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DYNAMIC BEHAVIOR AND BIFURCATION ANALYSIS OF A DIFFERENCE EQUATION
INCLUDING EXPONENTIAL TERMS

A.A. ELSADANY1,2,∗, SAMIA IBRAHIM2, AND E. M. ELABBASY3

ABSTRACT. In this paper, the local stability, the boundedness, rate of convergence and the conditions of Neimark-
Sacker bifurcation concerning difference equation

xn+1 = α1xn + α2xn−1 + β1xn exp(−x2n−1) + β2xn−1 exp(−x2n−1), n = 0, 1, ...,

are investigated. We focus on the Neimark-Sacker bifurcations of the discrete model. The center manifold the-
orem and bifurcation theory are explicitly applied to reach conclusions about the occurrence and stability of the
Neimark-Sacker bifurcation. Many numerical simulations that confirm the existence of the Neimark-Sacker bi-
furcation are also provided.

1. INTRODUCTION

In the recent years, many authors have great interest in studying the behavior of difference equation
including exponential terms especially the global stability because it is considered one of the main to topics
in the theory of difference equations. Also, they are interested in investigating the bifurcation phenome-
non which occur in parameter-dependent dynamic systems. When the parameters are varied, changes may
occur in the qualitative structure of the solutions for certain parameter values. Bifurcation may lead to dif-
ferent dynamical behaviors of a model when parameters pass through a critical value. Difference equations
have many applications in applied sciences. Several authors have published research articles on discrete
models which discuss the local, global asymptotic stability and bifurcation see [ [1], [3], [5]- [7]].

In Metwally et al. [9] investigated the boundedness, the asymptotic behavior, the periodic character and
the stability of solutions of the difference equation

xn+1 = α+ βxn−1 exp(−xn),

where the parameters α and β are positive numbers and the initial conditions are arbitrary non-negative
real numbers.
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Wenjie et al in [34] investigated the boundedness and the asymptotic behavior of the positive solutions
for difference equation

xn+1 = a+ bxn exp(−xn−1),

where a, b are positive constants and the initial values x−1, x0 are non-negative numbers.
In [27] was shown the globally asymptotically stability of the difference equation

yn+1 =
α+ β exp(−yn)

γ + yn−1
,

where the parameters α, β and γ are positive numbers and the initial conditions are arbitrary non-negative
numbers.

Bozkurat in [14] discussed the local and global behavior of the positive solutions for difference equation

yn+1 =
α exp(−yn) + β exp(−yn−1)

γ + αyn + βyn−1
,

where the parameters α, β and γ and the initial conditions x−1, x0 are positive numbers.
Moreover, Din [4] investigated the global asymptotic stability of the following discrete-time population

model:
xn+1 = αxn exp(−yn) + β, yn+1 = αxn(1− exp(−yn)),

In [17] the authors obtained the global behavior of the positive solutions for difference equation

xn+1 = axn + bxn−1 exp(−xn),

where a, b are positive constants and the initial values x−1, x0 are positive numbers.
Hui Feng et al in [19] investigated the global stability and bounded nature of the positive solutions for

difference equation
xn+1 = a+ bxn−1 + cxn−1 exp(−xn),

where the parameters a ∈ (0,∞), b ∈ (0, 1), c ∈ (0,∞) and the initial conditions are arbitrary non-negative
numbers. For other papers related to the qualitative behavior of difference can be found in the following
papers [ [8], [10], [15], [16], [20]- [24], [28], [29], [31], [32], [33], [36]].

Our purpose in this paper is to investigate the global stability character, boundedness, the rate of con-
vergence of solutions and Naimark-Sacker bifurcation of the recursive sequence

(1) xn+1 = α1xn + α2xn−1 + β1xn exp(−x2n−1) + β2xn−1 exp(−x2n−1) n = 0, 1, ...,

where the parameters α1, α2, β1 and β2 are nonnegative numbers and the initial conditions x−1 and x0 are
arbitrary nonnegative numbers. Moreover, introducing yn = xn−1, we obtain the following discrete-time
system equivalent to Eq.(1):

xn+1 = α1xn + α2yn + β1xn exp(−y2n) + β2yn exp(−y2n)(2)

yn+1 = xn.

This work investigates the bifurcation analysis of a novel class of difference equations with exponential
terms. Our primary focus is on determining how the four system parameters affect the system’s dynamics.
In addition, the method we employed to analyze the system is novel enough in that it may be applied to the
investigation of a wide range of models in the field of theoretical ecology, including those with exponential
terms. There are various difference equations in mathematical biology; see [ [26], [2]]. and references
therein. Our analysis can be used to precisely describe the dynamic behaviors of many difference equations,
all of which are realistic models in population dynamics.

We organized of this paper as follows. The first section introduces the sample research articles on discrete
models, which discuss the behavior of difference equations, including exponential terms, especially the
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local asymptotic stability and bifurcation at once. Section 2 is devoted to investigating and giving lemmas to
the local dynamical behavior of the system at its equilibrium points. Section 3 gives the boundedness of the
solutions of the equation. Section 4 investigates the rate of the solution’s convergence to the unique positive
equilibrium point. Section 5 shows the Naimark- Sacker bifurcation of a fixed points for a map associated
with the Difference equation with exponential terms. In section 6, numerical examples are examined to
validate theoretical findings in previous sections. Finally, in section 7, we present numerical simulations to
prove theoretical analysis.

2. LOCAL STABILITY OF THE EQUILIBRIUM POINT

In this section we investigate the local dynamical behavior of the system (2).
First we solve the system

x = α1x+ α2y + β1x exp(−y2) + β2y exp(−y2), y = x.

Solving the aforementioned system yields that the two equilibria for the system (2) are E0 = (0, 0), E1 =

(
√

ln( β1+β2

1−(α1+α2)
),
√
ln( β1+β2

1−(α1+α2)
)), when (α1 + α2) < 1, and E2 = (−

√
ln( β1+β2

1−(α1+α2)
),−

√
ln( β1+β2

1−(α1+α2)
)),

when (α1 + α2) < 1.
Assume that J(x, y) denotes Jacobian matrix of system (2) evaluated at (x, y),

J(x, y) =

(
α1x+ β1 exp(−y2) α2 − 2β1xy exp(−y2)− 2β2y

2 exp(−y2) + β2 exp(−y2)
1 0

)
,

then it follows:

J(0, 0) =

(
α1 + β1 α2 + β2

1 0

)
,

and

J(

√
ln(

β1 + β2
1− (α1 + α2)

),

√
ln(

β1 + β2
1− (α1 + α2)

)) =

(
α1 + β1

(
1−(α1+α2)
β1+β2

)
α2 + β2

(
1−(α1+α2)
β1+β2

)
− 2(1− (α1 + α2)) ln(

β1+β2

1−(α1+α2)
)

1 0

)
.

Moreover, characteristic polynomial for J(0, 0) is computed as follows:

P (λ) = λ2 − (α1 + β1)λ− (α2 + β2),

and characteristic polynomial computed for J
(√

ln( β1+β2

1−(α1+α2)
),
√

ln( β1+β2

1−(α1+α2)
)
)

is given by:

P (λ) = λ2 − (α1 + β1

(
1− (α1 + α2)

β1 + β2

)
)λ

−(α2 + β2

(
1− (α1 + α2)

β1 + β2

)
− 2(1− (α1 + α2)) ln(

β1 + β2
1− (α1 + α2)

)).

Keeping in view the relation between roots and coefficients for a quadratic equation, the following Lemma
gives local dynamical behavior of system (2) at its trivial steady-state (0, 0).

Lemma 1. The following statements hold true related to equilibrium (0, 0) of (2):
1. (0, 0) is locally asymptotically stable if and only if α1 + β1 + α2 + β2 < 1.
2. (0, 0) cannot be a saddle point for the system (2).
3. (0, 0) cannot be a source (repeller) for the system (2).

Similarly, for positive equilibrium point, we have the following Lemma:
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Lemma 2. For positive equilibrium of the system (2), the following statements hold true:

1.
(√

ln( β1+β2

1−(α1+α2)
),
√
ln( β1+β2

1−(α1+α2)
)
)

is locally asymptotically stable iff

0 < α1 + α2 < 1, (1− (α1 + α2))e
−1

2(1−(α1+α2)) < β1 + β2 < (1− (α1 + α2))e
1+α2

2(1−(α1+α2)) .

2.
(√

ln( β1+β2

1−(α1+α2)
),
√
ln( β1+β2

1−(α1+α2)
)
)

is a saddle point iff

0 < α1 + α2 < 1, 0 < β1 + β2 < (1− (α1 + α2))e
1

2(1−(α1+α2)) .

3.
(√

ln( β1+β2

1−(α1+α2)
),
√
ln( β1+β2

1−(α1+α2)
)
)

is a (source) iff

0 < α1 + α2 < 1, β1 + β2 < (1− (α1 + α2))e
α2−1

2(1−(α1+α2)) .

3. BOUNDEDNESS OF SOLUTIONS

In this section the boundedness of solutions of Eq.(1) is studied.

Theorem 1. Every solution of Eq.(1) is bounded if

α1 + β1 + α2 + β2 < 1.

Proof. Let {xn}∞n=−2 be a solution of Eq.(1). It follows from Eq.(1)

xn+1 = α1xn + α2xn−1 + β1xn exp(−x2n−1) + β2xn−1 exp(−x2n−1)

= α1xn + α2xn−1 +
β1xn + β2xn−1

exp(x2n−1)

< α1xn + α2xn−1 + β1xn + β2xn−1

< (α1 + β1)xn + (α2 + β2)xn−1.

By using a comparison, we can write the right hand side as follows

yn+1 = A1yn +A2yn−1,

where A1 = α1 + β1, A2 = α2 + β2 and this equation is locally asymptotically stable if A1 + A2 < 1 and

converges to the equilibrium point
−
y = 0.

Thus
lim sup
n→∞

xn = 0,

then the solution is bounded. �

4. RATE OF CONVERGENCE

In this section we will investigate the rate of convergence of a solution that converges to the unique
positive equilibrium point of Eq. (1). Let f : (0,∞)2 → (0,∞) be a function defined by

(3) f(u, v) = α1u+ α2v + β1u exp(−v2) + β2v exp(−v2).

Therefore it lead to that

(4) fu(u, v) = α1 + β1 exp(−v2),

(5) fv(u, v) = α2 − 2β1uv exp(−v2)− 2β2v
2 exp(−v2) + β2 exp(−v2).

We see that at
−
x =

√
ln( β1+β2

1−(α1+α2)
) in (4) and (5)
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fu(
−
x,
−
x) =

α1β2 + β1 − α2β1
β1 + β2

= a,

fv(
−
x,
−
x) =

α2β1 + β2 − α1β2
β1 + β2

+ 2((α1 + α2)− 1) ln(
β1 + β2

1− (α1 + α2)
) = b.

The linearized equation of Eq.(1) about is
−
x =

√
ln( β1+β2

1−(α1+α2)
) is

(6) yn+1 − ayn − byn−1 = 0,

The characteristic equation of the linearized equation (6) is

(7) λ2 − aλ+ b = 0.

We have

xn+1 −
−
x = α1xn + α2xn−1 + β1xn exp(−x2n−1) + β2xn−1 exp(−x2n−1)

−(α1
−
x + α2

−
x + β1

−
x exp(−−x

2

) + β2
−
x exp(−−x

2

))

= α1(xn −
−
x) + α2(xn−1 −

−
x) + β1xn exp(−x2n−1)

+ β2xn−1 exp(−x2n−1)− β1
−
x exp(−−x

2

)− β2
−
x exp(−−x

2

))

= (α1 + β1 exp(−x2n−1))(xn −
−
x) + (α2 + β2 exp(−x2n−1))(xn−1 −

−
x)

+(
(β1 + β2)

−
x exp(−x2n−1)− (β1 + β2)

−
x exp(−−x

2

)

xn−1 −
−
x

)(xn−1 −
−
x)

xn+1 −
−
x = (α1 + β1 exp(−x2n−1))(xn −

−
x) .

+(α2 + β2 exp(−x2n−1) +
(β1 + β2)

−
x exp(−x2n−1)− (β1 + β2)

−
x exp(−−x

2

)

xn−1 −
−
x

)(xn−1 −
−
x).

Set

en = xn −
−
x, en−1 = xn−1 −

−
x,

en+1 = anen + bnen−1,

where

an = α1 + β1 exp(−x2n−1),

bn = α2 + β2 exp(−x2n−1) +
(β1 + β2)

−
x exp(−x2n−1)− (β1 + β2)

−
x exp(−−x

2

)

xn−1 −
−
x

.

As the positive equilibrium is a global attractor, we obtain

lim
n→∞

an = α1 + β1 exp(−
−
x
2

) =
α1β2 + β1 − α2β1

β1 + β2
,

lim
n→∞

bn = α2 + β2 exp(−
−
x
2

) + lim
n→∞

 (β1 + β2)
−
x exp(−x2n−1)− (β1 + β2)

−
x exp(−−x

2

)

xn−1 −
−
x


= α2 + β2 exp(−

−
x
2

)− 2(β1 + β2)
−
x
2

exp(−−x
2

)

lim
n→∞

bn =
α2β1 + β2 − α1β2

β1 + β2
+ 2((α1 + α2)− 1) ln(

β1 + β2
1− (α1 + α2)

).

Thus the limiting equation of Eq. (1) is the linearized equation (6).
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Theorem 2. All solutions of Eq. (1) which are eventually differ from the equilibrium satisfy

lim
n→∞

xn+1 −
−
x

xn −
−
x

= λ+, or lim
n→∞

xn+1 −
−
x

xn −
−
x

= λ−

and
lim sup
n→∞

(| xj(n) |)
1
n =| λ± |,

where λ± are the complex roots of the characteristic equation (7).

5. NAIMARK-SACKER BIFURCATION OF EQ.(1).

In this section we will execute the Naimark-Sacker bifurcation analysis of Eq.(1). Now we study bi-
furcation of a fixed point of map linked to Eq.(1) whose Jacobian matrix has a pair of complex conjugate
eigenvalues. First, we display Naimark-Sacker bifurcation theorem, known also as the Poincare-Andronov-
Hopf bifurcation theorem for maps, see[ [18], [25], [30], [35]].

Theorem 3. Let
F : R× R2 → R2; (λ, x)→ F (λ, x)

be a C4 map depending on real parameter λ satisfying the following conditions:

(i): F (λ, 0) = 0 for λ near some fixed λ0;
(ii): DF (λ, 0) has two non-real eigenvalues µ(λ) and

−
µ(λ) for λ near λ0 with | µ(λ0) |= 1;

(iii): d
dλ | µ(λ) |= d(λ0) 6= 0 at λ = λ0;

(iv): µk(λ0) 6= 1 for k = 1, 2, 3, 4.

: Then there is a smooth α−dependent change of coordinate bringing F into the form

F (λ, x) = G(λ, x) +O(‖x‖5).

Consider a general map F (λ, x) that has a fixed point at the origin with complex eigenvalues µ(λ) = α(λ) +

iβ(λ) and
−
µ(λ) = α(λ)− iβ(λ) satisfying α(λ)2 + β(λ)2 = 1 and β(λ) 6= 0.

By putting the linear part of such a map into Jordan Canonical form, we may assume F to have the
following form near the origin

F (λ, x) =

(
α(λ) −β(λ)
β(λ) α(λ)

)(
x1

x2

)
+

(
g1(λ, x1, x2)

g2(λ, x1, x2)

)
.

Moreover, for all sufficiently small positive (negative) λ, F has an attracting (repelling) invariant circle
if a(λ0) < 0 (a(λ0) > 0) respectively; and a(λ0) is given by the following formula:

(8) a(λ0) = Re

 (1− 2µ(λ0))
−
µ
2

(λ0)

1− µ(λ0)
γ11γ20

+
1

2
| γ11 |2 + | γ02 |2 −Re(

−
µ(λ0)γ21),

where
γ20 =

1

8
{(g1)x1x1 − (g1)x2x2 + 2(g2)x1x2 + i [(g2)x1x1 − (g2)x2x2 − 2(g1)x1x2 ]} ;

γ11 =
1

4
{(g1)x1x1

+ (g1)x2x2
+ i [(g2)x1x1

+ (g2)x2x2
]} ;

γ02 =
1

8
{(g1)x1x1

− (g1)x2x2
− 2(g2)x1x2

+ i [(g2)x1x1
− (g2)x2x2

+ 2(g1)x1x2
]} ;

γ21 =
1

8
{(g1)x1x1x1 + (g1)x1x2x2 + (g2)x1x1x2 + (g2)x2x2x2

+i [(g2)x1x1x1
+ (g2)x1x2x2

− (g1)x1x1x2
− (g1)x2x2x2

]} .
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We see that the equation

xn+1 = α1xn + α2xn−1 + β1xn exp(−x2n−1) + β2xn−1 exp(−x2n−1), n = 0, 1, ...,

has the equilibrium points

−
x = 0,

−
x =

√
ln(

β1 + β2
1− (α1 + α2)

),
−
x = −

√
ln(

β1 + β2
1− (α1 + α2)

).

5.1. Naimark-Sacker bifurcation of fixed point
−
x =

√
ln( β1+β2

1−(α1+α2)
). In order to apply Theorem 3 we

make a change of variable yn = xn −
−
x. Then, transformed equation is given by

yn+1 = α1(yn +
−
x) + α2(yn−1 +

−
x) + β1(yn +

−
x) exp(−(yn−1 +

−
x)2)

(9) +β2(yn−1 +
−
x) exp(−(yn−1 +

−
x)2)− −x.

By using the substitution un = yn−1, vn = yn we write Eq.(9) in the equivalent form:

(10)


un+1 = vn,

vn+1 = α1(vn +
−
x) + α2(un +

−
x) + β1(vn +

−
x) exp(−(un +

−
x)2)

+β2(un +
−
x) exp(−(un +

−
x)2)− −x.

Let F be the function defined by:

F (u, v) =


v[

α1(v +
−
x) + α2(u+

−
x) + β1(v +

−
x) exp(−(u+

−
x)2)

+β2(u+
−
x) exp(−(u+

−
x)2)− −x

]
.


Then F has the unique fixed point (0, 0). The Jacobian matrix of F is given by

JF (u, v) =

(
0 1

p q

)
,

where

p = α2 − 2β1(v +
−
x)(u+

−
x) exp(−(u+

−
x)2) + β2[exp(−(u+

−
x)2)− 2(u+

−
x) exp(−(u+

−
x)2)],

q = α1 + β1 exp(−(u+
−
x)2).

At (0, 0) JF (u, v) has the form

(11) JF (0, 0) =

(
0 1

α2 + (β2 − 2(β1 + β2)
−
x
2

) exp(−−x
2

) α1 + β1 exp(−
−
x
2

)

)
.

The eigenvalues of (11) are µ±(β2) where

µ±(β2) =
r ± i

√
4s− r2
2

,

where
r = α1 + β1 exp(−

−
x
2

),

s = [2(β1 + β2)
−
x
2

exp(−−x
2

)]− (α2 + β2 exp(−
−
x
2

)).

Then we have that

(12) F

(
u

v

)
=

(
0 1

α2 + (β2 − 2(β1 + β2)
−
x
2

) exp(−−x
2

) α1 + β1 exp(−
−
x
2

)

)(
u

v

)
,



Pan-Amer. J. Math. 3 (2024), 14 8

+

(
f1(β2, u, v)

f2(β2, u, v)

)
,

and
f1(β2, u, v) = 0,

f2(β2, u, v) = α1(v +
−
x) + α2(u+

−
x) + β1(v +

−
x) exp(−(u+

−
x)2) + β2(u+

−
x) exp(−(u+

−
x)2)

−[α2 + (β2 − 2(β1 + β2)
−
x
2

) exp(−−x
2

)]− (α1 + β1 exp(−
−
x
2

))− −x.

Let

2(β1 + β2)
−
x
2

exp(−−x
2

) = 1 + (α2 + β2 exp(−
−
x
2

)),

we obtain

JF (0, 0) =

(
0 1

−1 α1β2+β1−α2β1

β1+β2

)
.

The eigenvalues of JF (0, 0) are µ(β∗2) and
−
µ(β∗2) where

µ(β∗2) =
α1β2 + β1 − α2β1 + i

√
4(β1 + β2)2 − (α1β2 + β1 − α2β1)2

2(β1 + β2)
.

The eigenvectors corresponding to µ(β∗2) and
−
µ(β∗2) are v(β∗2) and

−
v(β∗2) where

v(β∗2) = (
α1β2 + β1 − α2β1 − i

√
4(β1 + β2)2 − (α1β2 + β1 − α2β1)2

2(β1 + β2)
, 1).

We have

µ(β∗2) =
A+ i

√
B2 −A2

B
,

where
A = α1β2 + β1 − α2β1, B = 2(β1 + β2).

One can prove that
| µ(β∗2) |= 1,

µ2(β∗2) = −1 +
2iA
√
4B2 −A2

B2
,

µ3(β∗2) = −
AB + 2(AB2 −A3)

B3
+ i

(2A2 −B2)
√
B2 −A2

B3
,

µ4(β∗2) =
B4 + 4(A4 −A2B2)

B4
− i4A

√
B2 −A2

B2
.

From which follows that µk(β∗2) 6= 1 for k = 1, 2, 3, 4. Substituting β2 = β∗2 and
−
x into (12), one can get

F

(
u

v

)
=

(
0 1

−1 α1β2+β1−α2β1

β1+β2

)(
u

v

)
+

(
h1(u, v)

h2(u, v)

)
,

and
h1(u, v) = f1(β

∗
2 , u, v) = 0

h2(u, v) = f2(β
∗
2 , u, v) = α1(v +

−
x) + α2(u+

−
x) + β1(v +

−
x) exp(−(u+

−
x)2)

+β2(u+
−
x) exp(−(u+

−
x)2) + u− α1β2 + β1 − α2β1

β1 + β2
v − −x.

Hence, for β2 = β∗2 system (12) is equivalent to

(13)

(
un+1

vn+1

)
=

(
0 1

−1 α1β2+β1−α2β1

β1+β2

)(
un

vn

)
+

(
h1(un, vn)

h2(un, vn)

)
.
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Let (
un

vn

)
= P

(
ξn

ηn

)
,

where

P =

(
α1β2+β1−α2β1

2(β1+β2)

√
4(β1+β2)2−(α1β2+β1−α2β1)2

2(β1+β2)

1 0

)
,

P−1 =

(
0 1

2(β1+β2)√
4(β1+β2)2−(α1β2+β1−α2β1)2

− α1β2+β1−α2β1√
4(β1+β2)2−(α1β2+β1−α2β1)2

)
.

Then system (12) is equivalent to its normal form(
ξn+1

ηn+1

)
=

 α1β2+β1−α2β1

2(β1+β2)
−
√

4(β1+β2)2−(α1β2+β1−α2β1)2

2(β1+β2)√
4(β1+β2)2−(α1β2+β1−α2β1)2

2(β1+β2)
α1β2+β1−α2β1

2(β1+β2)

(ξn
ηn

)
+G

(
ξn

ηn

)
,

where

H

(
u

v

)
=

(
h1(u, v)

h2(u, v)

)
.

Let

G

(
u

v

)
=

(
g1(u, v)

g2(u, v)

)
= P−1H

(
P

(
u

v

))
.

P

(
u

v

)
=

(
α1β2+β1−α2β1

2(β1+β2)

√
4(β1+β2)2−(α1β2+β1−α2β1)2

2(β1+β2)

1 0

)(
u

v

)

=

(
α1β2+β1−α2β1

2(β1+β2)
u+

√
4(β1+β2)2−(α1β2+β1−α2β1)2

2(β1+β2)
v

u

)
=

(
A
Bu+

√
B2−A2

B v

u

)
,

H

(
P

(
u

v

))
=

(
h1(

A
Bu+

√
B2−A2

B v, u)

h2(
A
Bu+

√
B2−A2

B v, u)

)
=

(
0

h2(
A
Bu+

√
B2−A2

B v, u)

)
,

P−1H

(
P

(
u

v

))
=

(
0 1
B√

B2−A2

A√
B2−A2

)(
0

h2(
A
Bu+

√
B2−A2

B v, u)

)
.

Then

g1(u, v) = h2(
A

B
u+

√
B2 −A2

B
v, u),

= (α1 + α2
A

B
)u+

√
B2 −A2

B
(α2 + 1)v + β1(u+ C) exp(−(A

B
u+

√
B2 −A2

B
v + C)2)

+β2(
A

B
u+

√
B2 −A2

B
v + C) exp(−(A

B
u+

√
B2 −A2

B
v + C)2) + (α1 + α2 − 1)C,

where
−
x = c =

√
ln(

β1 + β2
1− (α1 + α2)

),

g2(u, v) = −
A√

B2 −A2
g1(u, v).

Other calculation gives

∂2g1(0, 0)

∂u2
= −4A

B
C exp(−C2)β1 − 2

A2

B2
C exp(−C2)[(β1 + 3β2)− 2C2(β1 + β2)],

∂2g1(0, 0)

∂v2
= −2(B

2 −A2)

B2
C exp(−C2)[(β1 + 3β2)− 2C2(β1 + β2)],
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∂2g1(0, 0)

∂uv
= −2A

√
B2 −A2

B2
C exp(−C2)[(

B

A
− 2C2 + 1)β1 + (C − 2C2 + 2)β2],

∂2g1(0, 0)

∂u3
= 2

A2

B2
exp(−C2)(−3 + 6C2 + 4

A

B
C − 4

A

B
C3)β1

+2
A3

B3
exp(−C2)(−3− 4C4 + 12C2)β2,

∂2g1(0, 0)

∂u∂v2
= 2

(B2 −A2)

B2
exp(−C2)(−1 + 8

A

B
C2 − 4

A

B
C4)β1

−4A(B
2 −A2)

B3
exp(−C2)(1 + C − 5C2 − C3 + 2C4)β2,

∂2g1(0, 0)

∂u2∂v
= 4

A
√
B2 −A2

B2
exp(−C2)(−1 + 2C2 + 3

A

B
C2 − 2

A

B
C4)β1

+2
A2
√
B2 −A2

B3
exp(−C2)(12C2 − 4C4 − 3)β2,

∂2g1(0, 0)

∂v3
= −4(B2 −A2)

3
2

B3
exp(−C2)(−3 + 6C2 + 4

A

B
C − 4

A

B
C2)β1

+2
(B2 −A2)

3
2

B3
exp(−C2)(12C2 − 4C4 − 3)β2,

and

γ20(0, 0) = −
A2

2B2
C exp(−C2)[(

B2

A2
− 2

B2

A2
C2)β1 + (1− C − 2

B2

A2
C2 + 3

B2

A2
)β2]

+i
A3

2B2
√
B2 −A2

C exp(−C2)[(− B2

2A2
+
B2

A2
C2 − 2

B3

A3
)β1 + (1− C − B2

A2
C2 +

B2

A2
C +

B2

2A2
)β2],

γ11(0, 0) = C exp(−C2)[−A
B
β2 −

[(β1 + 3β2)− 2C2(β1 + β2)]

2
][1− iA√

B2 −A2
],

γ02(0, 0) =
C exp(−C2)

4
[(
4A

B
+

8A2

B2
C2 − 4A2

B2
+ 1− 2C2)β1 + (

−10A2

B2
+

8A2C2

B2
− 2A2C

B2
+ 3− 2C2)β2]

+i
AC exp(−C2)

4
√
B2 −A2

[(
−4A
B
− 4A2

B2
+

8A2C2

B2
+

2B

A
+3−6C2)β1+(

−10A2

B2
+

8A2C2

B2
− 2A2C

B2
+7−6C2+2C)β2],

γ21(0, 0) =
exp(−C2)

4
{A
B
[(
−B
A

+ 6C2 − 4C4 + 4C3 − 4C)β1 + (1− 2C − 2C2 + 2C3)β2]

+
2A2

B2
[(2C2 − 16AC2

B
+

8AC

B
− 4AC3

B
+

8AC4

B
)β1 + (−2A

B
+

10AC4

B
− 2AC3

B
)β2]}

+i
exp(−C2)

4
√
B2 −A2

{A
3

B2
[(−6+ 10C2 +

4AC

B
+

10AC2

B
− 8AC4

B
)β1− (

2AC

B
− 4A

B
+

14AC2

B
− 2AC3

B
− 4AC4

B
)β2]

−A
2

B
[(14C2 − 8C4 +

4B

A
C2 − 3B

A
)β1 − (5− 2C − 22C2 − 2C3 + 8C4)β2]

−( 1
B

+
A2

B2
− 2A

B2
)[(C2 + 2C − 3C3)β1 + (12C2 − 4C4 − 3)β2]},

since

Re

( −
µ(β∗2)γ21(β

∗
2)

)
=

exp(−C2)

4
{A

2

B2
[(−8C2+4C4−4B

A
C2+

2B

A
−4C+4C3)β1−(5−2C−22C2−2C3+8C4)β2]

+
2A4

B4
[(7
B

A
C2 − 5C2 + 10C − 4C3 + 4C4)β1 + (12C4 − 7C2 − C3 − C)β2]

(14) −( 1

B2
+
A2

B3
− 2A

B3
)[(C2 + 2C − 3C3)β1 + (12C2 − 4C4 − 3)β2]},
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−

µ(β∗2)
2

1− µ(β∗2)

 =
1

2B3
(3B2 − 8A3 + 6AB − 2A2B)

+i

√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B),

γ11γ20 = a1 + a2 + i(a3 + a4),

where

a1 =
−A2C2 exp(−2C2)

4B2
[(−2A

B
− 1 + 2C2)β1 + (−3 + 2C2)β2][(−1 + 2C2)β1 − (

A2

B2
− A2C

B2
+ 3− 2C2)β2]

a2 =
C2 exp(−2C2)A4

4(B2 −A2)B2
[(−2A

B
−1+2C2)β1+(−3+2C2)β2][(−1+2C2−4A

B
)β1+(

2A2

B2
−2A2C

B2
−2C2+1+2C)β2]

a3 = i
A3C2 exp(−2C2)

4B2
√
B2 −A2

[(−2A

B
− 1 + 2C2)β1 + (−3 + 2C2)β2][(−1 + 2C2)β1 − (

A2

B2
− A2C

B2
+ 3− 2C2)β2]

a4 = i
A3C2 exp(−2C2)

4B2
√
B2 −A2

[(−2A

B
−1+2C2)β1+(−3+2C2)β2][(−1+2C2−4A

B
)β1+(

2A2

B2
−2A2C

B2
−2C2+1+2C)β2],

Re

 (1− 2µ(β∗2))
−

µ(β∗2)
2

1− µ(β∗2)
γ11γ20

 =
1

2B3
(3B2 − 8A3 +6AB − 2A2B)a1 +

1

2B3
(3B2 − 8A3 +6AB − 2A2B)a2

(15) −
√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B)a3 −
√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B)a4

(16) γ11(β
∗
2)
−
γ11(β

∗
2) =

B2C2 exp(−2C2)

4(B2 −A2)
((1 + 2C2)β1 + (

A

B
+ 3− 2C2)β2)

2,

γ02(β
∗
2)
−
γ02(β

∗
2) =

A2C2 exp(−2C2)

B216
[(
4B

A
+
B2

A2
− 2B2C2

A2
+8C2−4)β1+(

3B2

A2
− 2B2C2

A2
+8C2−2C−10)β2]

2

(17)

+
A2C2 exp(−2C2)

16(B2 −A2)
[(
−4A
B
− 4A2

B2
+
8A2C2

B2
+
2B

A
+3−6C2)β1+(

−10B2

A2
+
8A2C2

B2
− 2A2C

B2
+2C−6C2+7)β2]

2

Then by using (14), (15), (16) and (17), one can get

a(β∗2) =
1

2B3
(3B2 − 8A3 + 6AB − 2A2B)(a1 + a2)−

√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B)(a3 + a4)

+
A2C2 exp(−2C2)

B216
[(
4B

A
+
B2

A2
− 2B2C2

A2
+ 8C2 − 4)β1 + (

3B2

A2
− 2B2C2

A2
+ 8C2 − 2C − 10)β2]

2

+
A2C2 exp(−2C2)

16(B2 −A2)
[(
−4A
B
− 4A2

B2
+
8A2C2

B2
+
2B

A
+3−6C2)β1+(

−10B2

A2
+
8A2C2

B2
− 2A2C

B2
+2C−6C2+7)β2]

2

−exp(−C2)

4
{A

2

B2
[(−8C2 + 4C4 − 4B

A
C2 +

2B

A
− 4C + 4C3)β1 − (5− 2C − 22C2 − 2C3 + 8C4)β2]

+
2A4

B4
[(7
B

A
C2 − 5C2 + 10C − 4C3 + 4C4)β1 + (12C4 − 7C2 − C3 − C)β2]

−( 1

B2
+
A2

B3
− 2A

B3
)[(C2 + 2C − 3C3)β1 + (12C2 − 4C4 − 3)β2]}

+
B2C4 exp(−2C2)

4(B2 −A2)
((1 + 2C2)β1 + (

A

B
+ 3− 2C2)β2)

2 > 0.

One can see that

| µ(β2) |2= µ(β2)
_

µ(β2) = 2(β1 + β2)
−
x
2

exp(−−x
2

)− (α2 + β2 exp(−
−
x
2

))



Pan-Amer. J. Math. 3 (2024), 14 12

= (1− (α1 + α2))[2 ln(
β1 + β2

(1− (α1 + α2))
− β2

(β1 + β2)
]− α2,

from which we obtain

d

dβ2
| µ(β2) |β2=β∗

2
=

(1− (α1 + α2))[
2

β1+β2
− β1

(β1+β2)2
]

2
√
(1− (α1 + α2))[2 ln(

β1+β2

(1−(α1+α2))
− β2

(β1+β2)
]− α2

= (1− (α1 + α2))
2β∗2 + β1

2(β1 + β∗2)
2
> 0.

From the above analysis, we have the following lemma:

Lemma 3. If 4(β1 + β2)
2 > (α1β2 + β1 − α2β1)

2 then the positive equilibrium
−
x =

√
ln( β1+β2

1−(α1+α2)
) of Eq. (1)

undergoes a Naimark- Sacker bifurcation when β2 = β∗2 .

5.2. Naimark-Sacker bifurcation of fixed point
−
x = −

√
ln( β1+β2

1−(α1+α2)
). When

−
x = −

√
ln( β1+β2

1−(α1+α2)
) = −c

Then

g1(u, v) = h2(
A

B
u+

√
B2 −A2

B
v, u),

= (α1 + α2
A

B
)u+

√
B2 −A2

B
(α2 + 1)v + β1(u− C) exp(−(

A

B
u+

√
B2 −A2

B
v − C)2)

+β2(
A

B
u+

√
B2 −A2

B
v − C) exp(−(A

B
u+

√
B2 −A2

B
v − C)2)− (α1 + α2 − 1)C,

and
g2(u, v) = −

A√
B2 −A2

g1(u, v).

Other calculation gives

∂2g1(0, 0)

∂u2
=

4A

B
C exp(−C2)β1 + 2

A2

B2
C exp(−C2)[(β1 + 3β2)− 2C2(β1 + β2)],

∂2g1(0, 0)

∂v2
= 2

(B2 −A2)

B2
C exp(−C2)[(β1 + 3β2)− 2C2(β1 + β2)],

∂2g1(0, 0)

∂uv
= 2

A
√
B2 −A2

B2
C exp(−C2)[(

B

A
− 2C2 + 1)β1 + (C − 2C2 + 2)β2],

∂2g1(0, 0)

∂u3
= 2

A2

B2
exp(−C2)(−3 + 6C2 − 4

A

B
C + 4

A

B
C3)β1

+2
A3

B3
exp(−C2)(−3− 4C4 + 12C2)β2,

∂2g1(0, 0)

∂u∂v2
= 2

A(B2 −A2)

B3
exp(−C2)[(−B

A
+ 8C2 − 4C4)β1

−(2− 2C − 10C2 + 2C3 + 4C4)β2],

∂2g1(0, 0)

∂u2∂v
= 4

A
√
B2 −A2

B2
exp(−C2)(−1 + 2C2 + 3

A

B
C2 − 2

A

B
C4)β1

+2
A2
√
B2 −A2

B3
exp(−C2)(12C2 − 4C4 − 3)β2,

∂2g1(0, 0)

∂v3
=

4(B2 −A2)
3
2

B3
exp(−C2)(C2 − 2C + 2C3)β1

+2
(B2 −A2)

3
2

B3
exp(−C2)(12C2 − 4C4 − 3)β2,

and

γ20(0, 0) = −
A2

2B2
C exp(−C2)[(

B2

A2
− 2

B2

A2
C2)β1 + (−1− C − 2

B2

A2
C2 + 3

B2

A2
)β2]
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+i
A3

2B2
√
B2 −A2

C exp(−C2)[(− B2

2A2
+
B2

A2
C2 − 2

B3

A3
)β1 + (−1− C +

B2

A2
C2 +

B2

A2
C +

B2

2A2
)β2],

γ11(0, 0) = C
1

2
exp(−C2)[(

2A

B
+ 1− 2C2)β1 + (3− 2C2)β2][1−

iA√
B2 −A2

],

γ02(0, 0) =
C exp(−C2)

4
[(
4A

B
− 8A2

B2
C2 +

4A2

B2
− 1 + 2C2)β1 + (

10A2

B2
− 8A2C2

B2
− 2A2C

B2
− 3 + 2C2)β2]

−iAC exp(−C2)

4
√
B2 −A2

[(
4A

B
+

4A2

B2
− 8A2C2

B2
− 2B

A
− 3 + 6C2)β1 + (

10A2

B2
− 8A2C2

B2
− 2A2C

B2
− 7 + 6C2 + 2C)β2],

γ21(0, 0) =
A exp(−C2)

4B
{A

2

B2
[(8C4 +

2B

A
− 16C2)β1 + (−1− 2C + 2C2 + 2C3)β2]

+(
−B
A

+ 6C2 − 4C3 − 4C4 + 4C)β1 + (1 + 2C − 2C2 − 2C3)β2}

+
i√

B2 −A2
{A

3

B2
[(
−6B
A

+
10C2B

A
+ 12C2 − 8C4)β1 + (28C2 − 8C4 + 2C3 − 7)β2]

+A[(
−3B
A

+ 10C2 − 8C4 +
4C2B

A
+ 8C − 8C3)β1 + (1 + 2C − 2C2 − 2C3 + 4C4)β2

−B
2

A
[(2C2 − 4C + 4C3)β1 + (12C2 − 4C4 − 3)β2]}},

since

Re

( −
µ(β∗2)γ21(β

∗
2)

)
=
A exp(−C2)

4B2
{A

3

B3
[(−4C2 +

12B

A
C2 − 6

B

A
)β1 + (4C3 − 8C4 + 32C2 − 2C − 8)β2]

+A[(16C2 +
4B

A
C2 − 4B

A
− 12C3 − 12C4 + 12C)β1 + (−4C3 + 8C4 − 4C2 + 4C + 2)β2]

(18) −B
2

A
[(2C2 − 4C + 4C3)β1 + (12C2 − 4C4 − 3)β2]}}, (1− 2µ(β∗2))

−
µ(β∗2)

2

1− µ(β∗2)

 =
1

2B3
(3B2 − 8A3 + 6AB − 2A2B)

+i

√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B),

γ11γ20 = (
−A2C2 exp(−2C2)

4B2
+ i

A3C2 exp(−2C2)

4B2
√
B2 −A2

)b1 − (
A2C2 exp(−2C2)

4B2(B2 −A2)
+ i

A3C2 exp(−2C2)

4B2
√
B2 −A2

)b2,

b1 = [(
B2

A2
− 2

B2

A2
C2)β1 + (−1− C − 2

B2

A2
C2 + 3

B2

A2
)β2][(

2A

B
+ 1− 2C2)β1 + (3− 2C2)β2],

b2 = [(− B2

2A2
+
B2

A2
C2 − 2

B3

A3
)β1 + (−1− C +

B2

A2
C2 +

B2

A2
C +

B2

2A2
)β2][(

2A

B
+ 1− 2C2)β1 + (3− 2C2)β2]

Re

 (1− 2µ(β∗2))
−

µ(β∗2)
2

1− µ(β∗2)
γ11γ20

 = − 1

2B3
(3B2 − 8A3 + 6AB − 2A2B)

A2C2 exp(−2C2)

4B2
b1

− 1

2B3
(3B2 − 8A3 + 6AB − 2A2B)

A2C2 exp(−2C2)

4B2(B2 −A2)
b2

−
√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B)
A3C2 exp(−2C2)

4B2
√
B2 −A2

b1

(19) +

√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B)
A2C2 exp(−2C2)

4B2(B2 −A2)
b2,
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(20) γ11(β
∗
2)
−
γ11(β

∗
2) =

B2C2 exp(−2C2)

4(B2 −A2)
[(
2A

B
+ 1− 2C2)β1 + (3− 2C2)β2]

2,

γ02(β
∗
2)
−
γ02(β

∗
2) =

C2 exp(−2C2)

16
[(
4A

B
− 8A2

B2
C2+

4A2

B2
−1+2C2)β1+(

10A2

B2
− 8A2C2

B2
− 2A2C

B2
−3+2C2)β2]

2

(21) +
A2C2 exp(−2C2)

16(B2 −A2)
[(
4A

B
+
4A2

B2
−8A2C2

B2
−2B

A
−3+6C2)β1+(

10A2

B2
−8A2C2

B2
−2A2C

B2
−7+6C2+2C)β2]

2,

Then by using (18), (19), (20) and (21), one can get

a(β∗2) = −
1

2B3
(3B2 − 8A3 + 6AB − 2A2B)

A2C2 exp(−2C2)

4B2
b1

− 1

2B3
(3B2 − 8A3 + 6AB − 2A2B)

A2C2 exp(−2C2)

4B2(B2 −A2)
b2

−
√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B)
A3C2 exp(−2C2)

4B2
√
B2 −A2

b1

+

√
B +A

2B3
√
B −A

(−B3 − 8A3 + 2AB2 + 6A2B)
A2C2 exp(−2C2)

4B2(B2 −A2)
b2

+
B2C2 exp(−2C2)

8(B2 −A2)
[(
2A

B
+ 1− 2C2)β1 + (3− 2C2)β2]

2

+
C2 exp(−2C2)

16
[(
4A

B
− 8A2

B2
C2 +

4A2

B2
− 1 + 2C2)β1 + (

10A2

B2
− 8A2C2

B2
− 2A2C

B2
− 3 + 2C2)β2]

2

+
A2C2 exp(−2C2)

16(B2 −A2)
[(
4A

B
+

4A2

B2
− 8A2C2

B2
− 2B

A
−3+6C2)β1+(

10A2

B2
− 8A2C2

B2
− 2A2C

B2
−7+6C2+2C)β2]

2,

−A exp(−C2)

4B2
{A

3

B3
[(−4C2 +

12B

A
C2 − 6

B

A
)β1 + (4C3 − 8C4 + 32C2 − 2C − 8)β2]

+A[(16C2 +
4B

A
C2 − 4B

A
− 12C3 − 12C4 + 12C)β1 + (−4C3 + 8C4 − 4C2 + 4C + 2)β2]

−B
2

A
[(2C2 − 4C + 4C3)β1 + (12C2 − 4C4 − 3)β2]} > 0.

One can see that

| µ(β2) |2= µ(β2)
_

µ(β2) = 2(β1 + β2)
−
x
2

exp(−−x
2

)− (α2 + β2 exp(−
−
x
2

))

= (1− (α1 + α2))[2 ln(
β1 + β2

(1− (α1 + α2))
− β2

(β1 + β2)
]− α2,

from that one can get

d

dβ2
| µ(β2) |β2=β∗

2
=

(1− (α1 + α2))[
2

β1+β2
− β1

(β1+β2)2
]

2
√
(1− (α1 + α2))[2 ln(

β1+β2

(1−(α1+α2))
− β2

(β1+β2)
]− α2

= (1− (α1 + α2))
2β∗2 + β1

2(β1 + β∗2)
2
> 0.

From the above analysis, we have the following lemma:

Lemma 4. If 4(β1 + β2)
2 > (α1β2 + β1 − α2β1)

2 then the negative equilibrium
−
x = −

√
ln( β1+β2

1−(α1+α2)
) of Eq. (1)

undergoes a Naimark- Sacker bifurcation when β2 = β∗2 .
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(a) (b)

FIG 1. The evolution of system (1) (a) The time series solution for local stability solution
(b) The phase portrait of local stability solution.

(a) (b)

FIG 2. The evolution of system (1) (a) The time series solution for local asymptotically
stability (b) The phase portrait of local asymptotically stability.

6. NUMERICAL EXAMLPLES

For confirming the above results, we present some numerical examples which represent the local stability
diagrams, phase portraits and bifurcation diagrams which allow one to see where qualitative changes in the
asymptotic solution occur. Such changes are termed bifurcations for a parameter range where the Naimark-
Sacker bifurcation takes the place. All figures are drawn with maple.

Example 1. Consider a special case of Eq. (1) by choosing α1 = 0.2, α2 = 0.6, β1 = 5 and β2 = 8.5 with initial
conditions x0 = 0.6, y0 = 3.5. Hence Eq. (1) has a unique positive equilibrium which is locally asymptotic stable
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(a) (b)

FIG 3. (a) Bifurcation diagram of xn with respect to β2 (b) Bifurcation diagram of yn with
respect to β2.

(a) (b)

FIG 4. (a) Bifurcation diagram of system (1) with respect to β2(b) The phase portrait of
system (1).

which is shown in Figure 1a. Furthermore, the necessary and sufficient conditions of Lemma (2) for local asymptotic
stability is satisfied and a phase portrait of system (1) is shown in Figure 1b.

Example 2. Let α1 = 0.5, α2 = 0.4, β1 = 1.5 and β2 = 1.9 with initial conditions x0 = 0.4, y0 = 0.1. Hence Eq.
(1) has a unique positive equilibrium which is locally asymptotic stable which is presented in Figure 2a. Furthermore,
the conditions of Lemma (2) for local asymptotic stability is satisfied and in Figure 2b a phase portrait of system (1) is
shown .
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(a) (b)

FIG 5. (a) The strange attractor of system (2) (b) The strange attractor of system (2).

Example 3. Let α1 = 0.1, α2 = 0, β1 = 0.5 and 0.5 ≤ β2 ≤ 7 with initial conditions x0 = 0.51, y0 = 0.32,

then system (1) undergoes Neimark-Sacker bifurcation and the bifurcation diagrams with respect to β2 are presented
in (Figure 3a, Figure 3b and Figure 4a. By fixing parametric values α1 = 0.1, α2 = 0, β1 = 0.5 the phase portraits
of system (2) while β2 with different values (β2 = 1.8, 3.5 and 2.5) are shown in (Figure 4b, Figure 5a and Figure 5b
recpectivly, we see that Figure 5a and Figure 5b are chaotic attractors (strange attractors) of system (2).

(a) (b)

FIG 6. (a) The time series solution for system (2) (b) The phase portrait of system (2).

Example 4. Suppose that α1 = 0.1, α2 = 0.06, β1 = 1.4 and β2 = 2.5 with initial conditions x0 = 0.01, y0 = 0.02,

then the unique positive equilibrium point of system (2) is unstable which is shown in Figure 6a and in Figure 6b we
see phase portrait (chaotic attractor)of system (2).
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7. CONCLUSION

We have derived several kinds of results with important consequences for characterizing the dynamic be-
haviors of (2). The interesting system dynamics, including local stability, instability, bounded solutions, and
the occurrence of a Neimark-Sacker bifurcation have been obtained. Our analysis can be used to precisely
characterize the dynamic behaviors of numerous difference equations, all of which are realistic models of
population dynamics.
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