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EXACT SOLUTIONS OF SYSTEM OF FOURTH-ORDER DIFFERENCE EQUATIONS

MESSAOUD BERKAL!* AND RAAFAT ABO-ZEID?

ABSTRACT. In this paper, we derive the solutions of system difference equations
Tn—1Yn—3 y Yn—1Tn—-3
1=
Yn—1(a+brn_1yn—3)’ " Tn_1(c+ dyn_1Tn_3)

Tn+1 = , mn € N,

where the parameters a, b, ¢, d are real numbers and the initial conditions z_; and y_; for (¢ = 0,1, 2, 3) are non

zero real numbers.

1. INTRODUCTION

Nowadays, difference equations becomes a valuable tool in the modeling of many phenomena in var-
ious fields such as biology, epidemiology, physics, probability theory, etc. See for example [7, 27-29].
Accordingly, difference equations have attracted the attention of many researchers, see for example
[1,5,6,8,12-18,21-24,26,30,31]. The following difference equations

Tn—1Yn—3 Yn—1Tn—3
1) Tt = Yn—1(1+2n-1Yn—3)’ Y1 = Tn1(F1 £ Yp12n-3)
has been studied by Almatrafi et al. [4].
In addition, Halim et al. [20] obtained the solution of the following system difference equation

Yn—1Tn—2 Yni1 = LTn—1Yn—2
yn(a + byn—lyn—2) ’ n xn(a + bl’n_lyn_Q)
In this paper, we generalize the solutions of the systems of nonlinear rational difference equations pre-

(12) I+l =

sented in [2], [3] and [4], which were established through a mere application of the induction principle.

2. MAIN RESULTS
In this section, we derive the admissible solutions of the system of difference equations given by

(2 1) Z 1= Tn—1Yn—3 y 1= Yn—1Tn—3
" ynfl(a + bxnflynf‘%) ’ mt xnfl(c + dyn71$n73) ’

where n € Ny and the initial conditions x_3,x_2, z_1, %0, y—3,y—2,y—1 and yo are arbitrary non zero real

numbers.
The system (2.1) can be written as

(22) Unp+1 =

Unp—1 v o Un—1
n+1 —
a—+ bugy_1’ c+dv,_1’
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by using the following change of variables

Up = TplYn—2,

Un = YnTn—-2-

(2.3)

2.1. Solutions of =, = a—f#j' In this section, we derive the closed form of the solution of the
n—1
equation
Tn—1
2.4 g = —n=t
(2.4) Tnt1 a+ Brn
Let us define
(25) "Eglj) = Tan—j, 7=0,1, neNg.
Using this notation, we can write (2.4) as
)
, Y
(2.6) P a—
n+1 o+ ﬂxg)
Equation (2.6) can be reduced to
Dw, —
27 wpy = EFDUn =
Wn,
by using the change of variable
- 1
(2.8) i) = 3@n—a), j=01
Now, we consider the difference equation (2.7) where the initial value wy is a non zero real number. The
equality
2.9) wy = 2
Zn—1
reduces the equation (2.7) to the following one,
(2.10) Znt1 — (@ + Dz, —azp—1 =0, n € Np.
Case a # 1.
Lemma 2.1. Consider the linear difference equation
(211) Zn4+1 — (Oé + ].)Zn +az, 1=0, ne€ N(),

with initial conditions z_1, zg € R. All solutions of equation (2.11) can be written in the form
1
(2.12) Zn = (zo (1 - a(”+1)) —az_q (1 - a”)) .

Cl-a
Proof. Equation (2.11) is an homogeneous linear second order difference equation with constant coefficients,

where zp and z_; € R. These type of equations are usually solved by using the characteristic roots A\; = «
and )\ = 1 of the characteristic polynomial P(A\) = A\? — (1 + @)\ + «, and the general solution is given by

2n = 1 + c2a®".

where ¢; and ¢, are expressed in terms of the initial conditions zo and z_; as

20 — 21«
e
a(z—1 — 2p)

C2 =
1—«
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Then, the general solution of equation (2.11) is

Zp = T i s (zo (1 — a("“)) —az_q (1 - a")) .

Casea = 1.

Lemma 2.2. Consider the linear difference equation

(2.13) Znt1 — 22p + 2n—1 =0, n € Ny,

with initial conditions z_y, zo € R. All solutions of equation (2.13) can be written in the form
(2.14) zn =20(n+1) —z_1n.

Proof. Equation (2.13), where zp and z_; € R, is usually solved by using the characteristic roots \; = Ay =1
of the characteristic polynomial P(\) = (A — 1)2. Thus, its general solution can be written in the following
form
Zp = C1 + Can.
Using the initial conditions zy and z_; and after some calculations we get
Ct = 2o
Co = Zop— 2-1-

Then, the general solution of equation (2.13) is

zn =20(n+1) —z_1n.

Using the above arguments, we can state the following theorem:

Theorem 2.3. Let {w, },>0 be an admissible solution of (2.7). Then,

a(l —a™) —wg(1 — a™tl)

; 1.
a(l —an=1) —we(1 — am)’ ifas
n—wo(n+1) .
— " =1.
(n—1) —wn’ ifa
Let
) = = (w, — a)
If a # 1, then
ar(a—1)— (1 a")xm
By using
a" -1 N~ ()
a_l_zav U)O—Oé-i-ﬁxo,
i=0

we get that the solution of the difference equation (2.6) is given by
xéj )

n—1 :
am — ﬂ (Z ai) xéﬂ)
=0

(2.16) zl) =

n
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If o = 1, then the solution of equation (2.6) is given by

)

RO
1+ ﬁnx(()j)

for each j € {0, 1}.
We can state the following theorem by taking into account the results described above as well as (2.5).

Theorem 2.4. Let {z,,},,>_1 be an admissible solution of (2.4). Then, for n > 0 the following statement are true:

o Ifa £ 1, then

o Ifa =1, then

Lo

Ton = 1—|—ﬁnx07

Ty

Top 1= ——,
2n—1 1+an_1

Now let {u,,, v, }n>_1 be an admissible solution of (2.2). Then, for n > 0, we have the following:

o If a # 1, then,

U2n, - n—1 )
a™+b (Z ai) U

U2n—1 - n— )
a”+b ( al> U_q
i=0

Van = n—1 )
c+d ( g c’) o
i=0
1
V2n—-1 = n—1 ’
" +d ( c’) v_q
i=0
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o If o =1, then
U

14 bnug’

U2n, =

u_y

u - - 77
2=t 14 bnu_q

Vo

V2n 1 +dnwg’

v_1
Vopn—1 = T—>5
" 14+ dnv_q’

Now let
Un

)
Yn—2
Un

(2.17) e, =

(2.18) Yo =

Zn—2

Using formula (2.17) and (2.18), and after some calculations, we have

Uy
(2.19) Tap = ——Tan—4
V4n—2
and
v
(2.20) Yin = ——Yan—1
Ugn—2
Also, we can obtain
Ugp—
(221) Tyn—1 = an 1x4n—5
V4n—3
and
Vgn—1
(222) Yan—1 = Yan—5,
Ugn—3
for any n € N.

By multiplying the equalities (2.19), (2.20), (2.21) and (2.22) from 0 to n — 1, respectively, it follows that

n—1
Ug;
(2.23) Tan = on( % )7

i—o \V4i—2
n—1 Vui
(2.24) o = yOH( 4i )
imo \Udi—2
n—1 Ut
(2.25) S le( 421)’
i—o \V4i-3
n—1 Vs
(2.26) Vi1 = Y H( 411>'
i—o \Udi—3
If we substitute equations (2.23), (2.24), (2.25) and (2.26) into (2.19) and (2.20), we get
n—1
(2.27) P ) (U4z—2)
Yan Yo ;5 \ V4i
and

n—1
(228) Yoy = in _ Yn (%2) _
i=0

Lan To = Uaq
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Similarly,
v v g
(229) Tap_3 = 4n—1 _ 4n—1 H < 423)
Yan—1 Y-1 5 \V4i-1
and
u u v
(230) Yin_3 = 4n—1 _ 4n—1 H ( 413) )
Tan—1 T-1 5 \Udi-1

Now, using the above arguments and taking into account that

g = roY-2, Vo =1Yor-2, U—1=T-1Y-3, V-_1=Y-1T-3,

we have the following;:

Theorem 2.5. Let {x,,, yp }n>_1 be an admissible solution of system (2.1). Then, for n € Ny:
1. Ifa # 1 and ¢ # 1, then the solution of system (2.1) is given by

n—1 ) 2i—1
s [ ] (ch tdyz-3y cT)
1=0

x _ r=0
dn—3 = 2n—1 n—1 2i—2 ’
—1 i—
yraly <c2" tdy 1z 3 ) cr) 11 <a21 hbzoiy 3y a’")
r=0 =0 r=0
n—1 2i—1
2
ziy™, H ¢ +dyox_2 Z c”
= _ i=0 r=0
n—2 = 2n—1 \ n-1 2i-2 ’
x L c ) c a“'" TOY—2 a
yg n21 2n —‘rdy T 2¢—1 +b y T
r=0 i=0 r=0
n—1 2i—2 n—1 2i—2
n+1 i— 1 i—
it T (@t v ) T (7 b S o)
i=0 r=0 i=0 r=0
T4n—1 = Tan =

n—1 2i—1 ) n—1 2i—1 ’
vy [ [ (am +bro1y-3 ) ar) ypam, [ [ (azl +bzoy—2 Y ar)
=0 r=0 1=0 r=0

and
n—1 2i—1
Yyt H <a21 +br_1y—3 Z ar>
i=0 =0
Yan—-3 = 2n—1 n—1 2i—2 ’
am iyt <a2" +br_1y—3 Z ar> H <c2’_1 +dy_12_3 Z CT>
r=0 i=0 r=0
n—1 2i-1
sy, T (s s 3o )
- i=0 =0
Yan—2 = on—1 n_1 2i-2 \’
oo ( . ) I ( IS )
=0 =0 r=0
n—1 2i—2 n-1 2i-2
y T tan, H (am_l +br_1y—3 Z a’“) yattan, H (am_l + broy—2 Z ar>
_ i=0 =0 _ i=0 =0
Yan—1 = n—1 2i—1 1 Ydn = n—1 2i—1
a s [ ] <c21 +dy w3y cr) a2ty [ 1 <c21 +dyor—2 Y cr)
=0 —0 i=0 =0

2. Ifa # 1 and c = 1, then the solution of system (2.1) is given by

n—1
™y, H (14 2diy—1z—3)
1=0

Tan—3 =

n—1 25—2 )
Yyt (14 2dny 1z 3) [ | <a2i‘1 +br 1y-3 ) ar)
i=0 r=0
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xPy" H (1 4 2diyoz—2)

Tan—2 = n—1 . 2i-2 \
ygngl (1 + 2dnyox—_2) H <a211 + bxoy—2 Z aT)
1=0 r=0
n—1
"y [ (1 +d(2i — Dy-—12-3)
_ =0
Tan—1 = 21 N’
yryaly H <a21 +br_1y-3 Z ar>
=0
71 "
"+ T H (1+d(2i — V)yoz—_2)
Ton = =0

n—1 2i—1 ’
Yozt H ( 2 4 broy_o Z a"'>

= r=0

and

n—1 21—1
I ( S )
1=0

=0

2n—1 n—1 )
am oyt <a2n +br_1y—3 Z a") H (14+d(2i — 1)y_17_3)

r=0 =0

n—1 2i—1
e, T1 ( ooy 2y )
1=0

=0

Yan—-3 =

Yan—2 =

k)
n, n—1

2n—1 —
zpy”y <a2” + bxoy—o Z ar> H (1+d(2i — V)yoz—2)

r=0
n—1 21—2 n—1 21—2
1 i— 1 i
v T, [ ] (am Y tbroay-s aT) yg e, ] (am Yt bzoy—2 Y ar)
=0 =0 _ i=0 =0
n1 s Yan =

a?yts [ ] 1+ 2diy 12 3) apyy [ (1 + 2diyox—2)
1=0

=0

Yan—1 =

n—1 :
3. Ifa = 1and c # 1, then the solution of system (2.1) is given by

n—1 2i—1
I (+dz)

=0 r=0
T4n—-3 =

2n—1 n—1 ’
yflegl <02" +dy_1z_3 Z cr> H (1406(2i — )z_1y—3)

r=0 =0

n—1 27—1
s T (4 ames 3o )
1=0 r=0

2n—1 n—1 ’
ygw’lgl (cQ" + dyox_2 Z CT> H (1+b(2¢ — )zoy—2)

r=0 i=0

n—1 21—2 n—1 2i—2
xi—{—lyzs H <021—1 + dy,1$,3 Z C'r) n+1y_ H <021—1 + dy()il772 Z Cr>
i=0 =0 r=0

_ =0
no1 ; Tan =

yryan g [ (1 + 2biz_1y-3) ypan, [ (1 + 2bizoy—2)
1=0

=0

Ton—-2 =

Ton—1 =

n—1 ’

and
n—1

yryatg [ (1+ 2biz_1y_3)
=0

n—1 2i—2 ’
a3t (L+ 2bnaay-s) [ | (ch—l +dy 1z 3y CT)
r=0

1=0

Yan-3

n—1

Yy H (1 4 2bizoy—2)
Yin—-2 = =0

n—1 2i—2 ’
xgyﬁgl (14 2bnzoy—2) H (c%_l + dyor—2 Z cr>
i=0

r=0
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n—1 n—1
YT lan g [ (1462 — D21y —3) yattan, H (1 +b(2i — Dzoy_2)
_ =0 _ =0
Yan—1= 1/ 21 N AT n—1 2—1 \
am s [ ] <c21 +dy w3y cr) gy, [ ] ( * dyor—o Y cr>
i=0 r=0 =0 r=0
4. If a = 1 and c = 1, then the solution of system (2.1) is given by
ayyng [ (1 + 2diy—123)
Ton—3 = = n—1 ’
n .n—1 .
yrixs (14 2dny—12-3) H (1406(2t —1)z_1y—3)
i=0
n—1
ST H (1 4 2diyoz—2)
1=0
Tan—2 = — )
ygm’igl (1+ 2dnyox—_2 H (1+b(2i — 1)zoy—2)
n—1 =0 n—1
Ty [T (1 +d2i — 1Dy 12-3) ag Ty, [T 1+ d(2i — Dyoz—2)
Tyn—1 = 2:70171 ) Tan = 1:71071 ’
ym 2y [ [ (14 2biz1y-3) yoam, [T (1 + 2bimoy—2)
i=0 =0
and
n—1
yzlng H (1 + 2177:1371?!73)
i=0
Yan—-3 = — 5
m’jlyﬁgl (14 2bnz_1y—3 H 1+d(2i — 1)y—1z_3)
n—1 =0
Yoty H (1 4 2bizoy—2)
1=0
Yan—-2 = — >
zpy™y (1 + 2bnxoy—o H 14 d(2i — 1)yoz—2)
n—1 =0 n—1
y’_”flx’_’3 H (1+5b(2¢ — D)z_1y—3) y61+1:1:’_’2 H (14 b(2i — )zoy—2)
_ i=0 _ i=0
Yan—1 = oy y Yan = S
xﬁlyESH (14 2diy_1z_3) :rgyﬁ2H (1 4 2diyoz—2)
=0 i=0

3. SOME APPLICATIONS

In this section, we apply the previous results in order to show how some closed-form formulas for the
solutions to the systems in (2.1), which were presented in [2] and [4] are obtained:

e When a =b = c=d = 1insystem (2.1), we have that

™y SH + (26 — 1)y_12_3)

Tan—3 = p—) )

vyt (L4 (2n = Dy—azs) [T (14 (2i - 2)2-1y-3)
1=0

n—1

zhy" o | | (14 2iyoz—2)
=0
Toan—2 = )
n—1

Y5 (14 2nyoz—2) [ [ (14 (20 — Dzoy—2)
=0
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n—1 n—1

ey [ A+ (2i - 2)y1z3) ag Py, [T A+ (20 — Dyoz—2)
o i=0 _ i=0
Tan—1 = o sy Tan = 1 )
ym 2" [T 1+ (26 = Dzo1y—3) vy [ ] (1 + 2imoy—2)
i=0 i=0
and
n—1
ym 2"y [T (14620 — Da_1y-s)
Yan—-3 = =0 1 5
2y 5 A+ b2n — Da_1y_s) [ A+ (2i —2)y_12_3)
1=0
n—1 '
oy [ (1 + 2izoy—2)
1=0
Yan—2 = 1 )
afy"y " (14 2naoy—2) [] (1 + (20 — Dyoz—2)
1=0
n—1 ! n—1
y’_”fl:z:’_l3 H (14 (2i —2)z_1y—3) y61+1:1:’_‘2 H (14 (2i — 1)zoy—2)
_ i=0 _ i=0
Yin—-1 = — y Yan = —
ey [T 1+ (2 = Dy—12-3) apy™, [T (1 + 2iyoz—2)
1=0 i=0

this agree with what was obtained is theorem 1 in [2].

e Whena =b=1and c =d = —1insystem (2.1), we have that

™y, (—1)"351”1'11;?3 1+y—1z_3)"
Tan—3 = S sy Tan—1 = 1 >
v [T A+ @i— D2y ) yats [ 1+ 2iz1y-s)
i=0 i=0
ziy” o (=D)"ag Ty, (1+ yoz—2)"
Tan—2 = s Tan = s
n—1 n—1
yg:rﬁgl H (1+ (2i — D)zoy—2) Yoz, H (1 + 2izoy—2)
=0 i=0
and
n—1 n—1
(1) yat g [T (1 + 2iz-1y-3) YTl [ (14 (2 — Da_1y—s)
i=0 =0
Yan—-3 = — ; Yan—1 =
T ey (U 2neays) (b yamog) 2Ty
n—1 n—1
(—1)"ygam, H (14 2izoy—2) ngrlx’jZ H (14 (2¢ — 1)zoy—2)
i=0 i=0
Yan—2 = — ) Yan =
"y (14 2naoy—2) (1 + dyor—2)" ! Zgy"s

this agree with what was obtained is Theorem 2 in [4].
e Whena =b=d =1and ¢ = —1 in system (2.1), we have that

zt Yty sz{lyﬁg, (=1 +y-12-3)"
Ton—3 = y  T4n—1 = 5
n—1 n—1
y e [ A+ (20 - Dz1y-s) yryamy [ 1+ 2iz_1y_s)
i=0 i=0
oY, zg Ty, (—1 4 yoz_2)"
Ton—-2 = ) Tan = 5
n—1 n—1
ypa™ S ] 0+ (20 — Daoy—2) yga, [ (1 + 2izoy—2)

=0 =0
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and
n—1 n—1
y g [ [ (4 2iw1y-3) y"Tran [T 0+ @i - Daoiy-s)
1=0 1=0
Yan—-3 = ) Y4in—1 =
" z" Yty (1+2nx 19-3) (-1 4+y_1z_3)" " z" Yy,
n—1 n—1
(—D)mygan, [ ] 4+ 2izoy—2) yo e, [T 1+ (2i = Daoy—2)
1=0 1=0
Yin—2 = ; Yan =
" apyS (14 2n@oy—2) (1 + dyoz—2)" " T3y,

this agree with what was obtained is theorem 3 in [4].

e Whena =b=c=1andd = —1insystem (2.1), we have that

n n—1
z" Yy, H (1—2iy_1x_3) "+1y 3 H (1—(2i—1)y—1z_3)
Ton—3 = =0 — ) Tan—1 = : 271
yﬁlxﬁgl (1 —2ny_1z_3 H (14 (2i — 1)z_1y—3) yﬁlz’jSH 1+ 2iz_1y—3)
i—0 0
n—1 — =
zPy™ o H (1 — 2iyoz—_2) n+1 H (1—(2i — 1)yoz—2)
0 =0
Tan—2 = : — B Tan = _1 )
yg:tﬁgl (1 —2nyoz_2 H (14 (2i — 1)zoy—2) yoa™, H (1 + 2izoy—2)
i=0 =0
and
n—1 —
yflaﬂSH 1+ 2iz_1y—3) y Tl H 14+ (2t —1)z_1y—3)
=0 =0
Yan—3 = : oY )y Yan—1 = 1
a® y" st (L+2nzay-3) [[ (1= (20 — Dy_123) a® iy [ (1= 2iy—123s)
i=0 =0
n—1 n—1
Yoz, H (1 + 2izoy—2) yg+1337_‘2 H (1+ (2i — zoy—2)
- i=0 _ i=0
Yan—-2 = — ) Yan = n_1
afy" "t (14 2naoy-—2 H (21 — 1)yoz—2) wpy™y [ [ (1= 2iyoz—2)
i=0 i=0

this agree with what was obtained is theorem 4 in [4].

e Whena =b = —1and ¢ = d = 1in system (2.1), we have that

n—1 n—1
(—D)rayyn s [ (0 + 2iy-12-3) " Thyns [ A+ @2i—1)y-12-3)
=0 =0
Tan—3 = - , Tan—1 =
" yflx331(1+2ny_1x_3) (1+:C_1y_3)n " y"_"lx"_7‘3
n—1 n—1
(=Dragy, [ (1 + 2iyoz—2) zg iy, [T 1+ (26 — Dyoz—2)
i=0 i=0
Tan—2 = , Tam = ,
" ypa’y " (14 2nyoz—2) (1 + zoy—2)" " Yol
and
y2ixlg (=)™ Trem s (1 + z_1y—3)"
Yan—3 = » Yan—1 = — ,
iy H +(2i = Dy-12-3) gy [ (1+ 2y 123)
=0
yo xly YTz, (14 zoy—2)™
Yan—-2 = oy s Yam =
zgy”y 2! H (1+ (2 = Dyoz—2) xGyl, H (1 4 2iyoz—2)
1=0 1=0

this agree with what was obtained is 1 in [2].

)
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e Whena =0b= —1and ¢ =d = —1 in system (2.1), we have that

n—1
_lnxn-ﬁ—lz 14y 1z n
L (71)”337111/23 o ( ) 1Y 311;1(:)( Yy-1 3) |
yr 2"y (L 2o1y-—3)" Yzt
PO 1 S G A Pl G T
yga st (L+ zoy—2)" Yoy
and
(‘U"yﬁlzzg (*1)71?/_17;1937_13 (1+2z_1y-3)"
Yan—-3 = xﬁlyzgl (1+y71$73)n7 Yan—1 = x’jlyﬁg, )
(=Drygat, vp tleny (1+ zoy—2)"
Yan—2 = Yan = .

agy"y "t (L+yow_2)" rgyly

this agree with what was obtained is theorem 2 in [2].

4. CONCLUSIONS

In this study, we mainly obtained solutions of the system of rational difference equations system.
Tn—1Yn—3 Yng1l = Yn—1Tn—3
ynfl(a'*' bl'nflynfB)7 nr $n71(0+dyn71$n73)

where the parameters a, b, ¢, d are real numbers and the initial conditions z_; and y_; for i = 0, 1,2, 3, are

Tpt1 = , nec No,

non zero real numbers. Our results generalized the results obtained in [2] and [4].
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