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STABILITY OF LEFT AND RIGHT WEYL ESSENTIAL SPECTRA

ALI ZITOUNI

ABSTRACT. In this work, we use the concept of demicompact linear operators to provide a characterization of
the left and right Weyl essential spectra. Additionally, we study the stability of these spectra in Banach space. We
illustrate our theoretical results by investigating this type of essential spectra in transport equations.

INTRODUCTION

Many papers, in the last years, were devoted to the study of demicompact operators. The Fredholm
theory of this operators attracted many authors. This concept was first introduced by Petryshyn in [15].
Initially, demicompact operators were defined in the context of fixed point theory of the operators on Ba-
nach spaces. Following this, Akashi in [2] and Jeribi A. in [8], [9] used demicompact operators to establish a
stability results of Fredholm operators. Building upon this research, our focus is on studying the right and
left essential spectra in this article.

Before proceeding, we introduve some definitions, theorems, and properties Fredholm operators.
C(X,Y) denotes the collection of densely defined closed linear operators, £(X,Y) represents the bounded
linear operators, and K(X,Y’) corresponds to the set of compact operators.

If X and Y are the same space, the pair (X,Y") is replaced by X. For instance, C(X,Y") becomes C(X). For
T € C(X), we defined the resolvent and the spectrum set as follows:

{u€C, u—T isinvertible and (1 — 7)) 'is bounded},
o(T) = C\p().

Additionally, we denote R(T") C Y as the range of T, N(T') as the kernel of T, a(T') as the dimension of
N(T), and 3(T) as the codimension of R(T"). The index of T', denoted as i(T') = «(T') — B(T). The set of left
invertible and right invertible operators is denoted as GL(Y, X) and GR(Y, X), respectively. We noted that
T is invertible if and only if T" is both left and right invertible, meaning there exist operators 7, and T; such
that 77, = I and T;T = 1.

Let M be a subspace of X. We say that M to be complemented, if there exists N C X, a closed subspace,

2,
N~

SN~—
[

such that X = M & N. We will define the sets of left and right Fredholm operators, respectively:

Q,(X,Y)={T € C(X,Y), a(T)is finite, R(T") is closed and complemented},
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and
. (X,Y)={T €C(X,Y), B(T) is finite and N (T) is complemented},
The sets Fredholm operators are defined by:
P(X,Y) =D, (X,Y) N ®_(X,Y),

where, the upper semi-Fredholm and lower semi-Fredholm operators are defined respectively:

O, (X,Y)={T €C(X,Y), a(T)is finite and R(T) is closed in Y },
and

®_(X)Y)={T eC(X,Y), B(T) is finite and R(T) is closed in Y },

Hence, we have the following relations:

(X, Y) C ®y(X,Y) C 24 (X,Y),
and
P(X,Y)C P, (X,Y)CP_(X,Y).
The left Weyl operators, denoted as WL(X), is defined:

WL(X) ={T € &;(X), i(T) is negative}.
Similarly, the right Weyl operators, WR(X), is defined as:

WR(X)=T € ®,.(X) such that i(T") > 0.

We say that p1 € Cisin ®;p (®,7) if p — T € &;(X) (D,(X)).

An operator F is called a Fredholm perturbation if F € £(X,Y), and T + F € ®(X,Y), for every
T € &(X,Y). The set of perturbations is denoted as F(X,Y).

Now, consider T' € C(X). The left and right Weyl essential spectra, denoted, respectively, as 0., (T") and
Oewr(T) and defined as follows:

oent(T) = [\ ol +K),
KeK(X)
Oer(T) = [\ on(T+K),
Kek(X)
where
o(T) = {weC,u—Tisnotleftinvertible}
o-(T) = {weC, u—Tisnotrightinvertible}.

The sets 0;(.) and o..(.) represent the left and right spectra respectively.

This article is organized as follows: The next Section, we introduce some definitions and results related
with Fredholm theory. In Section 3, we develop a new characterization of the left and right essential spectra
of closed linear operators defined on X. This characterization will be based on the essential spectrum of
each individual operator. In the last section, we investigate the results from Section 3 to obtain a description
of this type of spectra of transport equation in L,-spaces.
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1. BAsIC TOOLS

In this section, we will establish some preliminary results regarding the essential spectra of closed
densely defined linear operators. These results will be used in our results.

Theorem 1.1. [7, Theorem 5.1.1] Let T' € C(X). Then,
i) pp & oewt(T) if, and only if, u — T € &)(X) and i(p —T) < 0.
1) b & Oewr(T) if,and only if, p — T € ©,.(X) and i(u —T) > 0.
181) Oer(T) = Oewi(T) U Oerr (T).
Lemma 1.2. [7, Lemma 5.1.1] Let T € C(X) such that 0 € p(T'). Then, for i # 0 we have p € o¢;(T') if, and only
if, ;% €ou(T™Y), i =wl,wr.
Theorem 1.3. [6, Theorem 2.3] Let T' € C(X,Y), then
i) T € ®)(X,Y) if, and only if, there exist S € L(Y,X) et K € K(X) such that
R(S)UR(K) Cc D(T)
and
ST =1—-KonD(T).
1) T € ®.(X,Y) if, and only if, there exist S € L(Y,X) et K € K(Y) such that R(S) C D(T), ST and KT are

continuous, and
TS =1-K.

Theorem 1.4. [6, Theorem 2.5] Let A € C(Y, Z), B € C(X,Y), then
WIfAe ®(Y,Z), Be ®(X,Y)and D(AB) = X, then AB € (X, Z) and

i(AB) = i(A) + i(B).

W) IfAe ®,.(Y,Z), Be ®,.(X,Y)and AB is closed, then AB € ®,.(X, Z) and
i(AB) = i(A) +i(B).
Theorem 1.5. [6, Theorem 2.7] If A € ®;(X) (resp.®,(X)) and K € K(X), then A+ K € ®;(X) (resp. (X))

and
i(A+ K) =1i(A).

Theorem 1.6. [16, Theorem 6] Let X, Y and Z be a Banach spaces, T € L(X,Y)and S € L(Y, Z).
(i) IfST € (X, Z), then T € &, (X,Y).

(i) IfFST € d_(X,Z), then S € ®_(Y, Z).

(15) If ST € ®(X, Z), thenT € (X, Y)and S € ¢_(Y, Z).

Definition 1.7. [15] An operator T' € C(X), is said to be demicompact if for every bounded sequence {¢,, }
in D(T') such that ¢, — T'p,, — ¢ € X, there exist a subsequence of {¢,, } which converge to .

We denote DC(X) the concept of demicompact operators and we define the following sets:
Ax ={T € C(X) such that vT € DC(X) whenever v € [0, 1]},

and
I'x = {T € C(X) such that AT € Axforevery A € L(X)}.

Remark 1.8. It is clear that all the sets DC(X), Ax and I'x contain K(X).

Theorem 1.9. [5] Let T' € C(X), then T is demicompact if, and only if, I — T € &, (X).
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Theorem 1.10. [4, Theorem 3.2] Let T € C(X). If T € Ax then I — T € ®(X) of index zero.

Proposition 1.1. [10, Proposition 2.1] Let A € C(X),B € C(Y, X),C € C(X,Y) and D € C(Y'). We suppose
that A and D are demicompact, B is compact and C is bounded. Then,

(0T = ( 1(;1 10) ) € DC(X), and

(ii) A = ( é g ) € DC(X).

Corollary 1.1. [10, Corollary 2.1] Let A € C(X),B € C(Y, X),C € C(X,Y) and D € C(Y'). We suppose that
A and D are demicompact operators, B is bounded and C' is compact, then A € DC(X x Y'). In addition, if
AcecAxand D € Ay, then A € Axxy.

2. STABILITY OF LEFT AND RIGHT WEYL SPECTRUM

Now, we will investigate the Weyl essential spectra of unbounded linear operators by using the concept
of demicompactness.

Lemma 2.1. Let A € C(X). Then,
i)if Ae ®)(X)and B € T'x, then A+ B € &;(X) and,

i(A+ B) =i(A).
ii)if Ae ®.(X)and BeT'x, then A+ B € ©,(X) and,

i(A+ B) =i(A).
Proof 2.1. let A € ®;(X), then by using Theorem 1.3, there exists A4; € £(X) and K € K(X) such that

AlA=1—-K, onD(A).
Hence,
A(A+B)=1- K+ A;B, onD(A).

Since B € I'x, it means that A;B € Ax, then by applying Theorem 1.10, we get I + A;B € ®(X) and

i(I + A;B) =0.
Since K is compact, then Theorem 1.5 imply that A;(A + B) € ®(X), and R(A4;) UR(A;B — K) C D(A). By

referring to Theorem 1.3, we obtain (4 + B) € ®;(X).
Let X4 = (D(A),|| - ||) be a Banach space, where

[zl a = [l]| + [[Az].

We consider A from X 4 into X. We denoted A. Clearly A+ B and B are bounded operator from X 4 into
X. Accordingly, we obtain the following equalities :

R(B) = R(B),

and R(A + B) = R(A + B)

a(A) = a(A),

B(B) = B(B),

a(A+ A) = a(A+ B),B(A+ B) = (A + B),

Obviously, K and E are bounded on X 4.We can write

MA=1Iy, - K.
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AA e ®(X4)and Z(Eﬁ) = 0. On the other hand,
i(A(A + B)) = i(A(A + B)).
Hence, jﬁl\l is Fredholm if, and only if, A is Fredholm if, and only if, A+ B is Fredholm. We conclude that
i(A+ B) = i(A+ B) = i(A) = i(A).
(79) This assertion is checked in the same way as in (4).

Theorem 2.2. Let A € C(X). If B € I'x, then
(1) Cewi (A + B) = geyi(A).
(19) Oewr(A + B) = 0ewr(A).

Proof 2.2. Let p1 ¢ 0cyi(A), then by Theorem 1.1, we get u — A € ®;(X) and i(n — A) < 0. Since B € 'y,
hence By Lemma 2.1, we obtain p — A — B € $;(X) and i(x — A — B) < 0. The opposite inclusion follows
by symmetry and, we conclude that

erl(A + B) = erl(A)-

(#7) The proof of (ii) may be checked in a similar way to that (i).

Theorem 2.3. Let Aand B € C(X) such that the resolvent of A and B are not empty. If, for every p € p(A) N p(B),
(11— Ay = (u— B)~! € I(X), then
erl(A) = erl(B)
and
Oewr (A) = err(B)-
Proof 2.3. Let 1 € p(A) N p(B). For A # 0, We have the following equality
A—p+A=-2AA" = (p—A)H(p-A).
Since (uu — A) is one to one, then
ah =+ A) = a(A " = (u— A)7Y)
and
RA—p+A) =RA\ = (u—A)1").

This show that A — i+ A € ®;(X) if, and only if, (A\™! — (n — A)~!) € ®;(X). Then X € By(,,_ 4) if, and only
if, \"t € ¥y _ay-1,and iA —p+ A) =i(AH = (u—A)7H).

Let A € @y, 4), it means that A= € ®;(,_ 4y-1. Since (u — A)~! — (1 — B)~! € I'(X), then by combining
Lemma 2.2 with Lemma 1.2, we obtain A~! € ®;(,,—p)-1, which equivalent to A € ®;(,_p), and i(A-pu+A) =
(A — p+ B). Hence

Oewl (A) = Oewl (B)

(#3)The proof of (ii) may be checked in a similar way to that (i).
Definition 2.4. Let T' € C(X). T is called power demicompact if there exists n € N* satisfying 7" € DCX.

Theorem 2.5. Let AA € C(X) be a power demicompact for every A € [0,1], then I — A € ®(X) and i(I — A) = 0.
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Proof 2.4. Since A\A is power demiompact for every A € [0,1], then there is a n € N* satisfying (AA)" €
DCX. It follows by Lemma 1.10, that I — (AA)™ is Fredholm with index zero. On other hand, we have the
following equations:

I—(A\A" = (I-M)T+AA+ ..+ 1amh
= (T+M+. +X"1AH (T - )\A).
Hence, from Lemma 1.6, we obtain that I — (AA) is Fredholm and (I — AA) = 0. Now, by stability results

of Kato [11] , the index of I — (AA) is continuous in A. Since i(I — AA) € N,then it is constant fore very
A € ]0,1]. Obviously, i(I — AA) =i((I — A) =i(I) = 0, hence i(I — AA) = 0.

Corollary 2.1. Let A € C(X) be a power demicompact, then ] — A € & (X).

Proof 2.5. We have
I—A" = (I+A+4..+A"H(I - A).

then, by applying Theorem 1.6 (i), we conclude that I — A € &, (X).

3. AN APPLICATION TO A TWO-GROUP TRANSPORT OPERATORS

Assume that D C R, and let du be a measure on RY satisfying du(0) = 0. The support of dyu is denoted
as V and is referred to as the velocity space. For any (z,v) € D x V, we examine the following neutron
transport equations:

G Lo v ooy =Ky

subject to boundary and initial conditions
f(ta K ')|F, = 07 f(vaav) = fO(xa 1})

where

I'_ ={(z,v) € 9D x V,un(x) < 0}
and n(x) is the outward normal at z € 9D.
The collision frequency at position = for neutrons traveling at velocity v is represented as o(z,v). The
collision operator, referred to as K, is known for its property of being localized in relation to the spatial
variable = within the domain D. We can write eq. 3.1 as an abstract Cauchy problem

d

(62 Verp ks 50 = fo
in the space

X = L,(D x Vidzdu(v)) (1 <p < )

The operator T is called streaming operator and defined by:

_ . of
T =~k — ola,0)f(a.0)
in domain 5
DT) = {f € Ly(D x V);o5L € L(D x V); fir_ =0}

We will suppose that the collision frequency is positive and bounded
o(,) € LD x V)
It is known that T’ generates an explicit co-semigroup

O(t)p=e" Is U(Ifﬁ””)gp(x —tv,v)x(t < s(z,v)).
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Where
s(z,v) =inf{s > 0;x — sv ¢ D}.
We recall that the essential type of §(t); ¢ > 0) is given by

¢
n = — lim ess. inf t_l/ o(x — sv,v)ds.
0

t—o0 t<s(xz,v

If D is bounded,

a(0(t)) = {p; Rep < n}.

We observe that if 0 ¢ D (i.e. the velocities are bounded away from zero) and if D is bounded, then

{aw(t» = (|l < e}

U(t);t > 0 is nilpotent (it vanishes for ¢ > ﬁ where d is the diameter of D and v,,;, is the minimwn
speed) and therefore n = —oco. If 0 € D, D is bounded, and if the collision frequency is homogeneous, then
n = —lim inf o(v).

v—0

For more explication concerning the following two-group transport operators, the reader may refer to [7].
Let 1 < p < oo, we introduce the space

X, = Ly[(—a,a) x (—1,1);dzdv] (0 < a < 00).

Let the following two-group transport operator defined on X, x X,

AT =TH 4K,
where
S ( " ) (2 ) 0
& 0 _UW — o2(v)Ya(z,v)
_ T 0 Y1
B 0 T o
and

K K
C— 1 A
Ko1 Ko
where K;; are bounded on X, and defined by:

KijIXp —)Xp

3.3 1
(5.3) P — / kij(z,v,0")(z,0")dv'.
—1

We define the streaming operator T/, j = 1,2, by:

Ox

TG, ) = 020D e, v)
D(T}') = {1 € W, such that " = H(y°)},

The scattering kernels k;; : (—a,a) x (=1,1) x (—=1,1) — R are assumed to be measurable. We have the
following definition.

Definition 3.1. Let K;; be the integral operator defined by (3.3). Then, K;; is said to be regular if
{kij(z, -,v") such that (z,v") € (—a,a) x (—1,1)} is a relatively compact subset of L,(—1,1), p > 1.
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Theorem 3.2. [13, Theorem 4.1] Let 1 < p < oo and let D be bounded. We assume that du is such
that the hyperplanes have zero du-measure and that the collision operator is reqular. Then K j(A — TH)~1 and
(A —=TH)'K;;, i,§ € {1,2}, are compact in L,(D x V;dzdu(v)).

We introduce the following spaces:

X, = Ly[{—a} x (=1,0); |v|dv] x Ly[{a} x (0,1);|v|dv] = X7, x X5 ,,

p
X, = Lyl{—a} x (0,1); [vldv] x Ly[{a} x (=1,0);]v|dv] = X7, x X3,
and
9
W, = < ¢ € X, such that vy, € Xp o
The boundary operator H is defined by:

H:X{,xXg§, — X{"p x X3,

I ur | Hyy Hypo Py

Us Hyy  Hoo o
with k,1 € {1,2},and Hy; € L(X],, X} ).
The function #(z, v) with position x and the cosine of direction of propagation v represents the density of
gas particles; that is, the 2-direction of the particle and v is the cosine of the angle between the velocity
vector. The collision frequency satisfies

oy() € L¥(~1,1),

and v°, ¢ represent the outgoing and the incoming fluxes related by the boundary operator H ('o’ for the
outgoing and '’ for the incoming). By Remark 4.1 in [12], we determine the expression of the resolvent of
the operator Ty, . Let

A} =liminfo;(v), j=1,2,

v—0
and
i H] < 1

70

w=4 1 .
=T+ 5 log () if | H| > 1.

Remark 3.3. If the operator H # 0 is strictly singular on X, that is for every infinite-dimensional subspace
F, the restriction of H to F'is not an homeomorphism, then by using Theorem 3.3 in [1] we obtain:

Oe; (TjH) = {A € Csuch that Re A < —\7}, forevery i € {l,r, wl,wr}.

We will suppose that the operator H # 0 is strictly singular on Xj,.

Theorem 3.4. If Klla Koy € F(Xp), and Ko or K5 € K(Xp), then
oi(A”) = {\ € Csuch that Re A < min(—\}, —\3)}, for every i = {ewl, ewr}.

Proof 3.1. let A & 0. (TH), then \=TH € ¢,(X, x X)), it means that \— T € ¢;(X,) and A—T4! € ¢;(X,).
Using Theorem 1.3, there exist T}, T4 € £(X,), and K1, K> € K(X,,), respectively, such that

THTHE —\)=1—- K, onD(TH),

and
TYTH —\) =1 - Ky, onD(TY).
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Now, we can define 7;, and K, respectively, on the following form:
Th 0 K 0
77 = ! 1 ) K= ! .
0 T! 0 K

TiA—=T")=T-KonD(TH).

TllKll T2lK12
Tk = ( T'Ky, TlKy |
14321 214322

Since Ki1,K22 € I'(X,), then T{Ky1,TiK2 € A(X,). In addition, K2 or Ki» € K(X,), then
T{ Ko or TiK15 € K(X,). It follows from Corollary 1.1, that

Hence, we have the relation

We calculate

TK € A(X, x X)),
which imply that £ € T'(X,, x X,,). Now, by applying Theorem 2.2, we obtain
oi(AT) = 0;(TH) = {\ € Csuch that Re A < min(—\}, —\3)}.
Theorem 3.5. If Ko and K5 are reqular, then
0ei(AT) C {\ € C such that Re A\ < min(—\}, —\3)}, for every i = {ewl, ewr}.

Proof3.2. let A ¢ oy (TH), then \—TH € GL(X, x X,,), it means that \—T{! € GL(X,) and \-T4! € GL(X,).
Now, We can define 7; on the following form:

O 0
Tl( 0 (A—TQZ)—1>'

Hence, we have the relation 7;(A — 7) = I. Now, we calculate

7;’C: )\—Tll)ilKll ()\—Tll)ilKlg
()\—TE)_lKQl ()\—Tf)_lKgg ’

Since Ky and K5 are regular, then by using Theorem 3.2 we obtain that Then K5, (A—T) “tand Kjo(A\-T)"!

are compact in L,,(D x V;dazdp(v)) which imply that £ € T'(X,, x X},). In the rest of the proof, we continue
by the same way as Theorem 3.4, and we get the relation

Tewt(AT) C oy (TH) = {\ € Csuch that Re A < min(—\}, —\3)}.
i1) By the same manner we prove
Oewr(AT) C 0, (TH) = {\ € C such that Re A < min(—\}, —\})}.
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