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ON SURPRISING APPROXIMATIONS INVOLVING MULTIPLE MATHEMATICAL CONSTANTS

CHRISTOPHE CHESNEAU

ABSTRACT. In this article, we present new numerical approximations involving five numerical constants, namely
the Pi constant, the Euler constant, the Euler-Mascheroni constant, the Catalan constant, and the golden ratio
constant. Four of these constants can be simply approximated by the others with relative accuracy. These results
have potential applications in mathematics education by providing an accessible framework for exploring the
connections between fundamental constants. In a sense, they also promote a deeper conceptual understanding of
numerical analysis.

1. INTRODUCTION

To understand the purpose of this article, it is necessary to introduce five famous mathematical constants.
First, the Euler constant, denoted by e, is a fundamental mathematical constant approximately equal to
2.71828. It arises naturally in the study of growth processes, compound interest and calculus, particularly
in the context of limits and exponential functions. It can be defined by the following limit:

e = lim
n→+∞

(
1 +

1

n

)n
.

It also satisfies the following infinite series expansion:

e =

+∞∑
n=0

1

n!
.

In terms of notation, we also encounter e = e1 = exp(1). We refer to [1] and [8].
The Catalan constant, denoted by G, is an important constant in series and integral calculus, as well as

in number theory. It is defined by the following alternating series:

G =

+∞∑
n=0

(−1)n

(2n+ 1)2
≈ 0.915965.

See [2], [10], [3] and [8].
The Euler-Mascheroni constant, denoted by γ, is defined as the limiting difference between the harmonic

series and the natural logarithm, as follows:

γ = lim
n→+∞

(
n∑
k=1

1

k
− log(n)

)
≈ 0.577216.

LMNO, UNIVERSITÉ DE CAEN-NORMANDIE, CAEN 14032, FRANCE

E-mail address: christophe.chesneau@unicaen.fr.
Submitted on Sep. 22, 2024.
2020 Mathematics Subject Classification. Primary 33F05; Secondary 11J99.
Key words and phrases. Approximation; Pi constant; Euler constant; Euler-Mascheroni constant; Catalan constant; Golden ratio

constant, Mathematics education.
1

https://doi.org/10.28919/cpr-pajm/4-2


Pan-Amer. J. Math. 4 (2025), 2 2

It appears in number theory, especially in the study of the distribution of prime numbers, and in various
areas of analysis. We refer to [1] and [8].

The Pi constant (or simply Pi), denoted by π, is one of the best known mathematical constants. It is
approximately equal to 3.14159. It represents the ratio of the circumference of a circle to its diameter. It is
fundamental to geometry, trigonometry, and calculus. It also appears in many integral formulas and series.
Some common examples of integrals with integrands of different types are as follows:

π =

∫ +∞

0

log(1 + x2)

x2
dx, π =

∫ +∞

0

1√
x(1 + x)

dx, π = 2

∫ +∞

0

sin(x)

x
dx,

π =

[∫ +∞

−∞
e−x

2

dx

]2
, π = 2

∫ 1

−1

√
1− x2dx.

Some known examples using series are as follows:

π =

√√√√6

+∞∑
n=1

1

n2
, π = 4

+∞∑
n=0

(−1)n

2n+ 1
, π = 3 + 4

+∞∑
n=1

(−1)n+1

2n(2n+ 1)(2n+ 2)
,

to which we add Ramanujan’s beautiful one:

π =

[
2
√
2

9801

+∞∑
n=0

(4n)! (1103 + 26390n)

(n! )43964n

]−1
.

See [1], [4] and [5] for more details.
The golden ratio constant (or simply the golden ratio), denoted by ϕ, is a special number found in geome-

try and analysis. It is defined algebraically as the positive solution x to the following equation: x2−x−1 = 0.
It is expressed with

√
5 ≈ 2.23606 as follows:

ϕ =
1 +
√
5

2
≈ 1.618033.

It appears in many geometrical constructions, including the proportions of the regular pentagon and the
Fibonacci sequence. See [11], [1] and [8].

The study of these fundamental constants has long been a central theme in mathematics. Uncovering
any hidden connections between them could potentially lead to new theorems or reveal surprising interac-
tions between seemingly unrelated areas of mathematics. It could also improve our understanding of some
aspects of unsolved problems. There are also potential applications in mathematics education by stimulat-
ing curiosity and critical thinking. In particular, it can motivate students to explore mathematical ideas that
connect different areas. Therefore, any contribution in this direction is of interest.

On this topic, notable and elegant approximations include the one in [12]. It connects π and γ as follows:

γ ≈ π

2e
− 0.00064.

In the same spirit, but with more constants involved, there are the approximations established in [6]. In
particular, based on [6, Proposition 2.1], the following approximation linking π, γ and G is found:

πG+ 2γ log(γ/G)

2(G2 + γ2)
≈ 1.0000748.(1.1)

It is therefore relatively precise. From this, the following approximation was derived in [6, Proposition 2.2]:

π ≈ 2

G

[
G2 + γ2 − γ log

( γ
G

)]
≈ 3.141401.
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In [6, Last equation], there is also a less precise but potentially interesting approximation. It is given by

πγ − 2γ log(γ/G)

2(G2 + γ2)
≈ 1.000899.(1.2)

It is interesting because it is similar in form to Equation (1.1), although there are notable differences in the
changes of a constant and a sign. This similarity, combined with a relatively acceptable accuracy and the
absence of any "special extra parameters", can, in a sense, arouse mathematical curiosity.

With this in mind, in this article, we find new similar approximations linking five mathematical con-
stants: e, G, γ, π and ϕ. Surprisingly, it uses the same functional form as in Equation (1.1). The results are
presented in the next section, i.e., Section 2. Section 3 gives a discussion of the results obtained. A final
section, Section 4, completes the study with other types of exotic approximations still involving e, G, γ, π
and ϕ.

2. RESULTS

We start with an approximation using simple operations and the mathematical constants mentioned
above, without any desire for optimality. Then some more accurate approximations are presented, with
more accuracy but less mathematical elegance, in a sense.

2.1. An elegant approximation. The first new approximation result is presented in the proposition below.

Proposition 2.1. We have

πϕ+ 2γ log(2e)

6(G2 + γ2)
≈ 1.00068

(followed by: 25629270502380804434910917459772153056766295502719157865452 . . .).

Numerical evidence of Proposition 2.1. Let us consider the following approximations, with 8 decimals:

π ≈ 3.14159265, ϕ ≈ 1.61803398, e ≈ 2.71828182, G ≈ 0.91596559

and

γ ≈ 0.57721566.

So, after a basic calculus, we find that

πϕ+ 2γ log(2e)

6(G2 + γ2)
≈ 3.14159265× 1.61803398 + 2× 0.57721566× log(2× 2.71828182)

6(0.915965592 + 0.577215662)

≈ 7.0378257900338579

7.0330252812797022
≈ 1.0006826.

The other decimals of the stated result are obtained with more precise approximations. �

Using the approximation in [12], we notice that 2e ≈ π/γ. Based on Proposition 2.1, this inspires the
following result:

πϕ+ 2γ log(π/γ)

6(G2 + γ2)
≈ 1.00086

(followed by: 67358794079834318344034330607608932683148601916366520447724 . . .).

It is a little less sharp. However, the similarity in form with Equations (1.1) and (1.2) is surprising enough
to justify this remark.
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Note that, in Proposition 2.1, the constant e can disappear with basic logarithmic developments, and the
result can be rewritten as follows:

πϕ+ 2γ[log(2) + 1]

6(G2 + γ2)
≈ 1.00068.

The constant log(2) ≈ 0.69314718 is also special in mathematics. It is an irrational and transcendental
number, and can be expressed in many ways. See [7], and the references therein.

Based on Proposition 2.1, we can derive the following unexpected approximations of some constants as
a function of others:

• πϕ+ 2γ log(2e) ≈ 6(G2 + γ2).
• For π, we have

π ≈ 1

ϕ

[
6(G2 + γ2)− 2γ log(2e)

]
≈ 3.1386

(followed by: 257923187080204361278379993436160735667576782394017320444969 . . .).

• For ϕ, the approximate form is very similar to the result above. We just have to swap the places π
and ϕ, and we get

ϕ ≈ 1

π

[
6(G2 + γ2)− 2γ log(2e)

]
≈ 1.6165

(followed by: 059477509969652636270536936748480208611334097095324776904474 . . .).

• For G, after some manipulations, we get

G ≈
√

1

6
[πϕ+ 2γ log(2e)]− γ2 ≈ 0.9164

(followed by: 022316169427628235412206100331799829927275318271369390695461 . . .).

• For γ, after a few manipulations of the root polynomial type, we get

γ ≈ 1

6

[√
6πϕ− 36G2 + [log(2e)]2 + log(2e)

]
≈ 0.5785

(followed by: 685191014390155603757994823047822773224025305435675974871907 . . .).

We see that the approximations are relatively accurate to the rounded second decimal, and for three deci-
mals for ϕ.

2.2. More precise results. During our numerical investigations, in the same spirit as Proposition 2.1, other
more precise but somewhat less elegant approximations were found. These are presented below.

2.2.1. First improved result. The result below is the analogue of Proposition 2.1, but with a slight modifica-
tion in the logarithmic term, which gives a more accurate approximation.

Proposition 2.2. We have

πϕ+ 2γ log[2 log(15)]

6(G2 + γ2)
≈ 1.000063

(followed by: 5570367825173774006658364556917036679074248983579067851280 . . .).

The proof is based on a direct calculation of the left term, taking into account the right values of the
mathematical constants, as in the proof of Proposition 2.1.

If we compare this result with Proposition 2.1, the constant e in the logarithmic term has been replaced
by log(15) ≈ 2.7080502. Note that e and log(15) are relatively close numerically; we have log(15) − e ≈
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−0.010231. As an aside, we can also write this rough approximation as the following sum of the logarithms
of the first three odd integers:

log(15) = log(1) + log(3) + log(5) ≈ e,

with the following optimized approximation: log(1 + ε) + log(3) + log(5) − e ≈ 0.00000064523, with ε =

0.01028480129872.
However, since the constant log(15) is not particularly distinguished in the mathematical literature, we

lose some understanding.
The following surprising approximations of some constants as a function of other constants are derived

from Proposition 2.2:

• πϕ+ 2γ log[2 log(15)] ≈ 6(G2 + γ2).
• For π, we have

π ≈ 1

ϕ

{
6(G2 + γ2)− 2γ log[2 log(15)]

}
≈ 3.1413

(followed by: 163934774107933428381715250569993125926222409983652543254647 . . .).

• For ϕ, we get

ϕ ≈ 1

π

{
6(G2 + γ2)− 2γ log[2 log(15)]

}
≈ 1.6178

(followed by: 917047873130373875123406007305295351290509061795965391868362 . . .).

• For G, after some manipulations, we obtain

G ≈
√

1

6
{πϕ+ 2γ log[2 log(15)]} − γ2 ≈ 0.9160

(followed by: 062605817828072450490912548804594050007892189611652520191005 . . .).

• For γ, finding the root polynomial gives

γ ≈ 1

6

[√
6πϕ− 36G2 + {log[2 log(15)]}2 + log[2 log(15)]

]
≈ 0.5773

(followed by: 416298755932090201175267651034861720750488380729037298633026 . . .).

The approximations obtained are clearly better than those derived from Proposition 2.1.

2.2.2. Second improved result. Similarly, the result below is the analogue of Proposition 2.1, but with the use
of a numerical value that is independent of the mathematical constant involved. This constant, chosen by
an optimal criterion, slightly modifies the logarithmic term to give an excellent approximation.

Proposition 2.3. Let us consider the following constant, with an exact value:

ρ = 1.9917

which we can call "the link constant". Then we have
πϕ+ 2γ log(ρe)]

6(G2 + γ2)
≈ 0.9999999

(followed by: 464912292864326965415641952301619002691170015626133608877 . . .).

Again, the proof is based on a direct calculation of the left term, as in the proof of Proposition 2.1.
The result obtained is of exceptional precision, but the link constant has been artificially determined for

this purpose. For this reason, we lose some mathematical understanding and elegance. We can see that
ρ ≈ 2 is consistent with the result of Proposition 2.1.

Again, we derive the following approximations of some constants as a function of others:
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• πϕ+ 2γ log(ρe) ≈ 6(G2 + γ2).
• For π, we have

π ≈ 1

ϕ

[
6(G2 + γ2)− 2γ log(ρe)

]
≈ 3.14159

(followed by: 28861736228049594677626728321953579739233497843805488665171 . . .).

• For ϕ, we find that

ϕ ≈ 1

π

[
6(G2 + γ2)− 2γ log(ρe)

]
≈ 1.61803

(followed by: 41085389900519339753353316756988060306533634356201476042499 . . .).

• For G, after some manipulations, we get

G ≈
√

1

6
[πϕ+ 2γ log(ρe)]− γ2 ≈ 0.91596

(followed by: 55599393474456136394642391816654736440297309397255959437399 . . .).

• For γ, we obtain

γ ≈ 1

6

[√
6πϕ− 36G2 + [log(ρe)]2 + log(ρe)

]
≈ 0.57721

(followed by: 55588519768993570390289840444739128490675783995171011744913 . . .).

The approximations obtained are much better than those given in Propositions 2.1 and 2.2.

3. DISCUSSION

In this article, several numerical approximations have been established linking five mathematical con-
stants, namely e, G, γ, π and ϕ. Their interest remains mainly mathematical, showing how a formula seems
to numerically link constants with an "a priori" unexpected connection between them. This may lead to
some open questions and discussions about these aspects. The similarity in form of the main approxima-
tion term, i.e., a ratio involving the logarithmic function and the square of the constants, also remains a
kind of interrogation. These results could also improve mathematics education by encouraging students to
explore the surprising connections between fundamental mathematical concepts and their potential impli-
cations.

4. COMPLEMENTS

During this research, we found several curious approximations that go beyond the scope of the previous
study and do not seem to have been mentioned in the literature. A selection of the most original ones are
listed below.

We have

π −
√
π +
√
π −G ≈ 0.0088

(followed by: 621858873486650172675468132802404301516539167523196976283776 . . .).

This implies the following new reasonable approximation of G in function of π:

G ≈ π −
√
π +
√
π.

The following exotic result involving π, γ, G, ϕ and e also holds:

log(πγGϕe)− 2 ≈ −0.011

(followed by: 374078027978466754517462246042212012359931824039003509724188 . . .),
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or, equivalently,

log(πγGϕ)− 1 ≈ −0.011

(followed by: 374078027978466754517462246042212012359931824039003509724188 . . .).

We also find that

πγ/ϕ − 3

2
≈ 0.00436

(followed by: 31913515669960660388406348831699352162391051616307325279413 . . .),

giving the following reasonable approximation:

πγ/ϕ ≈ 3

2
.

In the same spirit, we have

γϕ/π − 3

4
≈ 0.00349

(followed by: 51876169214322922638184673163520666780085327217184303116097 . . .),

giving the following reasonable approximation:

γϕ/π ≈ 3

4
.

We also get

ϕγ/π − 11

10
≈ −0.0075

(followed by: 58925608387408732986610377772399569561744805187043505891562 . . .),

giving the following reasonable approximation:

ϕγ/π ≈ 11

10
.

Some simple approximations are now presented. We have

π − (π − 2)[1 +
√
π] +

γ

25
≈ −0.00033

(followed by: 1668424614476264222531833249239176839104600872710373829549 . . .).

Without the last term, we get

π − (π − 2)[1 +
√
π] ≈ −0.023420

(followed by: 295020675790688483015436545336418525478038469654326060239 . . .).

We hope that some of these results will inspire further research and new questions to be asked about the
numerical aspects of the mathematical constants.
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