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ROTATIONAL SURFACES IN TERMS OF COORDINATE FINITE CHEN /I-TYPE

HAMZA ALZAAREER AND HASSAN AL-ZOUBI*

ABSTRACT. In this study, we first establish several formulae according to the first and second Beltrami operators.
We discuss the class of surfaces of revolution in the 3-dimensional Euclidean space E?® without parabolic points,
in which the position vector X satisfies A’/ X = DX, with Al is the Laplace operator of the metric IT of the
surface and D is a square matrix of order 3. We prove that surfaces satisfying the preceding relation are either

part of a sphere or catenoid.

1. INTRODUCTION

Surfaces of finite type are one of the main topics that attracted the interest of many differential geometers
from the moment that B. Y. Chen defined the notion of surfaces of finite /-type regarding the first funda-
mental form I about four decades ago. Many results concerning this subject have been collected in [15].

Let X : M? — E3 be a parametric representation of a surface in E3. Denote by A’ the Laplace operator
and by H the mean curvature field of M?. Then, it is well known that [14]

A'X = —2H.

Furthermore, T. Takahashi mentioned in [25] that a surface M? whose position vector z satisfies AT X =
AX is either a minimal with A = 0 or M? lies in an ordinary sphere S? with a fixed nonzero eigenvalue.

In [19], O. Garay extended T. Takahashi’s condition. Specifically, he studied surfaces in E? satisfying
ATX; = pry,i = 1,2,3, with different eigenvalues p;, and (r1,72,73) are the coordinate functions of z.
Another general problem was also presented in [17] for which surfaces in E? satisfying A’ X = KX + L(§),
where K € M(3 x 3); L € M(3 x 1). It was proved that minimal surfaces, spheres, and circular cylinders
are the only surfaces in E® satisfying (§). Surfaces satisfying (§) are said to be of coordinate finite type.

In the framework of the theory of surfaces of finite I-type in E3, a general study of the Gauss map was
made within this context in [16]. On the other hand, it is also interesting to study surfaces of finite /-type in
E3 with the property A’G = DG, where D € M(3 x 3). Surfaces in E2 whose Gauss map is of a coordinate
finite /-type was investigated by many researchers as one can see in [4,6-11,18].

In 2003 authors in [24] followed the ideas of B. Y. Chen, by defining the concept of surfaces of finite type
regarding the second or third fundamental forms, and since then much work has been done in this context.

Similarly, one can further study surfaces in E3 with the position vector z satisfies

(1.1) A’X = DX,
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where J =1I1,III,and D € M (3 x 3).

Regarding the third fundamental form, it was proved that helicoid is the only ruled surface that satisfies
(1.1). Meanwhile, for the quadric surfaces, spheres are the only ones with the given property [1]. In [2] it
was shown that Scherk’s surface is the only translation surface that satisfies (1.1).

In [23], Bendiheba and Bekkar studied the helicoidal surfaces in E® satisfying A’ X = DX, J = I1,1I1.

2. FUNDAMENTALS
Let X := X (u', u?) be a regular parametric representation of a surface @ in £, and let
I = g duFdu™, II = by, dufdu™, III = epy, dubdu™, kym=1,2.

For any two differentiable functions f and h on @), the first and second differential parameters of Beltrami
are defined by [20]

(21) VJ(f7 h) = akmf/kh/'rrm
1 0h oh
22 AJh — km Jh — _ e / km
( ) a Vk /m \/H()uk( ‘Cllﬂ 8Um)’
where h;, := %, (a*™) denotes the components of the inverse tensor of (gim), (bxm) and (ex,) for J =

I,11,and 111 respectively, a = det(ax., ), and V,‘CI is the covariant derivative in the «* direction.
The Gauss and the mean curvature of () are respectively

1 b ¢ 1 1 , .
2.3 K= =—=_, 2H=—+ — =g"%pb; = 6%,
( ) RlRQ g b7 Rl + R2 g k Cik
where g = det(g;r), b = det(b;), e = det(e;r) and Ry, Ry are the principal radii of curvature. For simplicity,
we put
2H . - .
(2.4) R= = ¢*by = 0Fg,n,  Z=4H? — 2K = g"*e;.

The Weingarten equations are

Xy = —00"" Gy = —by; e Gy,

(2.5) Gk = —ekjbjTX/r = —bkjger/r.

Following are some useful relations that will be used later
(2.6) AN X = —2HG,
(2.7) NG =2grad' H + QG,
(2.8) NIX = lKgrad”Ii - 2G

’ 2 K ’

1
IIpq~_ L I

(2.9) NG = 2Kgmd K +2HG,

(2.10) ATLX = grad'R — RG,
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(2.11) NG =2aG.
Let Tp(Q) denote the tangent plane to @ for any point P € Q. Then the Weingarten map is defined to

be the linear transformation S : Tp(Q) — Tp(Q), where for z = 2°X ;;, then S(z) = v’ X /;,v" = bjg"'z;.
When by = g12 = 0, we get
1 1
S(z) = Ele/l + R7222X/2.
Firstly, we recall the following:
Theorem 2.1. For a sufficient differentiable function A(u',u?) on Q, the following relations satisfied
(1) V(A G) + grad’ A =0,
(2 V(A X))+ grad'’A =0,
() V(A X) + Lgrad’ A= RV (A, X),
(4) S(grad'A) +VI(A,G) =0.
Proof. [3,24]
(1) From (2.1), and using the Weingarten equations (2) we obtain

grad'A:=V1(A4, X) = g*A,, X}, = —A,g% 0t G = —b"A,,G . = V(A G),
which is (1).
(2) Similarly, from (2.1), and (2) we have
VA, X)=b0"A X; = —b"%b;;0"A),.G ) = " 4,G . = -V (A, G) = —grad" A.
(3) Taking into consideration the well-known relation
Ke'* —2Hb™ + g'* =0,
then

ik ik ik
= Rb"™ — —g"".
¢ Kg

From (2.1), and taking into account the last equation we obtain
i i L 1
V(A X) =e*4,,X,; = (Rb™ — %9 MA)X,; = RV'T(A,X) - ?gradIA.
Hence 1
V(A X) + ?gradIA = RV'I(A, X).
(4) Without loss of generality, we suppose that g2 = bj2 = 0, then
1 _ ik _ b1 14 ba2 o9
S(grad"A) = S(g"ApXi)=—9 AnXn+——97A4,X)
dg11 g22
g x e 2gx
(911)2 /1 /1 (922)? /2% /2
On the other hand
VI(A,G) =% A)Gi = g Ap Gy + 724G .
On account of gi2 = by = 0, then Weingarten equations (2.5) become G/, = %X nand G = b2 x /2,

922
so the last equation become

b b
VI(A,G) = fﬁA/lXﬂ - ﬁ/x/gxm = —S(grad" A).
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Denote by <, > the Euclidean inner product and w = — < X, G > the support function of ). We prove
the following theorem

Theorem 2.2. The support function w of Q, satisfies the following relations
1) AMw=Zw—2H— < grad' H, X >,
(2) AMw =2Hw — 5% < grad' K, X > -2,
(3) Ay =2w—R.

Proof. (1) Using (2.2),we get
Aw = —g"Viw, =g¢"V] <X,,G>+¢"V], < X,G) >
= <g"VIX,,G>+<X,¢g"V.G) >+29" < X,,G,, >
= —<A'X,G>-<X,ANG>+20" < X,;,Gp, > .
From (2.3), (2.5), (2.6) and (2.7), the last equation becomes

Aw = <2HG,G>—< X,2grad"H + QG > +2g"" < X ;;, —¢,;67" X ;. >
= Zw—-2H— < grad'H, X > .

(2) From (2.2),we have
Aoy = —b*"Vilw, ="V < X,,G>+b"V[' <X G/ >
= <b*VIX,,G>+ <X "G, >+ < X, G, >
= —<A'X,G>-<X,AT"G > 420" < X, G >
From (2.5), (2.8) and (2.9), the last equation becomes
1 1 1
Ay = —< X,ﬁgradlKJrZHG > —< §Kg7'ad”1? -2G,G >
+2b%F < X/i,G/k >
1 ; .
= 2Hw- < X, ﬁgmdlK > 42426 < X, —by0’" X, >
1 T
= 2Hw— < X, ﬁgrad K> -2.
(3) From (2.2),we have
Ay = —e* Vil = Vi < X5, G > +* Vil < X,Gji >
= <*"V"X,,G>+ <X, ""VI"G) > +2* < X, G >
= —<AX.G>- <X, AG > 42" < X, G >
From (2.4), (2.5), (2.10) and (2.11), the last equation becomes

Ay = — < grad'R— RG,G > — < X,2G > +2'* < X ;;, G}, >
R+ 2w+ 2e" < X ), —by;0"" X ) >=2w — R.

O

Remark 2.3. New results can be drawn by defining the first and second Beltrami operators using the defini-
tion of the fractional vector operators [22]. Some applications can be found in [12,13].
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In the next paragraph, we mainly focus on surfaces of finite //-type by studying surfaces of revolution
in E? of which their position vector z satisfies the relation

(2.12) A"X =DX.
Our main result is the following:

Theorem 2.4. The only surfaces of revolution in E* whose position vector z satisfies relation (2.12) are the spheres
and the catenoids.

Firstly, we show that the mentioned surfaces in the abstract indeed satisfy (2.12). Consider a sphere @) of
radius c centered at the origin. Then

K=— G=-'x.
c

c?’
Hence, by (2.8) it is A/ X = %X . Therefore, () satisfies (2.12) with D = %13, where I3 is the identity
matrix. On a catenoid, a parametric representation is the following

S X(u,v) = (ccoshE cosv,ccoshgsinv,u),
c c

where v € [, 7),v € R and c is a non-zero real constant. Let (X1, X, X3) be the component functions of
X. Thus we have

X1 = ccosh %cosv7 X9 = ccosh %sz’nu X3 =u.
We also have
b1 =< Xy, G >= —%, b1 =< Xy, G >=10, by =< X4y, G >= ¢,
It is well-known that
(2.13) ATX = (AT X, AT X, AT XG).
Hence, by (2.2) and taking into account (2.13), we obtain

A”X1:2coshgcosv, AHX2:2costhinv, Al X; =o0.
c c

So @ satisfies (2.12) with corresponding matrix

2.0 0
D=0 20
000

3. PROOF OF MAIN RESULT
Let ¢ be a smooth curve lies on the z;z3-plane parametrized by
r(u) = (p(w),0,q(w)), u e (a;b),

where p, ¢ are smoothly defined and p > 0. A surface of revolution is the point set ) that results When ¢
is revolved about the x3-axis. So, the x3-axis is called the axis of revolution of @) and € is called the profile
curve of Q (see [5,21]).

The position vector of () is defined as follows

(3.1) X (u,v) = (p(u) cosv, p(u)sinv, q(u)), u€ (a,b), 0<v<2m.
Here, we may consider that € has the arc-length parametrization, i.e., it satisfies

(3:2) (p1)? + (¢ =1
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where / := %. On the other hand prq/ # 0, because if p = const. or ¢ = const., then () is a circular cylinder or
a plane, respectively. Hence the Gaussian curvature of ) vanishes. A case that has been excluded.
We have
X .. = (p/(u) cosv, pt(u) sinwv, ¢/(u))
and
Ty = (—p(u) sinv, p(u) cosv,0) .
Then the components gy, are computed as follows

011 =< X, Xy >=1, g2 =< X, X, >=0, g =<X,,X, >:P2o

The mean and the Gaussian curvature of ) are respectively

/ ! 7
s —nt ¥ g _ P
p p p
where k denotes the curvature of the curve €.
The components by, are given as follows
(3.3) bin =k, b2 =0, b =pg/

From (2.2) and (3.3) the Beltrami operator A’/ is

(3.4) AT 1 62 1 62 l(n/ p/q/—}—/cpp/) 0
. o) ou

_E@_E/@ 5 ?_ Kkpq/
On account of (3.2) we can put
p! =cos&, q/ =sing,
where £ = £(u). Then k = £/ and relation (3.4) becomes
1 02 1 0% 1/ €r  cosésiné +pércos€\ 0
_&W_psin§W+2((§/)2 B pérsin & )81/

while the mean and the Gaussian curvature become

(3.5) A =

(3.6) om — g1 4 S0
p
&rsiné
3.7 K=2——>.
(3.7) )

Let X = (X3, X2, X3). Then from (2.13) and (3.5), we get

1 H cos? "

iné  &siné 2612

2
(3.9) A X, = AT (psinv) = (Sin§+ 1 H cos* € @/cosf) o,

siné  &rsiné 2612

3 &Nsingé  sinécosé
1 ATX, = AT ()= -2 _
(3.10) 5= A1) = —jeose 4 > —

Let D = (dgm,), k,m = 1,2,3,. By using (3.8), (3.9) and (3.10) then relation (2.12) analyzed to the following

system

1 Hecos?&  &nmcosé
sin€  &/siné 2612

(3.11) (sinf + ) cosv = dy1pcosv + diapsinv + dy3q,
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) Sinv = do1pcosv + dogpsinv + dazq,

. 1 Hecos?€  Encosé
(3.12) (51n£+sin§_ &rsiné + 2612

(3.13) —g cos & + f’;zilrzlf B sinQZZ(;SE

From (3.13) it can be easily verified that d3; = d3» = 0. Differentiating (3.11) and (3.12) twice with respect
to v we obtain

= d31pcosv + dgopsinv + dsszq.

1 Hcos?¢  €&nmcosé
siné  &rsiné 2612
. 1 Hcos?¢  Encosé
(Smg tone  @sne T 2n
Thus di3g = d23g = 0, so that di3 and da3 vanish. Equations (3.11), (3.12) and (3.13) are equivalent to the
following

(sinf + > cosv = dy1pcosv + diapsinv,

) sinv = da1pcosv + dogpsinv.

1 &Ncosé _ Hcos? ¢
sin & 2812 &rsiné

(3.14) (Siné + ) cosv = dy1pcosv + diapsinwv,

(3.15) (sin§+ S'1 ncos§  Hcos®§

e + 567 £rsing ) sinv = da1pcosv + dogpsinv,

Esing  sin§cos§

(3.16) 3 cosé + = d33q.

2 2612 2pEr

The functions sinw, cosv are linearly independent of the variable v, so finally we get diy = d22 and

di2 = do1 = 0. Let d11 = da2 = X and azz = p. Then the system of equations (3.14), (3.15) and (3.16) reduces
to the following two equations

1 Encos{ Hcos>€

17 3i =
(3.17) SEt et e T wsme P
3 §nsing  sincosf
(3.18) 5 cos§ + Y el g
Therefore the matrix D for which condition (2.12) is satisfied becomes
A0 O
D=0 X O
0 0 p

We distinguish the following cases:
Case I. A = pn = 0. Equations (3.17) and (3.18) become

. 1 Emcosé  Hecos? ¢ _
(319 St ST T 2er T @esme

0.

3 EMsiné  sin§cos§
(3.20) 3 cos§ + 267 oper
Multiplying (3.19) by sin § and (3.20) by — cos { and adding the resulting of these two equations it follows
cos? € 4+ sin? € = —1, which is a contradiction.
Case II. A = pp # 0. Equations (3.17) and (3.18) become
1 Emcosé Hcos? ¢
. + - . = AD,
in& 2612 &rsiné

(3.21) siné + -
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3 §Mrsing  sin§cos§
(3.22) —5 cosé + 267 oper Aq

Similarly, multiplying (3.21) by sin  and (3.22) by — cos { and adding the resulting of these two equations

whence it follows
Apsin€ — Agcos€ = 2.
On differentiating the last equation with respect to u we find
&I (pp! + qq7) = 0.

A¢/ cannot be equal 0 otherwise, from (3.7) the Gauss curvature vanishes. Hence, pp’ + q¢/ = 0, i.e.
(p? + ¢°)1 = 0. Therefore (p? + ¢®)/ = const.. Thus € is part of a circle and Q is obviously part of a sphere.
Case III. A # 0, u = 0. Following the same procedure as in Case I and Case 11, we get

(3.23) 2 — Apsiné = 0.
Differentiating (3.23) with respect to u we have
(3.24) (sin& + p&r) cos € = 0.
Taking into account relation (3.6), equation (3.24) becomes
2Hpcosé =0

which implies that the mean curvature H vanishes identically. Therefore, the surface is minimal, that is, it
is a catenoid. Furthermore, a catenoid satisfies the condition (2.12).
Case IV. A = 0, u # 0. In this case (3.17) and (3.18) are given respectively by

1 &Ncosé 7 Hcos? ¢ -

(325 sing + sin £ + 2812 &rsing
3 §_‘_fllsmf_sinfcosf B
9 212 owper M

Following the same procedure as in Case I and Case 11, we find

(3.26) 2+ pgeosé = 0.

Differentiating this equation we have

(3.27) q¢! —cosé =0,
from which
(3.28) gr = 956
q

Another differentiation of (3.27), gives
(3.29) 2¢rsin€ + g€ = 0.

From (3.28) and (3.29), we have

2sin & cosé

(3.30) &n = T

Equation (3.25) can be written

. Emcosésing 1 cos? Esin &
) 1 2 S ST S e sk
(3.31) +sin“ £ + 267 5 CO8 13 T 0
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Consequently, from (3.26), (3.28) and (3.30), equation (3.31) becomes

2—00525—1—%20,
p
from which
2siné
32 _ _=2smE
(3.32) ey
Differentiating (3.32), we get
261 4¢rsin® €

u:cos2§—2 (cos2 & —2)2°

On using (3.28) and (3.26) after some computation, we can obtain that sin{ = 0, that is, ¢ = const.,
which implies that the Gauss curvature vanishes. A case that was excluded. Thus, there are no surfaces of
revolution satisfying this case.

Case V. A # pand X # 0, 4 # 0. Multiplying (3.21) by sin ¢, and (3.22) by — cos £ and adding the resulting

equations, we obtain

(3.33) Apsin€ — uqcosé = 2.
We put
(3.34) Q := Apsin€ + pqcosé.

By using (3.33), the derivative of (2 is the following
(3.35) QO = Acos? € + psin? € — 2¢7.

On differentiating (3.33) and using (3.34) we find
(3.36) Q&= (p— A)cos€siné.

It is easily verified that Q2 # 0, hence (3.36) can be written
(11— \) cosésing

O .

Differentiating the last equation and using (3.35) and (3.36) we obtain
(A —2p) sin® € + (u — 2X) cos? €) &7 + 2672
In view of (3.37) and (3.38) relation (3.18) takes the fcglowing form

Qcosé  2(A—p)cosEsiné
+ —
D Q

(3.37) ¢ =

(3.38) &n =

2p(A = p)geos§ — (A —2p) =0,

which can be rewritten
Qcosé  2(A—p)cosEsiné
_|_
D Q
Multiplying the last equation by Qpcos §, we have
2(\ — p)pcos? Esin € — 2u(\ — p)pgQd cos? &
(3.39) —(A=2u)Qpcosé + D% cos? € = 0.

—2u(A — p)gecos€ — (A —2u) = 0.

From (3.33) and (3.34), it can be is easily verified that
(3.40) Qcos& = Ap — 2siné.
Therefore, on using (3.33) and (3.40), relation (3.39) becomes

(3.41) a1p® + azp® + azp + ag = 0,
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where here we put
ar = A= Nsin€,  az = A2\ — ) — 20 — \)sin? €],
as = (= A)sin?€ — (u— AN]sing,  ay = 2sin?&.

Taking the derivative of (3.41) and then by using (3.34), (3.37) and (3.40), we obtain
(3.42) bip® + bap® + bsp + by = 0,
where

by = A (1— N)sin€[(2A + p) — ( — A) sin* ¢,
by = 2AA(2A — 1) — (11— A)(BA + 2) sin® € + 2(u — A)? sin” €],
by = [(8M1 — 8X% — %) + 2(1 — A)(2p1 + A) sin® € — B(su — A)? sin* & sin €,
by = 6(p — 2)\) sin? € — 6(u — ) sin* €.

Combining (3.41) and (3.42) we conclude that

(3.43) c1p® +cop+c3 =0,

where
c1 = a1by — agby = A[2(p — N)?sin® € — 3u(p — N)sin? € — (21 — )],

co = aiby —agby =2[—(u— \)?sin*¢
(4 20) (n — A sin? € + A\(3p — 8)\)] sin &,
c3 = a1by — agby = [—4(p — ) sin® € 4 4(pu — 4)) sin® ¢].
Taking the derivative of (3.43) and then by using (3.34), (3.37) and (3.40), we obtain
(3.44) dip* + dap + ds =0,
where

2
dy = —4\(p — M) sin® & + ) Dyi(A, p) sin®' €,
1=0
2 .
dy = 5(pu— A)*sin” €+ ) Dyi(A, ) sin® ' ¢,
=0
2 .
dg =10(p — A)?sin® € + ) Dsi(\, ) sin® &,
=1

and Dj; (A, 1), (j = 1,2,3) are polynomials in A and p. Combining (3.43) and (3.44) we find that
(3:45) ep+ez =0,

where
4

e1 = cidy — cody = 2(pn — A)°sin'* ¢ + Z E1;(A, 1) sin® €,
=0
3 .
es = c1dy — czdy = 20(p — A)*sin” € + Z Esi(A, ) sin® ¢,
=0
and E;;(\, 1), (j = 1,2) are some polynomials in A and p. Following the same procedure by taking the
derivative of (3.45) and taking into account (3.34), (3.37) and (3.40), we find

(3.46) hip+ha =0,
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where

5
hi = —20(1 — \)%sin'? € + Z Hy;(\, p)sin®* €,
i=0

4
hy = —184(p— A)° sin™ € + Y Hyy(A, p) sin**1 ¢,
i=0
and H;;(A, i), (j = 1,2) are polynomials in A and p. Combining (3.45) and (3.46) we finally find

9
(3.47) 32( — A)'0sin® £ + > Pi(\, p)sin* £ = 0.
=0

where P;(\, 1), (i =1,2,...,9) are polynomials in A and p. Equation (3.47) is equal to zero for every £, hence
all its coefficients must be zero. A contradiction, since we must have u — A = 0. Consequently, there are no
surfaces of revolution in this case. Thus our proof is completed.
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