transformation of a sequence y = (y,,) on NNS as follows:

o (’I’L+’I’ﬂ*]:71)
F=Cyy = lm |3

ey W Yms

m=j m

and then proved some significant results. For the sake of mathematical writing convenience, we will write
w = C"(ym) = (W) throughout the paper.

Definition 3.1. Let W = (W, N, ®,®) be NNS, w = (wy), Copson transformation sequence is said to be
rough statistical convergent to £ € W with respect to norm (s, v, 7) for 7 > 0 if for every ¢ > 0 and 77 € (0,1)
1 ~ = - = ~ ~ = -

lm —|{k <n:g(wp —&r+e) <1—rqorv(wg —&r+e)>qorm(wg —&r+e)> 0} =0,

n—,oo M
or
Dk eN:¢(y —&r—+e) <1—qorv(@y —&r—+¢e)>for (W — & +¢) > 7)) =0.

r=stc v, x

Itis denoted by wy, —————— £orr — st(c ., — lim wg = f Here, r denotes the degree of roughness.
y (so,m) = 0 g g

Let st(¢,v,r) — LIM, denotes the the set of all rough statistical limit points of the sequence w = (wy).

Remark 3.2. For r = 0, the notion rough statistical convergence is equivalent to the statistical convergence
sequence w = (wy) on NNS.

The r — st (¢ ., -)-limit of Copson-transformation sequence may not be unique on NNS. So, consider the

r=stcu,r)

set of rough statistical limit points of w = (wg) as st( ) — LIMg = F Wk &| . Any sequence

w = (W) is 7(¢ ) -convergent if LIMZT'}(:’U’T) #£ (), where
LIM:%(:,U,T) _ [g* cW - @k T(e,v,7) é*} .

Example 3.3. Consider (W, ||.|) as real normed space. For every ¢ > 0 and for all w € W, take

¢(w,t) = m, v(w,t) = t+\1\zﬁll and 7(w,t) = ﬁ Then, W = (W, N,®,®) is NNS. Consider a

sequence W = (W) as
_ (1) ifk #n?
WE =
k ifk=n?.
Then wy, = (-1,2,3,1,5,6,7,8,—1......... ) and clearly for every e > 0 and 77 € (0,1)

1 ~ - - = - ~ - .
lim —|{k <n:s(wp —&r+e)<l—norv(w, —&r+e)>norr(wg —&r+e) >} =0.

n—,oo M
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Also,
st — LIML = 0 rel
(s,0,7) W [1—7r—1] otherwise.

For unbounded sequences, LI M;%E:‘,U,T)

convergent. Above example justifies that Copson-transformated sequence is rough statistically convergent

= (. But st( . ) — LIMj # 0, so sequence is rough statistical

but may not be rough convergent.

Definition 3.4. Let W = (W,N,®,®) be NNS, w = (wy,) in W is said to be Z-statistically convergent to
€ € W with respect to the norm (s, v, 7) if for every ¢ > 0,7 € (0,1) and § > 0

1 ~ -
{nEN:E\{kSn:g(@k—g;a)S1—ﬁ0rv(ﬁk—§;5)2ﬁor

(W — &e) > 7} > 6} e T

I—-st(cu,r). x

3

Let T — st .7y — LI Mg, represents the collection of all ideal statistical limit points of sequence w = (wy).

It is denoted by wy,

Next, we consider rough ideal statistical convergence using Copson-transformation of sequences in neu-
trosophic normed spaces.

Definition 3.5. Let W = (W, N, ®,®) be NNS, w = (wy) in W is said to be rough Z-statistically convergent
to & € W with respect to neutrosophic norm (s, v, 7) for some non-negative number r if for every ¢ > 0,
7 € (0,1) and § > 0 satisfies

1 ~ e - ~ = .
{nGN:5|{k§n:g(wk—§;r+s)§1—norv(wk—§;r+s)2n

or 7(Wy — &7 +¢) > 7Y > 6} e .

r—I—stc,v,r) =

Let Z—st(c v, —LIM, represents the collection of all rough ideal statistical limit points sequence w = (wy,).

It is denoted by wy,

Remark 3.6. For r = 0, notion of rough Z-statistical convergence agrees with Z-statistical convergence on
NNS.

Example 3.7. Let (W, || .||) be a real normed space. For every ¢ > 0 and for all w € W, define ¢(w,t) =

T (@, 1) = gy and 7(@,1) = it Then W = (W, N, @, ®) is NNS. Consider admissible ideal
Ip = {A € Nwith D(A) = 0}. Define w = (wy,) such that
~ k, ifke A
W =
g (=1)k, otherwise.
Then,

, 0 r<l
T - St(g,v,r) — LIka = { [

1—r,r—1] otherwise.

Hence, T — st(¢ ) — LIME # 0.

Definition 3.8. A sequence w = (wy) on NNSW = (W, N, &, ®) is said to be 7 statistically bounded (Z-st
bounded) if fore > 0, 77 € (0,1) and ¢ > 0, there exists £ > 0 such that

1
{neN:H\{kgnzg(@k;K) <1-—qorv(wg;K)>norr(wg; K) >n} >} €.

We get the following results for w = (wy) sequence using above mentioned definitions on NNS.
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Theorem 3.9. Let W = (W, N, ®, ®) be NNS with neutrosophic norm (s, v, 7). A sequence w = (wy,) from W is
Z-st-bounded iff T — st(¢ o ry — LIM # 0 for some r > 0.

Proof. Necessary Part:-
Consider any sequence w = (wy,) which is Z-st-bounded on NNS W = (W, N, ®, ®). Then, for every ¢ > 0,
€ (0,1),6 > 0 and some 7 > 0, 3K > 0 such that

{neN: %Hkﬁn:g(@k;K) <1l-—norv(wg;K)>norr(wg; K) >n7}| >} €L
As 7 an admissible ideal, therefore M = N\ A # (), where

A= {nGN: %|{k§n:g(ﬂ7k;lC) < 1—7qorv(wg;K)>nor7(wg; K) > n} 25}.
Take n € M, then

1
— Ik < n (W K) <1 =17 orv(wg; K) 2 7 or 7(wi; K) 2 n}| < 6.

3.1) — % k< n (@ K) > 1 — i and v(@; K) < i or (@ K) > 7} > 1—0.
Let B, = {k < n:¢(wi;K) > 1—nand v(wg; K) < 7 and 7(wg; K) < 77}
Also for k € B,,
S(wg;r + K) > min{s(0,r), ¢(wg, K)}
=min {1, ¢(wg; K)}
>1—=1,

v(ig; 7+ K) < max {v(0, ), v(@k, K)}

= max {0, v(wy; K)}

<1,

7(w;r + K) < max {r(0,r), 7(w, )}

= max {0, 7(w; K)}

<1.
Thus, B, C {k <n:s(wg;r+K) >1—n,v(w;r+K) <f,7(we; r + K) <7}
Using (3.1), we have

B, 1 ~ . . _
1-6< % < ﬁ|{k§n:<(wk;r+lC) >1—q,v(wg;r+K)< 7, 7(we;r + K) < 7} .

Consequently,

%|{k§n:g(@k;r+lc) <1—qorv(wg;r+K)>nor7(wyr+K) <ni}| <o.
Forn e N,

%Hkﬁn:c(wp;r—i—lC) <1—qorv(wp;r+K)>qgorr(wg;r+G)>n} >4

Hence, 0 € T — st(¢,,,,-) — LIM}. Therefore, T — st ,, -y — LIM} # 0.

Sufficient Part:-
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LetZ—st(c o —LIMg # () forsomer > 0. Then, there exists some ¢ € Wsuchthat{ € T—st () —LIME, .
For every e > 0 and 7; € (0,1), we have

1 - ~ - - ~ ~
{neN: —[{k<n:qwp—&r+e)<1l—qorv(wg—&r+e)>nqor
n

T(Wg;r+e) <n} >0} el

Therefore, almost all @;,’s are enclosed in a ball with centre ¢ on NNS, which imply that @ = (@) is Z-
statistically bounded on NNS. O

Further, we present the algebraic characterization for rough ideal statistical convergence on NNS.

Theorem 3.10. Let v = (vy,) and w = (wy,) be two sequences on NNS W = (W, N, @, ®), then
~ r—I—st S,U,T

vy pe TI=5t(c v ) = ~
(ii) if Uy, e and oy,

€and 8 € R then By, i SR BE.

T*If‘st(ngﬂ.) T‘*I*St(g‘vﬂ.)
—— v,

E+9p)
r—T—st(c v.» ~ . ~
Proof. (i) If 8 = 0 then the result is obvious. So, assume 3 # 0. As Wy #> ¢ then for given 77 > 0

and r > 0. Consider A € 7 where

p then (vy, + wy,)

1 — - L = N ~ = .
A={neN: ;|{k; <n:g(wg —&r+e)<1l—qnu(w —&r+e)>norm(w, —&r+e)<n}t|>0}.
As 7 an admissible ideal, therefore M = N\ A # (. Choose n € M, then

1 - ~ ~ ~ ~ ~ N
E‘{kgn:g(wk—f;r+5)§1—ﬁorv(wk—f;r+€)2ﬁorr(wk—§;r+€)<n}‘ < 0,

1 ~ - N ~ - ~ ~ = -
—‘{kgnzg(wkff;r+5)>1fnorv(wk—E;r+s)<nor7(wk—§;r+s)<n}‘21—5.
n

1
(3.2) S ﬁ'B"| >1-4.
Where
Bn:{kgn:§(@k—f;r+£) >1—7,v(W —&r4¢e) <7, 7(T) — &1 +€) <ﬁ}.

It sufficent to demonstrate that
B, C {keN:c(Bib, — B€i7 + ) >1 = i, 0(Bi, — B 7 +2) <il, T(Biy — B +€) <7}

LethBn,thenq(iEkfg;rJr&?) > lfﬁ,v(i[)kfg;rJre) <ﬁand'r(ﬁkf§~;r+€) <.
Then,

(B — BEr+¢) =< (fak ¢ W)

> min {c({ﬁk—&r—i—fs),c(o,r{gf—(7“+5))}

> min {g(ﬁk —&r +e), 1}

zc(@k—é,r+5)>l—ﬁ7
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U(ﬁ?ﬂk—ﬁér-*-f):v(ﬁk—f,r+5)

18l
< max {U(ak —&r+e)v <0,T|;€ - (r+6))}
< max {v(@y, — L, +¢), 0}
= (W — &7 +¢) < 7.
and (B — B +e) =T (wk -¢ T|;|E>
< max {T(wk —&rte)T (O’TIJ;WE - (r+€))}

< max {T(zﬂk —&r+ 5),0}
= 7(Wg —g,rJrs) <.
which gives;
B, C{k € N:¢(Bwy — &+ ) > 1 — i, (B, — BE T +¢e) < i, 7(BWk — B+ £) < ij}.
Using (3.2), we have

|Bu|
n

1-0<

< Tk < s(Bi — Bir ) > 1~ A v(Bilk — B +e) <7
T(Bwn — & +€) <7},
Consequently,
%I{kénw(ﬁﬁk—ﬁf;ﬂw) < 1—ijorv(Bwy — BE T +€) > 1,
or T(Bwy — p&;r +¢€) >N} < 0.

Then ) i i

{neN:ﬁ|{k§n:§(5@k—ﬁ§;r+a) <1-—norv(fwy—pEr+e) >,

or T(fwy — p&;r+e) >N} >0 C Ae .
r—T—stc s =

BE.

Therefore, Swy,

(ii) By similar way, we can prove (ii) part. O
Next, we will show the set 7 — st ., ) — LIM, is closed.

Theorem 3.11. The set T — st(. -y — LIMg, of Copson transformation sequence w = (wy,) is a closed set on NNS
W= (WN, &, ).

Proof. T — st 4,7y — LIMj = 0 then T — st ,, ;) — LIMJ is either {) or singleton set.

Assume T — st( 7y — LIME, # () for some r > 0.

Consider z = (z},) be a convergent sequence in W = (W, N, &, ®) with respect to (s, v, 7), which converges
toxzg € W. Fore > 0 and 7 € (0, 1) then there exists pg € N such that

~ € s € o € .
C(xk—xo;§> > 1—n,v<:ck—x0;§) <77,T(Ik—560;§) < nforall k > pg.

Take 7, € T — st(¢v,r) — LIMF with p; > pgand ¢ > 0 such that

1 ~ - - ~ ~ -
A:{nEN:—|{k§n:g(wk—$pl;r+§)Sl—norv(wk—zm;r—kg)zn,
n

orr(@k—fpl;r—kg) >} > 6} el
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Since 7 an admissible so M = N\ A # (). Choose n € M, then
1 SO € . - € -
—[{k <@ = Fpir+ 5) S V=qorv(@ = Tpsr+5) 2 1)

or 7@ — Fpyi7 + 5) Z 7} < 4.

1 ~ ~ € N . - € N
:>ﬁ|{k§n:§(wk—xpl;r+§) > l—n,v(wk—xpl;r+§) <17,
SO € .
T(’w}c—xpl;?“-‘r§) <nH >1-46.

~ ~ € - ~ ~ g
LetBn:{kgn:g(wk—zm;r+§) >1—7],U(wk79:p1;7’+§) <1,

e

) <k

T(W — Tpy ;7 +
For j € B,, and j > pg, we have

_ , L € - €
s(w; — xo;r +¢€) > min {g (wj —Tp;7T+ 7) ,S <;vpl — Zo; 5)}

2
>1—-1,
~ JU € . €
v(w; — xo;7 +¢) < max {v (wj—xpl;r%-i)w(xpl —x0;§>}
<1,
~ JU € - €
T(Ww; — 2037 +¢€) < max {7’ (wj—xpl;r+§>,7(xpl —x0;§>}
<.

Therefore,

je{keN:g(wg —xzo;r+¢e)>1—n,v(Wg —xo;7+¢) <0, 7(Wk —xo; 7+ ) <7}
Consequently,

B, C{keN:¢(w —xo;7 +¢€) >1—q,v(W —x0;7 + &) < 7, T(Wg — To;7 +€) <7}
which implies

B, 1 ~ L~ . -
1o Brl < Lk < @y — i 2> 1 - 0@~ s+ )< 7 — o +2) <.

Therefore,
1 - -
—H{k<n:¢(Wp —xp;r+e) <1—qorv(wg —xze;r+¢) >1
n
or T(Wy —xo;T+¢) >N} <1—(1-46)=34.
Then
1 . ~
{neN: —|{k<n:¢(Wy —x0;r+¢) <1—norv(W —xo;7+€) > 17 o0r
n
T(Wg — xo;7r+€) >N} >0t C AeT,
which shows that zg € Z — st(¢ ;) — LIMZ in (W,N,®,®). O

The convexity of the set 7 — st(. ,, ;) — LIM; is explained as below.

Theorem 3.12. The set T — st(¢ ) — LIMg, of Copson-transformation sequence w = (wy) on NNS W =
(W, N, ®,®) is a convex set for some non-negative number r.
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Proof. Let 1,02 € T — st(¢ .y r) — LIMZ, . For convexity we have to show that
(1 — /\)@1 + Ap2 € — St(g’uﬂ.) — LIM%

for any real number A € (0,1).
Since 1, p2 € T — st(cv,r) — LIM, , then there exists k € N for every e > 0 and 77 € (0, 1) such that

~ r+e - ~ r+e -
M, ={keN g(wk @1,2(1_>\)>1 norv(w;€ @1,2(1_/\)>n

~ r+e¢ -
— - >
or T (wk ©v1; 2(1 _)\)) 2z 77}’

- r+e - ~ r+e -
= . — L < - - 3 >
My ={keN §<wk P23 53 )1 norv<wk P25 5y )?7

and

- r4+e
— Yo ——— ) > P,
orT(wk ©2; ) )77}
For § > 0, we have
1
{neN:|{k<n:k€M1UM2}>5}eI.
n
Now, choose 0 < §; < 1suchthat0 < 1 —4; < 6. Let

A:{nEN:1|{k<n:k€M1UM2}|>51}€I.
n

Forn ¢ A )
ﬁ|{k§n:k€M1UM2}|<1—51.
1
7|{]€§TL]€¢M1UM2}|Z(51
n

This implies {k <n:k ¢ M; UMy} # 0.
Letj € (MoU M;)¢ = M N M.
Then
(@ =[(1 = N1 + Apalir + &) = [(1 = N)(@; — ¢1) + M@; — p2);7 + €]

min {q <(1 — N (w; — p1); T;€> NS <>\(171j — 2); r;re)}

. _ r+e - r+e
(o) (o)

>1- n,
v(;=[(1 = A1 + Apalir + ) = v[(1 = \)(w; — 1) + A(w; — pa);7 + €]

max {v ((1 — \)(@W; — ¢1); r—;z—:) U (A(iij — p2); ng)}
— max {v (ﬁj —¢1;m> X (@j _902;7;\6)}
T(mj_[;,’f A1+ Apalsr +e) = 7[(1 = A)(w; — 1) + Mwj — @2); 7 + €

e {T <(1 A e hz%) "’ <A@j —2); r;€>}

- r4+e - r4+e
o (o (5wt s 5)

<n.

v

IN

IA
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This implies M{ N M5 C B¢ where

B={keN:¢(wr — [(1 =N)p1 + Apa];r+e)<1—qorv(wg — [(1 =A)e1 + Ap2];7 +€)>7)

or 7 (Wg, — [(1 =N)p1 + Apa];r + ) > 7}
Forn ¢ A,
51 < [k <nip g MyUMY < (b <n: kg B
or

l|{k§n:keB}|<1—61<5.
n

Therefore, we obtain A° C {n € N: = [k <n:k € B| <d}.
Since A° € F(I),then {n e N: 1|k <n:ke B|<d} € F(I),
ie{neN:L|k<n:keB|>d} e Thisimplies thatZ — st(c, ) — LIM} isa convex set. O

Theorem 3.13. A Copson-transformation sequence w = (wy) on NNS W = (W, N, ®, ®) is rough I-statistically
convergent to p € W with respect to norm (s, v, T) for some r > 0 if there exists a sequence z = (z) in Wsuch that
T — st(cu,r) — LIMz, = pin W and for every 7 € (0, 1) we have (wy, — Zp;r +¢) > 1 — 7, v(wy — 237 +€) <
0, 7(Wg — Zk;r +¢€) < 7 forall k € N.

Proof. Since z = (%) is a Copson-transformation sequence in W, which is Z-statistically convergent to
p € Wand ¢(wy, — zk;r +¢) > 1=, v(Wg — 2k; 7 +¢) <7, 7(W — 23 +¢) <7 forallk € Nand 77 € (0,1).
By definition, for any €,6 > 0 and 77 € (0,1), we have

1 ~ ~
{nEN:E\{kﬁn:c(zk—p;s)Sl—ﬁorv(zk—p;s)Zﬁ
or 7(z — pie) = N}| = 0} € L.

Define

My ={keN:¢(zy —p;e) <1—1qjorv(zx — p;e) > for (2, — p;e) >0},
My ={k e N:g(wy —2zp;r) <1 —norv(wy — zp;7) > for 7(W, — Zx;7) > 7}
For § > 0, we have
{neN:ingn:keMlUMg}zé} cT.
take 0 < 07 < 1suchthat0 <1 —4§; <. Let

A:{nGN:1|{k<n:k€M1UM2}|>51}€I.
n

Forn ¢ A
1
E|{k§n:k€M1UM2|}<l—51

1

Thus, {k <n:k ¢ M; UMy} #0.
Let j € (M U My)® = Mg N Mg
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Then
s(wj —pir+e) = min {(w; — zj;7),<(2; — p;€)}
>1-1,
v(w; —pir+¢e) < max {v(w; — zj;7),v(z; — pie)}
<1,
T(wj — pir+e) < max {r(w; - zj;7),7(3; — p;e)}
<.
Therefore, M{ N M§ C B¢, where
B={keN:o(@—pr+e) < 1—ijor vl@— pir+e) 2 70 m(@ — pir+) 2 i},
Hence, forn ¢ A,
b < ik <nehganuan) < Lk <nikg BY)
or
%|{k§n:keB}|<1—61<6.
Therefore, we obtain A° C {n € N : ilk<n:keB| < 6} Since A° € F(I), then
{neN:L|k <n:ke B|<§}eF(T), whichimplies {neN:1|k <n:ke B|>6} €T

Finally, @, """y 5 on NNS W = (W, N, &, ®). 0

Theorem 3.14. Let w = (wy,) be a sequence on NNS W = (W, N,®,®). There does not exist two elements
£1,6 € T — st(g,v,r) — LIMY for r > 0 and ) € (0,1) such that ¢(€1 — &xsér) < 1 —qorv(E — Eyer) >
for (& — &y r) > 7 for ¢ > 2.

Proof. If possible, suppose there exists two elements &;, & € Z — st(sv,r) — LIMF such that
(3.3) (&1 —&iér) <1—dqjorv(6y — &iér) > for (& — er) > 7 for & > 2.

As&,& el — st(c,v,r) — LIM; then for every ¢ > 0 and 7 € (0, 1). Define,

%

M1:{k€N:§<@k*§~1;r+g) gl—ﬁorv({ﬁk—&;r+%> 7

OTT(@k—él;T-i-%) >0}

MQZ{kGNZ§<wk—é2§T+g) Sl—ﬁorv(@k—ég;r—&—i

o
2)—’7

or7'<@k—£2;r+%) > 17}
Then,
1 1 1
E|{k§n:p€M1UM2}|gE|{k§n:p€M1}|+E|{k§n:p€M2}|.

By the property of Z-convergence, we get

1 1
IT—lm —{k<n:peM UM} <T- li_>m E|{k§n:peM1}\

n—oo N
1

+Z— lim —{k<n:pe My} =0.
n—o0o N

Ford >0
1
{nEN:n|{k§nEN:keM1UM2}|25}EI.
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Now choose 0 < §; < 1suchthat0 <1 —§; < 4.
Let

1
A:{neN:n|{k§n:keM1UM2}|251}eI
Forng¢ A )
E|{k§n:k€M1UM2}|<1761
1
E|{k§n:k¢M1UM2|}Z51~
This implies {k <n: k ¢ M; UMy} # (. Then for k € M{ N M§ we have

§<€~1—€2;2T+6) > min {g (@k—§2;r+%>’g<@k_§1;7«+§>}

> 1=,
U(El —52;27“4-6) < max {v (@k—éggr—i—%) ,U(ﬁk—glﬂ“-*-%)}
<,
7-(51 —52;27“4-6) < max {T (wk—é;r—i—%) ,T(@k—élﬁ“-*-g)}
< 7.
Hence,
(3.4) §<§~1 —52;27”+5) > 1—77771(51 —52;2?”+s) < 77,7<€~1 —52;27"—#5) <.
Using (3.4), we have

S (51 —52;57“) >1-n,v (51 —52;57") <n,T <§~1 —52;67“) <7nforé>2
which leads contradiction to (3.3). Hence, there does not exist two elements such that g(gl — & ér) <
1 —fqjorv(é — &;ér) >qor (& — &y ér) > ij for & > 2. O

4. ROUGH IDEAL STATISTICAL CLUSTER POINTS FOR COPSON-TRANSFORMATION SEQUENCE ON NNS

Definition 4.1. Let W = (W, N, &, ®) be NNS. Then ¥ € W is called rough Z-statistical cluster point of the
sequence w = (wy) in W with respect to norm (s, v, 7) for some r > 0 if for every ¢ > 0 and 77 € (0,1)

Dz({k e N:q(wy —3ir+¢) > 1 —qv(w — ;7 +¢) <, 7(W, — 37 +¢) <7}) #0,

1
where Dz(A) =7 — lim — |{k <n:p e A}|if exists. In this case, 7 is known as r-Z-statistical cluster point
n—oo N

of a sequence w = (wy).

Let Fsrt((g)v - (wy,) indicates the set of all r-Z-statistical cluster points with respect to the norm (s, v, 7) of a

sequence w, on NNS W = (W, N, @, ®). If r = 0, then the notion stands for only Z-statistical cluster point
with respect to the norm (¢, v, 7) on NNS W = (W, N, ®, ®), symbolically; I" St(q Y T)(wk) =1z ) (W)

st(s,v,T
In the next result, we have derived the closedness of the set )

stiew - (w) for sequence wy, in W.

Theorem 4.2. The set """ (wy,) of Copson- transformation sequence w = (wy) on NNSW = (W, N, @, ®) is

st(s,v,T)
closed for some r > 0.

Proof. 1f Fsrt( c)v - (wy) = 0, then the result is obvious.
Let 7%

st(cv,7) (wg) # 0. Consider z = (z)) be Copson-transformation sequence such that

@ < 7D, (@) and 7 = .
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To prove closedness, it is sufficient to show that xo € I’ t((g)v - (Wg).

As 7y, M xo,then for every ¢ > 0 and 77 € (0, 1), there exists p. € N such that

§(xk_x072)>1 ﬁav( $0,2)<7], (Ek—xo;%)<ﬁfork2p5.
Choose some pg € N such that pg > p.. Then, we have

3

=) <.

e
>1_n7 (‘rpo_xO;* 9

$(Tpy — o; 2) <1, T(Tp, — To;

2)
; ~_ (= (Z) ~ ~ (Z) ~
Againasz = (zy) C Fst(guﬁ)(wk), we have 7,,, € I’ st(ow T)( k)

— DI({kGN:§<ﬁk—§po;r+§) >1—ﬁ,v(@k—@,0);r+%) <1,

1) 7 (@ =T )ir+5) <) £0
Consider
A:{kEng(wk xpo,r+2>>lfn, ( 5p0;r+g)<f],7'( xpo,r+2)<77}

Choose j € A, then we have ¢(w; — Tpy; 7 + 5)>1 =7, v(Wj — Tpy; 7 + 5) <0, T(W; — Tpo; 7+ 5) < 1.
Now,

_ . o - - .
<(@; — woir +€) > min {c (wrl’posr+§>7<(xpo *1’0;7’+§)}
>1—n,
_ o . - .
v(Wj — xo;7 +€) < max {U (wj*xpo§7'+§) av<xpo *yO%TJri)}
<1,

T(w; — xo;7 +¢€) < max {7' ({Djfipg;rJrg) ,T(fpo —yo;rJr%)}

<.
Thus,
je{keN:¢(wy —zo;r+¢e)>1—q,v(W —xe;7 + ) <7, (W — zo;7 +€) < 7).
Hence,
{k e N:g(wg, — Tpy; 7T+ )>1—77, (wy, ipo;r+%)<ﬁ77( — Zpy;T+ )<77}
g{kGN:§({Ek—x0;r+s)>1—n,v(wk—mo;r+e)<ﬁ,7(f5k—x0;r+s)<n}.
Consequently,

IO € . €
(4.2) Dz({k € N:g(wy — Tpy;7 + 5) >1—7,v(W, — Tpy; T+ 5)

< Dz({k e N:g(wy —zo;7 +¢€) > 1 —n,0(W — xo;7 + &) <7, 7(W — 057 + ) < 7}).

L . 15 B
<1, (W = Tpo; 7+ 5) < })

Using (4.1), we get
Dz ({keN: c(wy — zo;r +€)>1 — i), v(Wg — zo; 7 + &) <7, T(Wg, — xo; 7 + ) <7}) #0

as the set on left side hand of (4.2) possesses natural density more than zero.
Therefore, z € I, r(Z) (wg). O

t(s,v,7)

Theorem 4.3. Let FSIt(g v, (Wk) be the collection of all I-statistical cluster points of the sequence w = (wy) on

NNSW = (W, N, ®,®). Then, for any arbitrary v € Fst(wﬂ( k)T > 0andf € (0,1), we have ¢(¢ — v;r) >
1-n,v((—v;r) <f,7({—wv;r) <fforall { € rr® (w)-

st(s,v,T)
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Proof. Sincev € I'},

(W) then for e > 0 and 77 € (0,1), we have
(43) Dr({k € N: 6@k — vie) > 1 — i, (i@ — i) < i 7(@s — vi€) < 7}) £0.

Now it is sufficient to show that if any ¢ € W satisfying s(¢ — v;e) > 1 — 7, v(¢ —v;¢) < 7, 7(C —v;e) <7
then ¢ € I"P) (a@y,).

st(s,v,T)

Suppose j € {k € N:g(wy, —v;e) > 1 — 0, v(w — v;e) <, 7(wy — v;e) < 7} then

s(wp —vie) > 1—n,v(W —v;e) <, 7(W — v;e) < 1.

Now,

s (wr —¢r+¢) = min {¢(wy —vie),s((—v;r)}
>1-17,

v(wg — Gr+e) < max {v(wk —vie), v (¢ —wvir)}

<,

T (W — G7 +¢€) < max {7 (W —v;e),7(C—v;7)}

A\
1

Thus, j € {keN:g(wg —¢;r+e)>1—qv(wg —¢r+e) <f,7(wg — ¢ +¢e) <7} which provides in-
clusion

{k e N:q(wp —vie) > 1 =i, v(wp — vie) <1, 7(Wg — vie) <7}

ClkeN:glwg —CGr+e)>1—iv(wp —Gr+e) <av(w, —Cr+e) <i}.
Then,

Dr({k e N:g(wy —vie) > 1 —q,v(wg —vie) < n,7(wp —vie) < 7))

<Dr({keN:g(wp —Gr+e) >1—nv(wy — Gr+e) <nu(wp —Gr+e) <ijp).

Therefore, from (4.3)
Dr({k e N:g(wr — Gr+e)>1 —q,v(Wx — (7 +e) <, 7(W — ;7 + ) <7j}) # 0.

Hence, ¢ € ") (). O

st(s,v,T)

Theorem 4.4. Let w = (wy) be Copson-transformation sequence on NNS W = (W, N, ®,®) and B(p,7,7) =
{weW:gw-pr)>1-nvw-—pr) <n7(w-—p;r) < 7}, represents the closure of the open ball
B(p,n,r)={weW:g(w—p;r) >1—nv0Ww-—p;r) <qr(w—p;r) <n}forsomer > 0andn € (0,1) and

3 (T ~ a7 <~ N
fixed p € W then T2 (i) = U Bl
perIt(g'u,‘r)(ﬁ;k)
Proof. Let ¢ € U B(p,1,r) then there exists p € FsIt(g‘,U,T)({Ek) for r >0, and 7 € (0,1) such that

pel—'}t(g)uﬂ.)(ﬂjk)
Sp=Gr)>1=nv(p—=CGr)<ng,7(p—Cr) <.

Asp e FSIt(c o7 (Wr) then there exists a set

M ={k e N:q(wy — p;e) > 1 =i, v(wy — p;e) <0, 7(Wx, — p;€) <7}
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with Dz(M) # 0. Forp € M,

¢ (we = Gr4¢) 2 min {c(wp — pie),s(p— G}
>1—1,
v(wp — ¢ +¢e) < max {v(wi — pie),v(p—¢ir)}
<1,
T (W — G +¢€) < max {7 (W — p;e),7(p— )}
<7
Consequently,
Dz({k e N:g(wg — Gr+e) > 1 —q,v(Wx — Gr4¢e) <, (W — r+e) <)) #0
Hence, ¢ € I'\Y (@).So,  |J  Blpir) CILL, (k).

pGFSIt(g’U’T) (wg)
Conversely,

Take ¢ € I, g)v T)( ). If possible let ¢ ¢ U B(p,i,r)i.e( ¢ B(p,i,r)forall pe I'Z i(c0m) (W)-
pelft(g,vj)(ﬁk)
Then, for p € Ft(gvT)( k), we have ¢({ — p;r) < 1—norv(—p;r) > nor7(¢— p;r) > 7. According
to theorem (4.3) for any arbitrary p € Fbt(g vy (W), we have ¢(C — pir) > 1 —7,v(C = pir ) < 7, 7(¢ —
p;r) < 1 which is contradiction to our supposition. Hence, ¢ € U B(p,i,r). So FS t(( ,) (wg) C
pETY, 1 (@k)
U B(p,7,7). This completes the proof. O

PETT, (¢ v m) (@)

Theorem 4.5. Let w = (wy,) be Copson-transformation sequence on NNS W = (W, N, &, ®), Then for i € (0,1)
andr >0,
)Ifpel st (0,7 (Wk) then T — st(q o, -y — LIMg C B (p,i),7).

()T~ ston — LIMZ = () Bloir) = {ge W:IZ (@) CB (é,ﬁ,r)}.

pe[‘i(guﬁ) (mk)

Proof. Leté € T — st(¢yr — LIMj and p € I, (@)
Fore > 0and 7 € (0,1),
Consider

A:{keNzg(fz’Ek—g;r+6)>1—ﬁ,v(z’6k—f~;r+5)<ﬁ77(1ﬂk—£~;r+s)<ﬁ}

and
B={keN:c(w —p;e) > 1 =i, v(wg — p;e) < i, 7(Wx — p;e) <7}
with Dz(A°) = 0 and Dz(B) # 0 respectively. For k € AN B,

<(§~*p;7") > min {<(ﬁkfp;€),c<ﬂ7kf§~;r+s)}

>1 =1,
U(g—p;r) < max {v(qﬂk—p;s),v(@k—g;r—i—s)}
<1,

(£ = p;r) < max {7(@ — p;e), T(W — &7 +)}
< 7.
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Thus, £ € B (p, 7, 7). Hence, T — st (¢, r) — LIM5 C B (p, 7}, 7).

(ii) From (i) part we have 7 — st (¢ ,, -y — LIMg, C ﬂ Blp,0,7).
PELL (¢ oy (W)
Takey € ﬂ B(p,7,r)theng(y—p;r) > 1—7, v(y—p;7r) <0, 7(y—p;r) < nforallp € Fi(g’vﬁ)(@k)-
PEL, (¢ by (W)
This implies that

F£(§7U7T)(@k) - B(y,ﬁ,T) i.e ﬂ B(p7ﬁar) C {ge W F;f(c,v,r)(ﬁk) C B <évﬁ7r)}'
pel’i(cyuﬁ)(tﬂk)
Now assume y & Z — st ,, ) — LIM} , then for 7 € (0,1) and € > 0, we have

Dz{keN:g(wp —y;r+e)<1l—norv(wg —y;r+e)>norr(wg —y;r+¢) >n}) #0.

Then, there exists some Z-statistical cluster point p for sequence w = (wy) such that ¢(y — p;r + &) <
1—dqorv(y—pir+e) =qorr(y —pr+e) = 1.

Thus, I}, ,, - (@Wk) € B(y,7,7) does not hold and y ¢ {EcW: I eom (@) C B(&,i,7)}

Hence, {€ € W: I, (@) € B (&ii,7)} €T = st .r) — LIME,.

And mf’epszt(w)(@k) B (p,i, 1) €I — st(q 7y — LIMg, .

So, I — st(¢,u,r) — LIME = ﬂ B(p.i,r) ={£ € W:T% (@) € B i,r)}. O

pe[‘s“’t(;,v,r} (wk)
Theorem 4.6. Let w = (wy,) be Copson-transformation sequence on NNS W = (W, N, @, ®), which is ideal
statistically convergent to p then B (p,7),r) =T — st(¢ vy — LIMF, .
Proof. Since wy, is ideal statistically convergent to p with respect to the norm (s, v, ) i.e Wy, M) 0,
then A € 7 where

1
A:{n - Hk <n:clwy —p;e) <1 —qorv(wg —p;e)>norm(w, — p;e) > ﬁ}>6}.
Since Z an admissible ideal so M = N\ A # (. Forn € M¢,

1 . N ~ - ~ -
5|{k§n:g(wk—p;e)§1—n0rv(wk—p;a)znorr(wk—p;a)zn}\ <9
1 ~ -~ L~ .
= Lk < sl - pie) > 1= 0(@k — pi€) < A T(@ — i) <A 216

Put B, ={k<n:c(wr—pje) >1—1n,v (W — p;e) < 7,7 (W — p;€) < 7}
Now for j € B,,, wehave s (w; — p;e) > 1 —7,v (w; — p;e) < 7,7 (W; — p;e) < 1.
Lety € B (p,7,r). We will prove y € T — st(c 7y — LIM, .

s(wj —y;r+¢e) >min{s(w; — p,e),s(y — p,7)}
>1—-1,

v(w; —y;r +€) <max{v(w; —p,e),v(y —p,7)}
<1,

T(wj —y;r +¢) < max{r(w; — p,e), 7(y — p,7)}
< 1.
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Hence, B, C{k € N:g(wy —y;7+¢) > 1 —q,v(w, —y;7 +¢) <7, 7(W — y;7 +¢) < 77}. Consequently,
|Bul
n

1-0<

1 - - - - ~ -
< DIk <n (e~ yir+€)> 1 — A, 0(k — g+ ) <ALk~ yir o+ ) <A,
Therefore,
1 - - ~ -
—NHk<n:g(wg—y;r+e)<l—norv(wg —y;r+e)>7
n
or T(wWy —y;r+e) >N} <.
Then,
1 —~ - - -
{neN:—|{k<n:q(wp—y;r+e) <1l—qorv(wy —y;r+e)>7
n
orT(Wy —y;r+e) >0 >0y CAeT,
which shows that y € Z — st(¢ ,, ;) — LIMj on NNSW = (W, NV, @, ®).
Hence, B (p,7,7) C T — st(¢v,r) — LIMg . AlsoZ — st(¢ - — LIMg C B (p,7,7)
Therefore,
T = st(cor) — LIMg, = B (p,i,7).
O

The subsequent result will investigate the connection between rough Z-statistical limit points and rough
Z-statistical cluster points of the Copson-transformation sequence within neutrosophic normed spaces.

Theorem 4.7. Let w = (wy,) be Copson-transformation sequence on NNS W = (W, N, @, ®), which is ideal
statistically convergent to £ then rr® )(@k) =1 — st(qur — LIMg, .

st(s,v,T

I-stun ¢ @

Proof. Firstly, assume wj, ————— &, which gives st(c0,7) (@W)) = {€}. Then for r > 0Oand 7 € (0,1) by

Theorem (4.4) , we have Fsrt(f)u . (wy) = B (é, 7, 7"). Also from Theorem (4.6), B (57 7, r) =T — st(cur) —
LIME .
W,

Hence, I'\"), (@) =T — st(q.o,) — LIM}, .
Conversely,

Assume I\ (@) =T — st ,,.,) — LIMZ, then using Theorem (4.4) and (4.5)(ii),

st(s,v,T)
ﬂ B(P,ﬁ,T) = U B(P,ﬁ,r)
ger?, (@) ger!, (k)

st(s,v,7T) st(s,v,T)

This is possible only if either I'}; (@) =0 or I'};

st(c.0,m) (Wk) singlton set. Then, T — st (¢ o, ) — LIMj, =
npepz(m (@) B(p,n,7) =B (5,77,7“) for some £ € Fi(gwﬂ (wy). Also, by Theorem (4.4), Z — sty ) —

LIME =¢. O
CONCLUSIONS

The idea of rough ideal statistical convergence using Copson transformation is more generalized conver-
gence in summability theory. For this type of convergence various properties like statistical boundness, al-
gebraic properties, closedness, convexity and relations of rough Z-statistical limit points, rough Z-statistical
cluster points have been obtained. Our work gives new insights and techniques for the analysis of se-
quences in neutrosophic normed spaces by extending these classical principles to rough ideal statistical
convergence.

Competing interests. The authors declare no competing interests.
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