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DYNAMIC BEHAVIOR AND BIFURCATION ANALYSIS OF A DIFFERENCE EQUATION
INCLUDING EXPONENTIAL TERMS

A.A. ELSADANY!2:*, SAMIA IBRAHIM?2, AND E. M. ELABBASY?

ABSTRACT. In this paper, the local stability, the boundedness, rate of convergence and the conditions of Neimark-
Sacker bifurcation concerning difference equation
Tpil = Q1Tn + Q2Tn—1 + P1n exp(—x2_1) + Botn—1exp(—z2_1), n=0,1,..,

are investigated. We focus on the Neimark-Sacker bifurcations of the discrete model. The center manifold the-
orem and bifurcation theory are explicitly applied to reach conclusions about the occurrence and stability of the
Neimark-Sacker bifurcation. Many numerical simulations that confirm the existence of the Neimark-Sacker bi-

furcation are also provided.

1. INTRODUCTION

In the recent years, many authors have great interest in studying the behavior of difference equation
including exponential terms especially the global stability because it is considered one of the main to topics
in the theory of difference equations. Also, they are interested in investigating the bifurcation phenome-
non which occur in parameter-dependent dynamic systems. When the parameters are varied, changes may
occur in the qualitative structure of the solutions for certain parameter values. Bifurcation may lead to dif-
ferent dynamical behaviors of a model when parameters pass through a critical value. Difference equations
have many applications in applied sciences. Several authors have published research articles on discrete
models which discuss the local, global asymptotic stability and bifurcation see [ [1], [3], [5]- [7]].

In Metwally et al. [9] investigated the boundedness, the asymptotic behavior, the periodic character and
the stability of solutions of the difference equation

Tpn+1 = + /an—l eXP(—xn),

where the parameters o and /3 are positive numbers and the initial conditions are arbitrary non-negative
real numbers.
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Wenijie et al in [34] investigated the boundedness and the asymptotic behavior of the positive solutions

for difference equation
Tpt1 = @+ bxy, exp(—2n—_1),

where a, b are positive constants and the initial values z_;, xo are non-negative numbers.

In [27] was shown the globally asymptotically stability of the difference equation
o+ Bexp(—yn)

Yt Yn—1
where the parameters «, 8 and y are positive numbers and the initial conditions are arbitrary non-negative

Yn4+1 =

numbers.
Bozkurat in [14] discussed the local and global behavior of the positive solutions for difference equation
_ exp(=yn) + Bexp(=yn-1)
Y+ Yn + Byn—1
where the parameters «, 8 and v and the initial conditions x_1, z¢ are positive numbers.

Moreover, Din [4] investigated the global asymptotic stability of the following discrete-time population
model:
Tn1 = 0n XP(—Yn) + B, Yni1 = axn(l - exp(—yn)),
In [17] the authors obtained the global behavior of the positive solutions for difference equation

Tpt1 = ATy + bxy_1 exp(—ay),

where a, b are positive constants and the initial values z_1, zg are positive numbers.

Hui Feng et al in [19] investigated the global stability and bounded nature of the positive solutions for
difference equation

Tpt1 = a+ bxp_1 + cxp_qexp(—xy,),

where the parameters a € (0,00), b € (0,1), ¢ € (0, 00) and the initial conditions are arbitrary non-negative
numbers. For other papers related to the qualitative behavior of difference can be found in the following
papers [ [8], [10], [15], [16], [20]- [24], [28], [29], [31], [32], [33], [36]].

Our purpose in this paper is to investigate the global stability character, boundedness, the rate of con-
vergence of solutions and Naimark-Sacker bifurcation of the recursive sequence

1) Tptl = 01Ty + Qo1 + P12y exp(—mifl) + Bokn_1 exp(—xifl) n=0,1,...,

where the parameters o, s, f1 and (2 are nonnegative numbers and the initial conditions z_; and xz( are
arbitrary nonnegative numbers. Moreover, introducing y,, = x,—1, we obtain the following discrete-time
system equivalent to Eq.(1):

2) Toy1 = Ty + agyy + Bz, exp(—y2) + Boyn exp(—y2)
Yn+1 = Tn.

This work investigates the bifurcation analysis of a novel class of difference equations with exponential
terms. Our primary focus is on determining how the four system parameters affect the system’s dynamics.
In addition, the method we employed to analyze the system is novel enough in that it may be applied to the
investigation of a wide range of models in the field of theoretical ecology, including those with exponential
terms. There are various difference equations in mathematical biology; see [ [26], [2]]. and references
therein. Our analysis can be used to precisely describe the dynamic behaviors of many difference equations,
all of which are realistic models in population dynamics.

We organized of this paper as follows. The first section introduces the sample research articles on discrete
models, which discuss the behavior of difference equations, including exponential terms, especially the
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local asymptotic stability and bifurcation at once. Section 2 is devoted to investigating and giving lemmas to
the local dynamical behavior of the system at its equilibrium points. Section 3 gives the boundedness of the
solutions of the equation. Section 4 investigates the rate of the solution’s convergence to the unique positive
equilibrium point. Section 5 shows the Naimark- Sacker bifurcation of a fixed points for a map associated
with the Difference equation with exponential terms. In section 6, numerical examples are examined to
validate theoretical findings in previous sections. Finally, in section 7, we present numerical simulations to
prove theoretical analysis.

2. LOCAL STABILITY OF THE EQUILIBRIUM POINT

In this section we investigate the local dynamical behavior of the system (2).
First we solve the system

T = a1x + ayy + fraexp(—y?) + Boyexp(—y?), Y=
Solving the aforementioned system yields that the two equilibria for the system (2) are Ey, = (0,0), E4 =
(/I (/=522 ), when (an + a2) < 1,and By = (—/In(=5 225, = /in(; 5;}:532)
when (a7 + a3) < 1.
Assume that J(x, y) denotes Jacobian matrix of system (2) evaluated at (z, y),
y) = (qu + B1exp(—y?) oy — 281wy exp(—y?) — 202y exp(—y?) + B2 exp(—zf))
) - 1 0 )

then it follows:

and

Bi+ Be B1+ Be
J(4/1 11 =
(\/n(1 - +0[2)) \/n(l - +a2)))
et B () e () 20— (o ) )
1 0
Moreover, characteristic polynomial for J(0, 0) is computed as follows:
P(N) = A = (o1 + B1)A — (a2 + f2),

and characteristic polynomial computed for J (\/ In( ﬁ 1+fs \/ In(PLt0 ) is given by:

—(a1+az) 1—(a1+ao)
2 1— (o +as)
PA)=2A (a1+61< Bt B )))\
1— (a1 + ag) B1 + B2
ot in () -2 o)

Keeping in view the relation between roots and coefficients for a quadratic equation, the following Lemma
gives local dynamical behavior of system (2) at its trivial steady-state (0, 0).

Lemma 1. The following statements hold true related to equilibrium (0,0) of (2):
1. (0, 0) is locally asymptotically stable if and only if cq + 1 + a2 + B2 < 1.
2. (0,0) cannot be a saddle point for the system (2).
3. (0,0) cannot be a source (repeller) for the system (2).

Similarly, for positive equilibrium point, we have the following Lemma:
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Lemma 2. For positive equilibrium of the system (2), the following statements hold true:
(\/ln i ?:{fgz) \/ln ﬁ;’f; 3 ) is locally asymptotically stable iff

1+ag

O<ar+az<l, (1—(a +a2))em <P+ P2 < (11— (a1 + ag))e?Trtaz),
2. <\/1n(1fz:1“f22) \/ln B;J’f"; ) is a saddle point iff
O<ai+tas<l, 0<pfi+p8< (1—(a1+a2))em.
3. <\/1n(1_’%lffﬁm) \/ln T [g:lrffm ) is a (source) iff
ag-1

O0<agt+as<l, B1+8<(1— (0&1 + 042))62(1*(21+a2)> .

3. BOUNDEDNESS OF SOLUTIONS
In this section the boundedness of solutions of Eq.(1) is studied.
Theorem 1. Every solution of Eq.(1) is bounded if
ap+ B +ag + P2 < 1.
Proof. Let {z,}52 _, be a solution of Eq.(1). It follows from Eq.(1)

Tny1 = 01Ty + Q2Tp_1 + Broy exp(—25_1) + Bon_1 exp(—z;_)
B1Zn + Bon_1

exp(z;,_;)
< a1y + Qop_1 + B12Zn + Polpn_1

< (oq + Br)xn + (a2 + B2)Tpn—1.

By using a comparison, we can write the right hand side as follows

= 01Ty + QTp—1 +

Ynt+1 = A1Yn + A2Yn—1,

where Ay = oy + B1, A2 = ag + B2 and this equation is locally asymptotically stable if A; + A < 1 and
converges to the equilibrium point y = 0.
Thus

limsupz,, =0,
n—oo

then the solution is bounded. O

4. RATE OF CONVERGENCE

In this section we will investigate the rate of convergence of a solution that converges to the unique
positive equilibrium point of Eq. (1). Let f : (0, 00)? — (0, 00) be a function defined by

3) fu,v) = a1u + agv + fruexp(—v?) 4 Bov exp(—v?).
Therefore it lead to that

(4) fu(ua U) = +51 exp(—v2),

®) folu,v) = 0 — 2B1uv exp(—v*) — 2B50% exp(—v*) + Bz exp(—v?).

We see that at 2 = ln(%) in (4) and (5)
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- a1fe+ 1 — B

u $7 x)= - a"
fulz:z) B1 + B2
= = _ @b+ P —auf Bi+ B2
(2,7) = 2 — D In(—"F—2—) =0
f (LI,‘ .TL') ,81 ¥ 52 + ((al + O[Q) ) n(l — (al I a2))
The linearized equation of Eq.(1) about is z = ln(%) is
(6) Yn+1 — AYn — bynfl - 07

The characteristic equation of the linearized equation (6) is
) A —aA+b=0.
We have
Tpi1 — T = @1y + Qoly_1 + Pr2n exp(—22_ ) + Boxn_1 exp(—a2_,)
(a4 a7 + iTexp(—T ) + foToxp(~7 )

=ai(zy — ) + az(zpn_1 — ) + fra, exp(—22_;)
t Botn_ 1 exp(—at_y) — fiT exp(—3F ) — o exp(—3 )
— (a1 + Brexp(—a2_))(wn — 7) + (a2 + Bz exp(~a2_,)) (a1 — 7)
(B + Ba)7 exp(—a3_,) — (81 + Ba)T expl(—7 )

Tp—1— T

+ )(Tn—1 — x)

Tp+1 — T = (041 + 5 exp(—xi,l))(scn - E)
2

(B1 + Ba)xexp(—aZ_1) — (b1 + B2)x exp(—z )

+(az + Brexp(—z5_y) + J(@n—1 — ).

Lp—1 — i’
Set
€n = Tn — 'E; €n—1 = Tn-1 — CE,
€n+1 = Aptn + bnenfla
where

an = O + ﬂl exp(—xi_l),

n (B1 + B2)zexp(—z2_1) — (B1 + B2)x exp(—EQ).

bn = ag + Barexp(—a2_;)

Tp—1 — E
As the positive equilibrium is a global attractor, we obtain
. =20 B+ B —asf
lim a, = a1 + frexp(—x ) = )
n—00 1+ Arew(=e ) B+ B2
2
_2 + B2)rexp(—22_) — (B1 + B2)x exp(—x
lim b, = ag + Baexp(—z ) + lim (by + Bo)wexplzan ) = (i + Bz exp(= )
n—oo n— oo -
Tp—1— X

=2+ [ eXP(*EZ) —2(B1 + 52)52 eXP(*%Q)

. b+ B — b B1 + B2
lim b, = — = ).
n—00 B1+ B2 1— (a1 + ag)
Thus the limiting equation of Eq. (1) is the linearized equation (6).

+2((a1 + a2) — 1) In(
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Theorem 2. All solutions of Eq. (1) which are eventually differ from the equilibrium satisfy

. In41 — .
lim 2 — X, or lim
n—oo - n—oo -
Ty — T Ty — T

Tn41 — T -\
and
. 1
limsup(| zj(n) [) =] A+ |,
n— oo
where Ay are the complex roots of the characteristic equation (7).

5. NAIMARK-SACKER BIFURCATION OF EQ.(1).

In this section we will execute the Naimark-Sacker bifurcation analysis of Eq.(1). Now we study bi-
furcation of a fixed point of map linked to Eq.(1) whose Jacobian matrix has a pair of complex conjugate
eigenvalues. First, we display Naimark-Sacker bifurcation theorem, known also as the Poincare-Andronov-
Hopf bifurcation theorem for maps, see[ [18], [25], [30], [35]].

Theorem 3. Let
F:RxR*=R% (\z)—= F(\z)
be a C* map depending on real parameter X satisfying the following conditions:
@): F(A,0) = 0 for X near some fixed Xo;
(ii): DF(X,0) has two non-real eigenvalues () and () for X near Ao with | u(Xo) |= 1;
Gii): % | p(X) [=d(Xo) # 0at X = Ao;
(iv): pF(No) # 1fork=1,2,3,4.
: Then there is a smooth a—dependent change of coordinate bringing F into the form

F(\z) =G\ z) + O(]|z]]°).

Consider a general map F (X, x) that has a fixed point at the origin with complex eigenvalues p(A) = a(X\) +
iB(N) and p(\) = () — iB(N) satisfying a(N)? + B(A)? = 1 and B(N) # 0.

By putting the linear part of such a map into Jordan Canonical form, we may assume F' to have the
following form near the origin

(o) =80 (o), (@(ara)
) (BO\) a(A) ) <I2> * (gz()\,:vl,xg)> '

Moreover, for all sufficiently small positive (negative) A, F' has an attracting (repelling) invariant circle
if a(Ao) < 0 (a(Ao) > 0) respectively; and a()\o) is given by the following formula:

(1~ 2400 (Ao)

(8) a(Aog) = Re = 2(h)

1 _
711720] + 3 | 711 |2 + | 702 |2 —Re(p(Ao)y21),

where

720 = é {(91)931931 - (gl)wzwz + 2(92)5701062 +1i [(92)I1$1 - (92)51?25702 - 2(91)931932]};
1= 3 L0arr + (@)asrs + 1 [(02)erm, + (92)eans]}
é {(91)331331 - (gl)xzxz - 2(92)931332 +1 [(92)3?1361 - (92)392392 + 2(91)11i2]}7

1
V21 = é {(91)9319:1951 + (gl)w1w2m2 + (.92)1111302 + (92)12932932
)

+i [(92 zizz T (92)2?13?23?2 - (91)501561562 - (91)332332352]} .
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We see that the equation
Tpal = 1Ty + QoXp_1 + G120y exp(—xifl) + Boxy_1 exp(—x%fl), n=0,1,...,

has the equilibrium points

B I T SN Y
z =0, x\/ln(1_<a1+a2)), = \/1 (1—(a1+a2))'

5.1. Naimark-Sacker bifurcation of fixed point z = ,/In( %) In order to apply Theorem 3 we

make a change of variable y,, = z,, — x. Then, transformed equation is given by

Ynt1 = a1(Yn + &) + @2 (Yn—1 + @) + B1(yn + ) exp(—(Yn—1 + 2)?)

9 +B2(yn—1 + ) exp(—(yn—1 + 2)*) — .
By using the substitution u,, = y,,—1, v, = y, we write Eq.(9) in the equivalent form:
Un+1 = Un,
(10) Vnt1 = a1 (v, + ) + az(uy + ) + B1(vn + ) exp(—(uy, + )?)
+B2(tn + x) exp(—(un, + )?) — .
Let F be the function defined by:

F(u,v) = | |1(v+2) 4+ az(u+z) + f1(v + x) exp(—(u + z)?)
4 Bo(u + 7) exp(—(u + 7)%) — 5} .

Then F has the unique fixed point (0,0). The Jacobian matrix of F is given by

Jr(u,v) = <2 1) ,

p=ay—2B1(v+z)(u+x)exp(—(u+ x)?) + Bofexp(—(u + x)?) — 2(u + ) exp(—(u + x)?)],

where

q =0y + B exp(—(u+ x)?).
At (0,0) Jp(u,v) has the form
0 1
11) Jr(0,0) = ( 2 2 2 ) .
as + (B2 —2(B1+ B2)z )exp(—x ) a1+ Prexp(—x )

The eigenvalues of (11) are x4 (82) where

r+iv4s — r2
pe() = T
where )
r=aj+ frexp(—z ),
_2 _2 _2
s =[2(81 + B2)r exp(—z )] — (g + Baexp(—z )).
Then we have that

T ettt )]
v as+ (B2 —2(B1 + B2)r exp(—z ) a5 + Brexp(—x )] \V
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J1(B2,u,v)
- (fQ(BQa u, U)) ’

and
fl(ﬁg,u,’lj) = 07
f2(B2,u,v) = a1 (v + @) + as(u + ) + fi(v + z) exp(—(u + 2)?) + Ba(u + z) exp(—(u + )?)
—[ag + (B2 —2(B1 + /32)52) eXP(—;CQ)] — (a1 + B exp(—iQ)) —z.
Let
_2 _2 _2
2(81 + PB2)z exp(—x ) =1+ (a2 + Brexp(—z )),

we obtain

0 1
Jr(0,0) = (_1 M) :
B1+PB2

The eigenvalues of Jr(0,0) are (33) and p(85) where

1B+ B1 — azfBi +i/A(B1 + B2)? — (1B + Bi — azf1)?
2(B1 + B2) .

The eigenvectors corresponding to 1(33) and p(33) are v(33) and v(35) where

1Bz + B1 — asfi — i\/A(B1 + B2)? — (a1 B2 + B1 — a2 31)?

w(B3) =

o(85) = ( S .
We have
. A+ivV/B2 - A2
w(ps) = - B
where

A=aify+ p1 — a2, B=2(p+ Pa).

One can prove that

| u(B3) |=1,
N 21AV4B?% — A2
©P(By) = -1+ — 5
3/ %\ AB—|—2(AB2 —A3) _(2A2—B2)\/BQ—A2
K (ﬂ2) - B3 +1 B3 5
4/ ox B* + 4(A4 — AQBQ) 4AvVB? — A2
,LL (ﬂZ) = B4 —1 32 .

From which follows that 1% (33) # 1 for k = 1,2, 3, 4. Substituting 82 = 85 and z into (12), one can get
u 0 1 u ha (u, v)
F = a1 P2+ —aafi + ’
(“) (‘1 e ) (“) <h2(“’ ”)>

hl(’U,,"U) = fl(ﬂgaua U) =0
ha(u,v) = f2(B3,u,0) = a1 (v + ) + az(u+ ) + (v + z) exp(—(u + x)*)

_afetfi—ap -
B1+ P2 '

and

+B2(u+ x) exp(—(u + z)*) + u

Hence, for 8, = 5 system (12) is equivalent to

Unt1 0 1 Up, ha (tn, vp)
13 - i + .
o () (—1 e B)() <h2<un,%>
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Let
Un _p gn
Up M)

<O¢152+ﬁ1a2ﬂ1 \/4(ﬁ1+ﬂ2)2(a152+,31a261)2>

where

2(B1+pB2) 2(B1+PB2)
1 0

P:

0 1
pPl= ( 2(B1+pB2) _ a1B2+B1—anf ) .
VA(B1+B2)2—(a1B2+B1 —azB1)? VA(B1+82)2— (o1 B2+ 1 — a2 B1)2
Then system (12) is equivalent to its normal form

@1Ba+B1—azfi _ V4(B14B2)*— (1 B2 +B1—21)?
<§n+1> _ y 2(81+82) 2(B1+PB2) <€”> +q <£”>
n 4(B1+B2)2— (o B2+f1—a2pB1)? a1 82+ 81—z n n
1 2(B1+pP2) ; 22(ﬂ1i52)2 . g g
where
(v - hi(u,v)
v ho(u,v) )
Let
(0] Cien) - ()
v g2(u, v) v
U o1 BatBi—azBy  V/A(B1+B2)%— (01 fatB1—2fr)? "
P = 2(B1+82) 2(B1+B2)
v 1 0 v
_ a1622(-/‘;1ﬂig2(¥)2,31u+ \/4(/31+ﬂ2)22(—/3(;¥;gz;-51—042[31)2U _ %u+ \/B237A2U |
u u
alp(®)) - hl(%u—kiﬁfﬂv,u) B 0
v ho(Su + 7”33‘421171;) ho(Bu+ #v, u) )’
0 1 0
p(p(")] = L .
( (”)) ( o Bf—A2> (hQ(gu + BQBAQU’“)>
Then
A VB2 — A2
gl(uav) = hZ(EU + Tvvu)v
A B2 — A? A VB2-A?
= (g +a=)ut+ ———(ay + v+ Bi(u+ C)exp(—(=u+ ————v + C)?)
B B B B
A Bz — A2 A VB2 — A2
+ﬁ2(§u + T'U + C) eXp(_(EU + T’U + 0)2) + (041 + ag — 1)0,
where
- B1+ B2
x=c=4/In( ,
1-— (Oq + 012)
A
g2(u,v) = —\/ﬁgl(u,v).
Other calculation gives
8%¢1(0,0 4A A?
Fon00) _ 2 exp(-02)8, — 205 C exp(~CO)[(5, + 36) — 205, + )],
0%91(0,0 B? — A2
00,0 _ ! )CGXP(—CQ)[(ﬁl +362) = 2C%(B1 + B2)],

ov? B2
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Pou0.0) _ _HAVE Z 8 o op(—ct( 2 - 20 + 1)1 + (€ - 20 + 230,

uv B2 A

9¢1(0,0) A? 2 2 A A 3

AS
+253 exp(—C?) (=3 — 4C* 4+ 12C?)3,,
92%¢1(0,0) _ (B% — A?) 9 A _, A_,
Sude? 2 5 exp(—C*)(—1+ SEC - 4§C’ )51

A(B? — A? .
% exp(—C?)(1+ C — 502 — C° + 2C*) By,

2 AVB? — A2 A A
79.(0,0) _ exp(~C?)(~1+20° +35C% 2501,

—4

ou2dv B2
2. /B2 _ A2
AB’#A exp(—C?)(120% — 4C* — 3)3,,

2 2 _ A2)3
979:(0,0) AB"— A7) exp(—C2)(—3+6C2+4%C—4%CQW1

+2

ov3 B3

2 _ A2y2
+2% exp(—C?)(12C% — 4C* — 3)3,,
and , , ) , ,
A B B B B
720(0,0) = —@cexp(—(ﬁ)[(E — 2ﬁ02)51 +(1-C - QE(J? + 3ﬁ)ﬁ2}
, A3 ) B2 B>, B B* , B? B2
Jrz232\/ﬁ06>®(—0 W+ @0 —2p)h+1-C-5C+ 50+ 5)k,
A [(B1 + 3B2) — 2C%(By + Bg)]m B iA ]

711(0,0) = Cexp(fC2)[*§,32 - 5 VB A2

C —C?) 4A 8A? 4A2 —104%2 8A2%2C? 24%C
Ceop(=C7) + 5y O Gy 1208 (g g — g T3 207)6]

0,0) = —
702(7) 4 B

ACexp(—C?), —4A 4A? 8A2C* 2B ) —104% 8A%C? 24%C )
i e (G g t—F T 3-6C )b+ (g +—Fpz ——Fpz +7-6C"+20)5),
-C?) A -B ; ,
721(0,0) = exp(470){§[(7 +60% —4C* +4C° —40)B1 + (1 - 2C - 2C% + 2C°) 3]
242 . 16AC? SAC 4AC? 8ACH 24 10AC* 2ACP
+§[(20 - B + B - B B )ﬁ1+(_§+ B - B )62}}

exp(—=C?) A% o, 4AC 10AC? BAC' . 24C 4A  14AC? 24C% 4ACt

[(-6+10C% + ==+ — 5 - (F -5+ 3 5 7 )P

"B A2 B
2
,%[(1402 —8Cc* + %02 - %)51 —(5—20 —22C? — 2C° 4+ 8C*) ]

LA 2(CP 20 - 308 + (1207 — 40— 33y,

BrtE R

since
> —C?) A2 4B 2B f
Re (u(ﬁ;)m(ﬂ;)> = %‘ﬁ){ﬁ[(—802+404—ICQ+I—4C+4CJ)51—(5—20—2202—203+804)52]

4
+23i4[(7§(12 —5C? +10C — 4C° +4C") By + (12C" = 7C* - C° — C) 3]

2
(1) g+ By (€ 20 307, + (1207 — 40~ 3)%]),
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2

(1 —2u(B3))(53) 1 2 3 2
= —— (3B —-8A° +6AB — 2A“B
1—p(B3) 233( )
. VB+A 3 3 2 2
———(—B> -84 2AB 6A°B),
+i YN A( + + )
Y11Y20 = a1 + ag + i(az + aq),
where

—A%2C? exp(—2C?%) ., 2A 9 9 9 A% A%C 9
a; = 152 [(—f—l—&-QC )51+(_3+20 )52][(—1+20 )ﬂl_(ﬁ_ JiE +3-2C )ﬁg}

C?exp(—2C?)A* = 24 9 9 5 4A 24?2 2A%C 9
= 5 (=5 ~1420)B1+(=3+2C%) B [(~ 1420 = ) Bi+( T = 55— —2C7+1420) 2]

ABC2exp(—207) ., 24 , , , A2 A ,
as =1 4B2m [(_f —14+2C )ﬁl + (—3 +2C )ﬂz][(—l +2C )ﬁl - (? - B2 +3-2C )ﬂz}

A3C?%exp(—2C?), 2A 9 2 5 4A 242 24%C 9

U= e B A2 (=5 =1+2C7) 1+ (=3+207) Bo][(- 14207~ ) BrH (g =~ — 207 +142C) o],
2
(1 —2u(B3))(B3) _ L 2 g 4A3 942 L 2 g A3 942
Re 1= 0(3) MY20| = 553 (3B —8A° +6AB —2A°B)a; + ViE (3B° —8A° +6AB — 2A“B)as
VBT A ; Bt A
15 -~ _(—B®—-84%+2A4B%? +64%’B)as — ————(—B* —8A4% + 2AB% + 6A%B
(1) 2BE A )43 = g A Jaa
(16) (B (55) = 2O B2 () a0y, + (A 43— 20780
Y11(P2)711(P2) = A(B? — A?) 1 B 2)"

s— . A2C%exp(—2C?). 4B B? 2B2C? 332 2B2C? ,
Y02(83)v02(B3) = 5216 [(IJFE*TJFSC *4)51+(F*T+8C —2C —10)5]
(17)

A2C? exp(—202%) —4A 442 8AC? 2B , _10B%  8A202 2A%C , ,

16(32 —A2) [ B _§+7+7+3_6C )ﬁl"‘( A2 + B2 — 52 +2C—-6C +7)52]

Then by using (14), (15), (16) and (17), one can get

. 1 2 3 2 VB + A 3 3 2 2
A2C?exp(—2C?) 4B B? 2B%(C? 3B? 2B%C?

T + 5 — 2+ 80—+ (O — 2o 807 20 - 10035
A%2C?exp(—2C?)  —4A 4A% 8A’C? 2B 9 —10B? 8A%C?* 2A%C 9 9
B —A) 5 m T T O gt T T PO 60T A

—C?) A? 4B 2B
—%{ﬁ[(—w? +4C* - ICQ + 40+ 4C%) By — (5 — 20 — 2202 — 203 4 8C*) 3]
24* B
+§[(7ZO2 —5C% +10C — 4C3 + 4C" By 4 (12C* —7C? — C3 — C)By)
1 A% 24

~(5 + 5 — pa)l(C +2C = 3C%)B) + (1207 — 4C* - 3)33])
B2C*exp(—2C?)
4(B? — A?)

(142078, + (5 +3-20)3) > 00

One can see that
2 2 2

| 1(Ba) |*= u(B2)u(Ba) = 2(B1 + Bo)a exp(—z ) — (az + Bzexp(—z )
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P1+ B2 P
(1—=(a+az) (B1+P2)

=(1— (a1 4+ a2))[21n(

| — as,
from which we obtain
(1= (a1 + a2)) 525 — i)
2\/(1 — (a1 + o) (5 Py — ] — e

285 + b1
281 + B5)?

From the above analysis, we have the following lemma:

d
T | 1(B2) |pr=p5=

= (1 — (Oll + 042)) > 0.

Lemma 3. If 4(B1 + B2)? > (182 + B1 — aaf1)? then the positive equilibrium x = | /In (%) of Eq. (1)

undergoes a Naimark- Sacker bifurcation when o = f35.

5.2. Naimark-Sacker bifurcation of fixed point z = —, /ln(%). When z = —, /ln(%) =—c

Then
A vVB? — A2
g1(00) = ha(u+ Y20 ),
A B? — A? A B? — A?
= (ag + azE)u + T(ag + v+ pi(u—C) exp(—(Eu + —5 V- C)?)
A B2 — A2 A VB2 — A2
+ﬁ2(§u + —5 V- ) exp(—(gu + —5 V- C)?) — (g + s — 1)C,
and
A
92(u,v) = —\/ﬁgl(uw)-
Other calculation gives
92¢1(0,0 4A A?
T _ 220 exp(~02)1 + 2 55 Cexp(~C(B1 +38) —20°(By + )],
92¢1(0,0 B? — A2
200 5B Cexp(-Cl(61 +882) ~ 20%(61 + ),
9%9:1(0,0) _AVB2— A? o, B 9 9
e =2z Cen(=CY)(5 — 207 + 1)Bi + (C - 207 4+ 2)B2),
8291(070) A2 2 2 A A s
A3
273 exp(—C?)(—3 — 4C* 4+ 12C?),,
6291(0,0) - A(32 - AQ) 2 B 2 4
SudeE 2 [E exp(—C )[(_Z +8C* —4C*) By

—(2 20 —10C? + 2C® 4 4C*) B,

9%¢1(0,0)  AVB?— A? ) s LA o A,
8“280 =4 32 eXp(—C )(_1 + 20 + 350 - QEC )ﬁl
A2 /B2 — A2
22— exp(—C?)(12C2 — 4C* — 3)B,,
2 4(B2 — A2 3
0 g(;ig’o) = ( [E ) exp(—C?)(C? —2C +2C%) 3,
B2 — A?)3
+2% exp(—C?)(12C% — 4C* — 3)3,,

and
A2 B? B2 B2
720(0,0) = 2BQCeXp( 02)[(ﬁ — 2ﬁ02)51 +(-1-C— QECQ + 3—)52]
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B> B? , B3 B> o, B B?
,ﬁ+ﬁc 72F)61+(—170+ﬁc +EO+@)52L

A3
2B2%\/B? — AQCeXp(
111(0,0) = O3 exp(-CH[(3g +1- 20751 + (3 - 2093111 -

+i —C?)[(

iA
Ny el
Cexp(—C2) 4A  8A2 442 1042 8A2C2  242C

702(0,0) = G 5Ot 5 1200+ (g — — g — Tz — 3+207)8)]

ACexp(—C?) 4A 4A% 8A2C? 2B 5 1042  8A2C?% 24A2C
(5t 55 — 53— — 1 — 3+ 6C7)B1+( - -
4/B2 - A2 © B B2 B2 A B2 B2 B2

A —(C2) A2 2B
721(0,0) = %{EKSC‘* + =2 —16C%) By 4 (=1 — 20 4 2C? + 2C3) B,

A
-B
+(7 +6C% —4C° —4C* +4C) By + (1 +2C — 2C* — 2C°) By}
i A® —6B 10C?*B
+ =l +

VB2 - A2 "B A A
—-3B 402%B

A

—7+6C%+20)8],

+1202 — 8C*)B1 4 (28C% — 8C* + 2C° — 7) 3,

+A[(—— 4+ 100? — 8C* +

1 +8C —8C%) By + (14 2C — 2C% — 2C° + 4C*) 3,

—%2[(202 —4C 4 4C3) By + (12C% — 4C* — 3) 2]} ),

since

_ 2 3
e (B (55) ) = 22BN Za-act + B0 - 6505 4+ (408 - 801+ 3207 - 20 - 930

4B 4B

+A[(16C% + 702 T 1203 — 12C* + 120) 31 4 (—4C® 4 8C* — 4C? + 4C + 2)3,]

(18) 7%2[(202 —4C +4C3) By + (1202 — 4C* = 3) 3]} ),

2

(1= 2u(B))mB2) | _ L spe 943 6B 242B)

1 — p(B3) 2B

4 vB+ A
PR e i
2B3/B — A
B (—A202 exp(—2C?%)  A3C? exp(—QCz)) B (A202 exp(—2C?%)  A3C?exp(—2C?)
V11720 = 182 t AB2B? — A2 1 4B2(B? — A?) L 4B2\/B2 — A2
B? 24

B2 B2 B2
b =[(75 — 255000+ (-1 - C =250 +3-5)B[(

(—B3 —8A% + 2AB? + 6A%B),

)b27

+1-2C%B1 + (320784,

B2 B>, _B? B2 2A

B? , B? 9 )
by=l—gpt 0 25+t (1-C0+ 50+ 50+ 5Bl +1-2076 + (3 - 207)5]
2
(1 —2u(B3))(B3) 1 2 3 5 o A2C? exp(—2C?)
=-——==(3B" -84 AB —2A“B
Re 1 —/L(ﬁ;) Y11720 233 (3 8 +6 ) 432 b1
1 9 3 o o A2C? exp(—2C?)
— 555 (3B 84 + 6AB — 24°B) BE A
R LA 32 o2
_VBEA g gadpoap? 4 eazp) O o200,
2B3VB — A AB2BE - A2
vB+A 3 3 9 5 o A2C% exp(—2C?)
(19) togs g B — 84T +24B° + 64°B) BB A7)
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BECPexp(2C0) 24y o2y, 4 (3 20)8)7,

(20) Y11 (83)711(B3) = 4(B? — A2) B

C%exp(—202) 4A 8A2 442 104%  8A%C%  24°C

VOQ(B;)’YBQ(ﬂ;): 77702+771+202)51+( B2 B2 B2 73+202)BQ]2

16 ( B B? B2

A2C% exp(—2C?)  4A  4A% 8A2C® 2B ) 1042 8A2C% 2A%C
16(B2 — A2) (Gt A O T e

Then by using (18), (19), (20) and (21), one can get

(21) +

—T+6C2+2C) 3],

. 1 9 3 5 - A2C? exp(—2C?)
a(83) = — 555 (3B — 84° + 6AB — 24°B) o by
1 A%2C? exp(—2C?)
——-(3B® —8A% + 6AB — 2A”B
257 84T+ 6 ) 4B?(B? — A?) b2
/ 312 92
__VBEA g gas g oap? 4 azp) il o200,
2B3vB — A AB2\/B2 — A2
vB+A 3 3 9 5 o A2C% exp(—2C?)
S (B —84° +24B% +64%B) DG
B2C? exp(—2C?)  2A 9 o\ 19
8(B2 7 A2) [(f +1-2C )51 + (3 -2C >B2]

C?exp(—202) 4A 8A? 4A? 1042 8A2C? 24%C
+1—6[(§_ﬁ02+§_1+202)51+( B2 B2  B? —3+20%)5)
A2C2exp(—2C2) 4A 4A%2 8A2C® 2B ) 1042 84202 24%C ) )
65— A7) g T pr T pr A SO (G m T — T T THOCT 2005

Aexp(—C?) A3 . 12B ., B 3 4 5
_T{E[(_“C +— 0 - 62)51 + (4C?% — 8C* 4 32C% — 2C — 8) 3]
2 4B 2 4B 3 4 3 4 2
+A[(16C +7(J 7 —12C° —12C* + 12C) 81 + (—4C° + 8C* — 4C* + 4C + 2) 53]
B2

— 1207 = 4C +4C%)py + (1207 — 4C" = 3)Ba]} > 0.

One can see that
2

| 1(B2) = p(B2)n(Bz) = 2(B1 + 52)52 eXP(—iz) — (a2 + Baexp(—a )

=(1 - (« o n by 1 P - i @
= (1 - (a1 +a2))[21 ((1_(a1+a2)) (B +52)] ”

from that one can get

(1~ (1 + a2))l5 35 — o)

(1 — (a1 + a2))[21In( (1_123;532)) — (ﬁfg&)] —as

d
5 | 1(B2) |g,=p5= 2\/

205 + B
=1—-(aa+a))z75—5-75>0.
Ut eaG Ty
From the above analysis, we have the following lemma:
Lemma 4. If4(f1 + f2)? > (12 + 1 — a231)? then the negative equilibrium x = — ln(%) of Egq. (1)

undergoes a Naimark- Sacker bifurcation when o = 5.
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FIG 1. The evolution of system (1) (a) The time series solution for local stability solution
(b) The phase portrait of local stability solution.
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FIG 2. The evolution of system (1) (a) The time series solution for local asymptotically
stability (b) The phase portrait of local asymptotically stability.

6. NUMERICAL EXAMLPLES

For confirming the above results, we present some numerical examples which represent the local stability
diagrams, phase portraits and bifurcation diagrams which allow one to see where qualitative changes in the
asymptotic solution occur. Such changes are termed bifurcations for a parameter range where the Naimark-
Sacker bifurcation takes the place. All figures are drawn with maple.

Example 1. Consider a special case of Eq. (1) by choosing oy = 0.2, ap = 0.6, 81 = 5 and Sy = 8.5 with initial
conditions xy = 0.6,yo = 3.5. Hence Eq. (1) has a unique positive equilibrium which is locally asymptotic stable
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(@ (b)

FIG 3. (a) Bifurcation diagram of z,, with respect to 8 (b) Bifurcation diagram of y,, with
respect to Bs.
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FIG 4. (a) Bifurcation diagram of system (1) with respect to 2(b) The phase portrait of
system (1).

which is shown in Figure 1a. Furthermore, the necessary and sufficient conditions of Lemma (2) for local asymptotic
stability is satisfied and a phase portrait of system (1) is shown in Figure 1b.

Example 2. Let a3 = 0.5, ag = 0.4, 81 = 1.5 and By = 1.9 with initial conditions xo = 0.4,y = 0.1. Hence Eq.
(1) has a unique positive equilibrium which is locally asymptotic stable which is presented in Figure 2a. Furthermore,
the conditions of Lemma (2) for local asymptotic stability is satisfied and in Figure 2b a phase portrait of system (1) is
shown .
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FIG 5. (a) The strange attractor of system (2) (b) The strange attractor of system (2).

Example 3. Let a3 = 0.1, ag = 0, f1 = 0.5and 0.5 < By < 7 with initial conditions o = 0.51,y9 = 0.32,
then system (1) undergoes Neimark-Sacker bifurcation and the bifurcation diagrams with respect to [, are presented
in (Figure 3a, Figure 3b and Figure 4a. By fixing parametric values a; = 0.1, ap = 0, 81 = 0.5 the phase portraits
of system (2) while By with different values (f2 = 1.8, 3.5 and 2.5) are shown in (Figure 4b, Figure 5a and Figure 5b
recpectivly, we see that Figure 5a and Figure 5b are chaotic attractors (strange attractors) of system (2).

Sl

05

(@ (b)

FIG 6. (a) The time series solution for system (2) (b) The phase portrait of system (2).

Example 4. Suppose that oy = 0.1, ae = 0.06, 81 = 1.4 and By = 2.5 with initial conditions xo = 0.01,yo = 0.02,
then the unique positive equilibrium point of system (2) is unstable which is shown in Figure 6a and in Figure 6b we
see phase portrait (chaotic attractor)of system (2).
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7. CONCLUSION

We have derived several kinds of results with important consequences for characterizing the dynamic be-
haviors of (2). The interesting system dynamics, including local stability, instability, bounded solutions, and
the occurrence of a Neimark-Sacker bifurcation have been obtained. Our analysis can be used to precisely
characterize the dynamic behaviors of numerous difference equations, all of which are realistic models of
population dynamics.

Funding. This study is supported via funding from Prince Sattam bin Abdulaziz University project num-
ber (PSAU/2024/R/1445).

Acknowledgments. The authors extend their appreciation to the Prince Sattam bin Abdulaziz University
for supported this study.

Competing interests. The authors declare no competing interests.

REFERENCES

[1] A. Ghasemabadi, Stability and bifurcation of Metzler equation, Adv. Differ. Equ. (2015) 2015, 253.
[2] S. Banerjee, Mathematical modeling: models, analysis and applications, CRC Press, 2021.
[3] Q. Din, T. Donchev, Global character of a host-parasite model, Chaos Soliton Fract. 54 (2013), 1-7.
[4] Q. Din, Global stability of a population model, Chaos Soliton Fract. 59 (2014), 119-128.
[5] Q. Din, Global behavior of a plant-herbivore model, Adv. Differ. Equ. 2015 (2015), 119.
[6] Q. Din Global behavior of a host-parasitoid model under the constant refuge effect. Appl. Math. Model. 40 (2016), 2815-2826.
[7] Q. Din, Global stability and Neimark-Sacker bifurcation of a host-parasitoid model, Int. J. Syst. Sci. 48 (2017), 1194-1202.
[8] EM. Elabbasy, H. El-Metwally, E.M. Elsayed, Global behavior of the solutions of difference equation, Adv. Differ. Equ. 2011
(2011), 28.
[9] H. El-Metwally, E.A. Grove, G. Ladas, R. Levins, M. Radian, On the difference equation &, +1 = a+ B2n—1 exp(—2zn ), Nonlinear
Ana., TMA, 47 (2001), 4623-4634.
[10] E.M. Elabbasy, E.M. Elsayed, Global attractivity and periodic nature of a difference equation, World Appl. Sci. J. 12 (2011), 39-47.
[11] E.M. Elsayed, Solution and attractivity for a rational recursive sequence, Discr. Dyn. Nat. Soc. 2011 (2011), 982309.
[12] E.M. Elsayed, On the Global attractivity and the solution of recursive sequence, Stud. Sci. Hung. 47 (2010), 401-418.
[13] E.M. Elsayed, Dynamics of recursive sequence of order two, Kyungpook Math. J. 50 (2010), 483-497.
[14] F. Bozkurt, Stability analysis of a nonlinear difference equation, Int. J. Mod. Nonlinear Theory Appl. 2 (2013), 1-6.
[15] N. Fotiades, G. Papaschinopoulos, Existence, uniqueness and attractivity of prime period two solution for a difference equation
of exponential form, Appl. Math. Comput. Model. 218 (2012), 11648-11653.
[16] EJ. Palladino, Abifurcation Result for a system of two rational Difference Equation, Adv. Dyn. Syst. Appl. 7 (2012), 109-128.
[17] E.A. Grove, G. Ladas, N.R. Prokup, R. Levis, On the global behavior of solutions of a biological model, Commun. Appl. Nonlinear
Anal. 7 (2000), 33-46.
[18] J.K. Hale, H. Kocak, Dynamics and bifurcations, Text in Applied Mathematics, vol. 3, Springer-Verlag, New York, 1991.
[19] H. Feng, H. Ma, W. Dind, Global asymptotic behavior of positive solutions for exponential form difference equation with three
parameters, J. Appl. Anal. Comput. 6 (2016), 600-606.
[20] VIL. Kocic, G. Ladas, Global behavior of nonlinear difference equations of higher order with applications, Dor-
dreht/Boston/London: Kluwer Academic Publishers, 1993.
[21] S. Kalabusic, M.R.S. Kulenovic, Rate of convergence of solutions of rational difference equation of second order, Adv. Differ. Equ.
2 (2004), 121-139.
[22] M.R.S. Kulenovic, G. Ladas, Dynamics of second order rational difference equations with open problems and conjectures, Lon-
don: Chapman $ Hall/CRC, 2001.
[23] M.R.S. Kulenovic, E. Pilav, E. Silic, Naimark- Sacker bifurcation of a certain second order quadratic fractional difference equation,
J. Math. Comput. Sci. 4 (2014), 1025-1043.
[24] M.R.S. Kulenovi, C.S. Moranjki, Z. Nurkanovi, Naimark-Sacker bifurcation of second order rational difference equation with
quadratic terms. J. Nonlinear Sci. Appl. 10 (2017), 3477-3489.
[25] Y. Kuznetsov, Elements of applied bifurcation theory, Second Edition, Springer, New York, 1998.
[26] R.E. Mickens, Difference equations, CRC Press, 2022.



Pan-Amer. J. Math. 3 (2024), 14 19

[27] L Ozturk, F. Bozkurt, S. Ozen, On the difference Equation y,,+1 = %Z(:ly"), Appl. Math. Comput. 181 (2006), 1387-1393.

[28] G. Papaschinopoulos, M. Radian, C.J. Schinas, On the sytem of two difference equations of exponential form: z,41 = a +
bxn—1exp(—Yn); Yn+1 = a + byn—1 exp(—zy ), Math. Comput. Model. 54 (2011), 2969-2977.

[29] G. Papaschinopoulos, N. Fotiades, C.J. Schinas, On a system of difference equations including exponential terms, ]J. Differ. Equ.
Appl. 20 (2014), 717-732.

[30] C. Robinson, Stability, symbolic dynamics and chaos, CRC Press, Boca Raton, 1995.

[31] R. Zhang, X. Ding, The Neimark-Sacker bifuration of ,,+1 = ‘m%;*’ J. Differ. Equ. Appl. 15 (2009), 775-784.

[32] S.J. Heusic, M.R.S. Kulenovic, M. Nurkanovic, Global dynamic and bifuractions of certain second order rational difference equa-
tion with quadratic terms, Qual. Theory Dyn. Syst. 15 (2016), 283-307.

[33] S. Kalabusic, M.R.S. Kulenovic, M. Mehuljic, Global period-doubling bifurcation of quadratic fractional second order difference
equation, Discr. Dyn. Nat. Soc. 2014 (2014), 920410.

[34] W. Wang, H. Feng, On the dynamics of positive solutions for the difference equation in a new population model, J. Nonlinear Sci.
Appl. 9 (2016), 1748-1754.

[35] S. Wiggins, Introduction to applied nonlinear dynamical systems and chaos, Second edition, Text in Applied Mathematics, Vol.
2, Springer-Verlag, New York, 2003.

[36] Z.He, ]. Qiu, Neimark-Sacker bifuration of a third- order rational difference equation, J. Differ. Equ. Appl. 19 (2013), 1513-1522.



	1. Introduction
	2. Local Stability of the Equilibrium Point
	3. Boundedness of Solutions
	4. Rate of Convergence
	5. Naimark-Sacker Bifurcation of Eq.(1).
	5.1.  Naimark-Sacker bifurcation of fixed point 0mu mumu xx2005/06/28 ver: 1.3 subfig packagex-=ln(1+21-(1+2))
	5.2. Naimark-Sacker bifurcation of fixed point 0mu mumu xx2005/06/28 ver: 1.3 subfig packagex-=-ln(1+21-(1+2))

	6. Numerical Examlples
	7. Conclusion
	Funding.
	Acknowledgments.
	Competing interests

	References

