ISSN: 2832-4293
Pan-American Journal of Mathematics 3 (2024), 15
https://doi.org/10.28919/cpr-pajm/3-15
© 2024 by the authors

UNCERTAINTY PRINCIPLES AND CALDERON’S FORMULA FOR THE MULTIDIMENSIONAL
HANKEL-GABOR TRANSFORM

AHMED CHANA* AND ABDELLATIF AKHLIDJ

ABSTRACT. The main crux of this paper is to introduce a new integral transform called the multidimensional
Hankel-Gabor transform and to give some new results related to this transform as Plancherel’s, Parseval’s, in-
version and Calderén’s reproducing formulas. Next, we analyse the concentration of this transform on sets of
finite measure and we give uncertainty principle for orthonormal sequences. Last, we extend the Donoho-Stark’s
uncertainty principle to the multidimensional Hankel-Gabor setting.

1. INTRODUCTION

Time-frequency analysis [13] and uncertainty principles [9,18] play a fundamental role in field of math-
ematics and physics, these principes appear in harmonic analysis and signal theory in a various different
forms involving not only the signal f and its Fourier transform f, but also every representation of a signal
in the time-frequency space.

The uncertainty principles are mathematical results that gives limitations on the simultaneous concen-
tration of a signal and its Fourier transform and they have implications in signal analysis and quantum
physics. In signal analysis they tell us that if we observe a signal only for a finite period of time, we will
lose information about the frequencies of signal consists of.

Timelimited and bound limited functions are basic tools in signal analysis and imaging processing. In
quantum physics they tell us that a particule’s speed and position cannot both of them be measured with
infinite presicion, the mathematical formulation of this principle is given by the following Heisenberg-
Pauli-Weyl sharp inequality [22], which shows that for every integrable function f we have

([swra)” ([rerora) > L( [ irer ).

with equality if and only if f(z) = de=" for some d € C and b > 0; where
FO) =1VEm [ flaje s,
R

is the Fourier transform of f. Other uncertainty relations have been investigated among them, we refer to
the papers of Benedick’s [1], Donoho-Stark’s [5], Jaming’s [13].
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The multidimensional Bessel operator is an elliptic partial differential operator denoted by A, 4 defined
forx = (x1,...,2q) € Ri,a = (ag,...,aq) € R ay > —%;k: =1,....d by

9 21 0

1.1 ANgg= .
(L.1) ' kzlaa:i xr Oz

The multidimensional Bessel operator (1.1) has several applications in pure and applied mathematics, es-
pecially in fluid mechanics see [6,21]. The eigenfunctions of the operator (1.1) are related to the Bessel
functions and they satisfies a product formula which permits to develop a new harmonic analysis associ-
ated to this operator for more information we refer the reader to [2,7,17].

Uncertainty principles play a fundamental role in the field of mathematics, physics and some area of engi-
neering such as signal processing, image processing, quantum theory and optics see [8,13,18], in this context
using the Gabor transform introduced by Gabor, using translation, modulation and convolution operators
of a single Gaussian, the authors in [4,23] gives a new uncertainty principles for the Gabor transform. Un-
certainty principles associated with the Gabor was studied in the one dimensional Hankel setting [1,10,11],
Opdam-Cherednik setting [16] and in the two-sided quaternion setting [5], motivated by these works the
main purpose of this work is to introduce the Gabor transform associated with the multidimensional Bessel
operator (1.1) called the multidimensional Hankel-Gabor transform and to give some new results related to
this transform as Plancherel’s, Parseval’s, inversion and Calderon’s reproducing formulas. Next, we give
some new uncertainty principles associated with this transform.

The remainder of this paper is arranged as follows, in section 2 we recall the main results concerning the
harmonic analysis associated with the multidimensional Hankel transform, in section 3 we introduce the
multidimensional Hankel-Gabor transform and we give some new results related to this transform , the last
section is devoted to analyse the concentration of the multidimensional Hankel-Gabor transform on sets of

finite measure and to give some new uncertainty principles related to this transform.

2. HARMONIC ANALYSIS ASSOCIATED WITH THE MULTIDIMENSIONAL HANKEL TRANSFORM

In this section we set some notations and we recall some results in harmonic analysis related to the multi-
dimensional Hankel transform and the Schatten-von Neumann classes, for more details, we refer the reader
to [2,7,17].

In the following we denote by
e R ={z=(21,...,2q) €ER% 2y > 0,22 >0,...,2, >0}, equipped with the weighted Lebesgue mea-
sure /i, given by

d x2ozk+1
21 Q@) = TT k., —1/2.
( ) H (x) l};[l 2‘a|1—\(ak +1) Lk Qp > /

e L7 (R%),1 < p < oo, the space of measurable functions f on R% such that

= (.

+

1/

1/p
|f(@)[P dm(iﬂ)) < oo, pell,00),

| flloo,a = ess sup |f(x)] < oo
mER

in particular for p = 2, L2 (R%) is a Hilbert space with inner product defined for f,g € L2 (R%) by

(f 1 9)a /f (@) dpia ()
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o A, (RL) = {feLl(RL);Z.(f) € Lt (RL)} the Wiener algebra space, where Z,(f) is the multidi-
mensional Hankel transform of f given by (2.6).

2.1. The Eigenfunctions of the multidimensional Bessel operator. The main purpose of this subsection is
to define the eigenfunctions of the multidimensional Bessel operator A, 4 which will be used to define the
multidimensional Hankel transform.

2.1.1. One dimensional case. For a > —1/2, the one dimensional Bessel operator is defined by

o2 2a0+1 0

2.2 B, = — —

(2.2) 0x? r Ox
For d € N with d > 2 we have

B B 0? d—1 0

T o2 r or’

2

is the radial part of the Laplace operator A, 4 = S k=13 ‘9 on R%.
We recall that the normalized Bessel function of the first kmd and order « is defined on C as follows

&S (DR

(2.3) Jja(2) =(a+1) kZ:o 2FEID (a4 k+1)

we will use this function to define the eigenfunctions of the multidimensional Bessel operator.

2.1.2. The multidimensional case. Now, we consider the n-orders differential operator A, 4 defined for x =
(x1,...,24q) GRi,a: (a1,...,aq) € RY ayp > f%;k‘: 1,....,d,by

P | 20441 0 d
a. — Ba P
Z 65Ck Tr  Oxk I; k

where B,,, is the one dimensional Bessel operator given by the relation (2.2).
One can remark that

-Ifay = —% fori=1,...,dthen Ay, g = Ay = Zzzl % is the Laplace operator on R9.
k
—Ifozk:—%fork:l,...,d—landozd>—l,then
Z 2 2ad+1i
ad_ 8 Td 81‘(17

A, coincides with the Weinstein operator defined on Ri see [6,21].
For x, \, we put

(2.4) Ya,a(Ax) H Jar (Akzr),

where j,, is the Bessel function given by (2.3), from [2, 7] we have the following results

Proposition 2.1. the function 1, (\.) is the unique solution of the following Cauchy problem

Agu = —[A[*u,
U(ORd) = ].,
() [ =0i=1.d,

furthermore it is infinitely differentiable on R, even with respect to each variable and satisfies the following important
result, for all x, X € R4 we have

25) [Ya,a(Az)] < 1.

We will use this function to define the multidimensional Hankel transform.
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2.2. The multidimensional Hankel transform.

Definition 2.1. The multidimensional Hankel transform 7, is defined on LY, (R%) by

2.6) Z.(f)(A) = /R F@)ea(a)dua(z), e RET,

N

where ., is the measure on R given by the relation (2.1). Some basic properties of this transform are as follows, for
the proofs, we refer the reader to [2,7].

Proposition 2.2. (1) Forall f € LY, (R%), the function we have

2.7 [ Za(F)llo,
(2) (Parseval’s formula) For all f,g € L2 (RY), we have
@8) [ S0 = [ 2T

(3) (Plancherel’s theorem) The Weinstein transform .7, extends uniquely to an isometric isomorphism on L2 (R%)
and we have

(2.9) [Falf a2 =

forall L% (R%).
(4) (Inversion formula) Let f € A, (R%), then we have

(2.10) fO) = [ ZalH)(@)a,a(A2)dpa(z), ae X €RL.

R4
4
2.3. Generalized translation operator associated with the multidimensional Hankel transform.

Definition 2.2. The translation operator 72, x € ]Ri associated with the multidimensional Bessel operator A, 4, is
defined for a suitable function f by
(sin6;) ..dfg,

Tgf(y)zcix/ Xla--- n
[Ovﬂ—]d 1

with ¢, = H?:1 % and X; = \/x? +y? — 2y;zicosb;, fori = 1,...,d. The following proposition

summarizes some properties of the generalized translation operator see [2,7].

d

g

Proposition 2.3. . (1) For all z,y € R, we have

(1)

(2.11) Taf(y) =74 f(2)

2)

2.12) /R () )dualy / £ () dpaly
(3) for f € Lt (RL) withp € [1;+00] 72(f) € LE (R%) and we have

(2.13) 178 (I llpa < I fllpa

(4)

(2.14) Fa(15(F))(A) = Ya.a(Ax)-Fa(f)(X)
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By using the generalized translation, we define the generalized convolution product of f, g by

(f>nxg)(w)==t/m (1) ®)9(y)dpia(y).

d+1
]R+
This convolution is commutative, associative and its satisfies the following properties.

Proposition 2.4. For f,g € L2 (R%) the function fx.g belongs to L2 (R%) if and only if the function Z,(f)Fa(g)
belongs to L2 (RL) and in this case we have

(215) ya (f *o g) :ya(f)ya(g)
and we have
(2.16) / \f o g(@)° dpta(z) =/ | Za(FNP [ Falg) VP dpa(N),
R R

where both integrals are simultaneously finite or infinite.

3. GABOR TRANSFORM ASSOCIATED WITH THE MULTIDIMENSIONAL HANKEL TRANSFORM

The main purpose of this section is to introduce the multidimensional Hankel-Gabor transform and to give some
new results related to this transform, for one dimensional case one can see [1,10,11].
Notation : we denote by
o L7 (R¥) 1< p < +oo the space of measurable functions on RY x RY satisfying

(Jrt ot 1@ 0)IP dpia(@) @ dpia()) ™, ifp € [1, +00f
[flp e @pe =  esssup | f(z,y)] if p = +o0.
(z,y) € R x RE
Let win L% (R%) and y € RY, we recall that the modulation operator of u is given by
MY(u) =Y = Z, ( e %(u)F) .
By using Plancherel’s formula (2.9) and the relation (2.12) we have u¥ € L2 (R%) and
3.1) [u¥ll o = l[ell2,0-

Furthermore by using inversion formula (2.10) we find the following important result

(32) Fo (w) () = \/Tg (17a(P) (.
Now, for every non-zero window function win L2 (R%), we consider the family u*¥ defined by
(3.3) um(z) =75 (uY) (2), V(z,y) € RL x RL.

Definition 3.1. For every f and uin L2 (R$) we define the multidimensional Hankel-Gabor transform by

B4 Wu (), y) = (2)ut¥(2)dpa(2),

R /
Remark 3.1. the multidimensional Hankel-Gabor transform can be also expressed by

(3.5 Wu(F)(@,y) = (u¥ *q f) (2).

By using Holder’s inequality and the relations (2.13),(3.1),(3.3),(3.4) we find that W, (f) € L (R??) and we have
(3.6) IWVu( oo pin < I1fll2.0llul

2,
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Definition 3.2. Let u,v be non-zero functions in L2 (R%), we say that the pair (u, v) is admissible if for almost all
A € RY we have

67) Cuv= [ 72 (12 F) )72 (122 OF) Winaly) < .
m
We have the following generalized Parseval’s formula for the multidimensional Hankel-Gabor transform.

Theorem 3.1. Let (u,v) be an admissible pair then for all f,h € L2 (R%L) we have
38 /R [ P P W) 0) @ il cw/ PR dpa (2)

Proof. By using Fubini’s theorem and the relations (2.7)(2.10)(2.14)(3.2) (3.5) we find that

/ Wa(F) (s ) W) (7, 9) i ()t () = / [/ (uy*amx)(vy*am(x)dua(x)] diay)
Re JRE R | JRY

-/ [ [, Fa@ NZuNNFa ) <A>%<h><x>dua<x>] Anay)

-/, [ L. \/ (\% W) Q7 (17 IF) (A)%(f)(A)%(h)(A)dua(A)] o)

= Cus [, FETa(2),
and the proof is complete. O

corollary 3.1. (1) If C,,,, = O then the spaces W,, (L2 (RL)) and W, (L2, (R%)) are orthogonal.
(2) (Parseval’s formula for W, )
Ifu=vthen Cy, = |ul3 ,, in this case we have

Lo [ Wl ) Wi i () © ditalw) = .o / F@ R dpa ().
]R ]Rd

(3) (Plancherel’s formula for W, )
Ifu=wvand f = h we find that

3.9) W2 poope = Ifll2.allll2,a-

Proposition 3.1. u be non-zero window function in L2 (RT), for all f € L2 (R%), the function W, (f) belongs
to L? (R2%) for all p € [2; +o00] and we have

IWVallp paepe < 1Fll2,0 llll2,a-
Proof. Is a consequence of the relations (3.6),(3.9) and the Riesz-Thorin’s interpolation theorem [20]. |
In the following, we establish an inversion formula for the multidimensional Hankel-Gabor transform.

Theorem 3.2. Let (u,v) be an admissible pair in L2 (R%.),then for all
f € L2 (RL) we have

fl) =

uU,v

/ Wu(f) (@, y)v™Y () dpa(z) @ dpta(y),
R JRY

weakly in L (RY).
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Proof. By using the relations (3.4),(3.8) and Fubini’s theorem we find that

M) = 5 [ W@ W) @) © duay)
]R u v ]R IR‘
1 vy -
" Cuw Jree ( / g oD@ (@) dua(a) © dua@)) h(#)dpa(2).
which gives the result. O

The reproducing kernels for Hilbert space play an important role in harmonic analysis [19]. In this context, we
have the following result.

Theorem 3.3. The space W, (L2 (R%)) is a reproducing kernel Hilbert space in L2 (R2%) with kernel function K.,
defined by

Ku((@',y'); (x,y) =
Furthermore, the kernel is pointwise bounded

Ko (&, 9); (z,9)| <1, V(z,p);(2',y) € RE

— (uwy *q W) (x').

H ||2a

Proof. From the relations (3.5) and (3.8) we find that
Wu ()2, y) = % / Wu(f) (@' y") Wa (u) (2, y ) dpta (27) dpsa ()
[z, Jre RY
= Wu(f) [ Kul(); (,9)) o »

where
1

Ko (2, 9); (2,1) = —5— (™Y %o u¥ ().
(@) ) = = ) (@)
On the other hand, for every (z,y); (z/,y’) € R2? and by a direct computation, we obtain

Iu(C); (@ )2 i < 1-

Finally by the Cauchy-Schwarz inequality, we get
1
K (@) (2, 0)] < / Ju(z))

Hu||2a

This shows that the kernel K, belongs to L? (R??) and is bounded. O

ux,’y,(z)‘ dpa(z) < 1.

The rest of this section is devoted to give Calderon’s type reproducing formula for the multidimensional Hankel-
Gabor transform, to do this we need the help of the following result.

Proposition 3.2. Let 0 < v < 0 < 400 and (u,v) be an admissible pair such that .7, (u) and .#,(v) belongs to
LY (RL). We put

(3.10) Grsle) = o | ) @) )
and
=1 T w)|? 7 v)|?
(311) e 72 (170 F) 2 (170 0F) @atw
where

D(%é):{xeRi:ngkS(S,lgkgd}.
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Then we have G., 5 belongs to L2, (R%) and
(3.12) Fal(Gr5)(A) = Ky 5(2)
Proof. By using Holder’s inequality and the relations (2.8),(2.16),(3.1) we find that

s _ pa(D(,5) P
Goato)? < PG [ ) @ )

u,v
So

2 Ma(D(’%é)) T (7Y 2\ & y
HG’Y,5H2,a < C2/D(»y,6) <~/]Ri |'/oc(u‘ )()‘)| |/a(’l) )(A)|2 dﬂa(A)> dﬂa(y)

u,v

(ﬂa(D(7a6))

2
2
) e 0B < o
u,v

Which proves that G, s belongs to L2 (R%), furthermore by using Parseval’s relation (2.8), (2.14) we find
that

<

(u¥ % vY) () = / 7o (W) (2)vY(2)dpa(2)

d
RY

= | Fa@)(Nta,a(Ae) Fa(0¥)(N)dpua(N)

d
R+

-/ i oy 72 (120 @F) (97t (17 ) )

now, by using Fubini’s theorem and the relation (2.11) we find that

Gro@) = o [ Yara) < /| - ¢ (12a @I*) )72 (172 0I*) (y)dua<y>> djta (M)

Cu,v Ri
- / a2 I 5(N)dpta (V)
r

inversion formula (2.10) gives the relation (3.11). O

In the following we establish reproducing inversion formula of Calderén’s type for the multidimensional Hankel-
Gabor transform W,,.

Theorem 3.4. Let 0 < v < § < —+oo and (u,v) be an admissible pair such that F,(u) and F.(v) belongs to
L (RY). Forall f € L2 (R%), the function f. 5 defined for all z € R% by:

6.13) Fu@) =g [ [ D@0 @) @ diew),

belongs to L2, (RY) and satisfies

(3.14) 1.6 = fllg,q =0

lim
(7,6)—(0,+00)

Proof. It is easy to see that for all f € L2 (R%) we have f, 5 = f xq G4,5, Where G, 5 is the function given
by the relation (3.10), by using the relations (3.7),(3.11) we find that

5= A3 = [ 1Zal IO (1= Ko sO))? dia()

4
by using the relations (3.7),(3.11), the relation (3.14) follows from the dominated convergence theorem. [
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4. UNCERTAINTY PRINCIPLES ASSOCIATED WITH THE MULTIDIMENSIONAL HANKEL-GABOR
TRANSFORM

4.1. Uncertainty principle for orthonormal sequences. In this subsection, we estimate the concentration of
W, on subset of RY x R4 of finite measure, similar results have been checked in [11,16,23] and we establish the
uncertainty principle for orthonormal sequences associated with the multidimensional Hankel-Gabor transform, first
we consider the following orthogonal projections

(1) Let P, be the orthogonal projection from L2 (R3%)onto W, (L2 (R%)) and Im P, denotes the range of P,,.
(2) Let Pg be the orthogonal projection on L2 (R3%) defined by

(4.1) PpF =xgF, FelL(RY),
where E C RY x RY and Im P is the range of Pg. Also, we define

|Pe Pyl = sup { | P Pu(F) (P e L2 (R, | Fllopon, =1}

||27Ho¢ Opa
We first need the following result.

Theorem 4.1. Let u € L2(R%) be a non-zero window function. Then for any E C R% x R% of finite measure
Ha @ pia(E) < oo, the operator Pg P, is a Hilbert-Schmidt operator. Moreover, we have the following estimation

(4.2) IPePul* < pia ® pia(E).

Proof. since P, is a projection onto a reproducing karnel Hilbert space, for any function F' € L2 (R??), the
orthogonal projection P, can be expressed as

(&)= [[ | F 6O K (@,€)5(5,:6) dhae’) & dua(€)),
R3¢
where C,, ((z/,¢'); (x,€)) is given in theorem 3.3, using the relation (4.1), we find that
PoPuP) @) = [[ | xe(@ OF @)K (@)1 0. 6)) ditale’) @ disa(€)

This shows that the operator PgP, is an integral operator with kernel K ((z',£');(z,§)) =
Xe(z, K, (2, &) ; (z,£)). Using the relation (3.6) and Fubini’s theorem, we find that

1oPlins = [, [ @610 O ) & da @) @ e

L [ e P 1 (@) @ P di(o') © (€ o () @ (€

_ Nl
(43) 2 [ dno(e) © dual) = o 10() < o

B || Ha
Thus, the operator Pg P, is a Hilbert-Schmidt operator. Now, the proof follows from the fact that | P P, || <
[ PePullfrs- ]

In the following, we obtain the uncertainty principle for orthonormal sequences associated with the multidimen-
sional Hankel-Gabor transform.

Theorem 4.2. Let u € L2 (R%) be a non-zero window function and { ¢y}, .\, be an orthonormal sequence in LZ,(R%).
Then for any subset E C R% x RY of finite measure pio, ® p1o(E) < 0o, we have

N

> (1= I Wa 60l o, ) < tie @ pa(B),

n=1

for every N € N.
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Proof. Proof. Let {e,}, oy
and satisfied the relation (4.3) and we have

> (PuPpPuen.en), o = |PePulirg < ta @ pa(E) < 0.
neN

be an orthonormal basis for L2 (R??). Since Pg P, is a Hilbert-Schmidt operator,

According to the paper [12], the positive operator P, Pr P, is a trace class operator and we have
tr (P, PpPy) = ”PEPuH?{S < o @ pa(E) < o0

where tr (P, Pg P,) denotes the trace of the operator P, Pg P,. Since {¢y },, oy
L2(R%), from the orthogonality relation (3.9), we obtain that {W, (¢,,)},,cy is also an orthonormal sequence
in L2 (RQd) thus

be an orthonormal sequence in

N
Z PeWa (60) Wa (60) oo = D (PaPEPVED (60) WED (60)) < tr(PuPpP)

= Ho®Ha

Hence, we find that

N
Z (PEWy (9n) , W (¢n)>ua®ua < Ha ® pa(E) < 00
n=1
Moreover, for any n with 1 < n < N, using the Cauchy-Schwarz inequality, we get

<PEWu (¢n) 7Wu (¢n)>ua®pﬂ =1- <PE‘Wu (¢n) aWu (¢")>Ma®uu > 1- HXEFWu (¢n)||27ﬂa®ﬂu .

Thus, we obtain

N N
> (1= Wi (60l ) < D (PEWa (60) Wa ()00, < e @ pia(E).
n=1 n=1

This completes the proof of the theorem. O

4.2. Donoho-Stark’s Uncertainty Principle for the multidimensional Hankel-Gabor transform. The main
purpose of this subsection is to give an analogue of Donoho-Stark’s uncertainty principle [8] for the multidimensional
windowed Hankel transform. In particular, we investigate the case where f and W, (f) are close to zero outside
measurable sets.

We start with the following result

Theorem 4.3. Let u € L2(R%) be a non-zero window function and f € LZ(R%) such that f # 0. Then for any
subset E C R% x RY of finite measure po ® po(E) < 0o, and e > 0 such that

/ [E W ()@, ) dpta(2) ® diia(€) = (1 — ) f 12 llul3n

then we have
Ha ®,U/oz(E) Z (]- —5)

Proof. by using the relation (3.6) we find that

=3 o llull3 0, < /EIWu(f)(xaf)lzdua(w) ® dpa(§) <

Therefore we find that

(E).

Mo ®MQ(E) > (1 _5)'
O

The following proposition shows that the multidimensional Hankel-Gabor transform cannot be concentrated in any
small set
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Proposition 4.1. Let u € L2(R%) be a non-zero window function .Then for any function f € L2(R%") and for
any subset E C RY x R such that po @ pa(E) < 1, we have

HXECWU(f)”Q,Ha@Ha Z V 1 - IU’CY ® :u“a(E)”f
Proof. For any function f € L2 (R%), by using the relation (3.6), we find that
IVl s, = IXEWa (D) X W) 0,
= IXEWu(D)llz i + IXEWL D3 000,

2
< o 40 () Wl o, + [0,

12,10 19112, 10 -

2
< 1o ® (BN E2ge 0 i 1913 o, + X WD,

Thus, using Plancherel’s formula (3.9), we obtain

IXEWu(Pllz pgpn = V1= ta @ pa(E)|[fll2nal9ll2,00-
]

Definition 4.1. Let S be a measurable subset of R%and 0 < eg < 1. Then we say that a function f € L2 (RE™),1 <
p < 2, is eg-concentrated on S in L2 (R )-norm, if

Ixse fllpa < €sllfllpa-

Ifeg = 0, then S contains the support of f.

Definition 4.2. Let E be a measurable subset of RT x R and 0 < e < 1. Let f,u € L2(R%) be two non-zero
functions. We say that W, (f) is e g-time-frequency concentrated on E, if

xEWau(f)

If Wi (f) is e g-time-frequency concentrated on E, then in the following, we obtain an estimate for the size of the

2,0 Qo <¢€E ||Wu(f)||2,ua®ua .

essential support of the multidimensional Hankel-Gabor transform.

Theorem 4.4. Let u € L2 (R%) be a non-zero window function and f € L2 (R%) such that f # 0. E C RY x RY
such that po, ® po(E) < coand eg > 0. If Wy (f) is e p— timefrequency concentrated on E, then

Ha @ pa(E) > (1= ).

Proof. Since W, (f) is e g-time-frequency concentrated on E, using Plancherel’s formula (3.9), we deduce

that ) ) )
A2 0 1ell2, e = V(2,0 00

2 2
= IxeWuNlz poona + IXEWu (D2 40

< IV llzpesiee + IXEWa( D)z .
by using the relation (3.5) we find that

(4.4) (1 =eB) 113, ul3 .. < IxeWa(Ds,.. 0

2
< 0 ® 1 (B) Wl DI oo < 1710 [l 10 © 110 (E)
which completes the proof. O
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corollary 4.1. Let E C RY x RY such that po ® pa(E) < 00,ep > 0,u € L2(RY) be a nonzero window function,

and f € L2(RY) such that f # 0. f W, (f) is e g-time-frequency concentrated on E, then for every p > 2, we have
o ® pa(E) > (1—%)72 .

Proof. Is a consequence of (4.4) and Holder’s inequality for the conjugate exponent £ and ﬁ O

Theorem 4.5. Let E C RY x RY such that jiq ® pa(E) < 0o, u € LZ(R%) and f € LL(R%) N L2 (RY) such that

IWu(F)ll2,pia@na = 1 Let S be a measurable subset of RY such that pu,(S) < oo, if f is eg-concentrated on S in
LL(R%)-norm and W, (f) is € p-time-frequency concentrated on E then we have

2
pa(S) > (1—es)  II£IIF . llull3 ..,
and

113, 1l

%,uaﬂa ® pa(E) > (1 - 62E)
in partucular we have
Ho(S) 13,0 ® pa(E) > (1 - k) (1 - 25)’ If [

Proof. Since W, (f) is is e g-time-frequency concentrated on E by using the relation (4.4), we find that

2
(1 - EQE) ||f||g,a||u‘ g,a < ”XEWu(f)”Z,ua@,ua

2, ua®u. = 1, using the relations (3.5),(3.8) we find that

since [, (f)]

45 (1=¢B) < IeWalDls pospn < Ha © HalB) IWa(D 2 poope < IFI1E 0 ull3,0, e © pa(E)

similarly, since f is is g-concentrated on S in L, (R%)-norm, using the Cauchy-Schwartz inequality and
the fact that || f||2,...

Uz, = 1 we get

1 « S %
“6) (1= e < xSl < 1l (rn(5)E = i)
sHe
by using the relations (4.5),(4.6) we find that
()13 e @ pa(E) > (1 =) (1 =) | £113.0

this completes the proof of the theorem.
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