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HOLDER SOLVABILITY OF QUASI-LINEAR PARABOLIC SYSTEMS IN THE DIVERGENT FORM

MYKOLA YAREMENKO

ABSTRACT. In this article, we consider a quasilinear parabolic system under fair general conditions with form-
boundary conditions on the singular coefficients. We establish the requirements on the structural coefficients of
the parabolic system under which the quasilinear system has the unique solution in the Holder functional space.

1. INTRODUCTION

The main inquiry of the theory of quasilinear parabolic equations and systems is to establish functional
classes to which belong their solutions. In 1957, Nash showed that the Holder norm |u\(°‘) of solutions

u (x, t) to a parabolic equation
0

Eu - Z VZ' (aij (x, t) Vlu) =0
i=1,...,1

can be estimated as N
(e, ) =y, O] <c(lo—yllt—sl72) Julpe t>s

by a constant ¢ depending only on ellipticity constants v and p given by

v < Y ai&i& < pg

ij=1,...,1

and the dimension of the Euclidean space [ > 2. A year previous, a similar result was obtained by De Giorgi
for the case of the elliptic equation

> Vilaij (z, t) Viu) =0.

i=1,...,l

Since this time, the problem of regularity has played a fundamental role in the theory of parabolic equations
and systems many classical and modern works have been published. The crucial moment in the investiga-
tion of the regularity of solutions to the quasilinear equations and systems is obtaining a priori estimations
for the solutions and derivatives of these solutions. In the linear case, the Nash-De Giorgi fundamental
ideas brought a new comprehensiveness to the theory of linear elliptic and parabolic equations and sys-
tems. A resurgence of interest in quasilinear parabolic systems can be explained not only by new results
obtained in recent years in the linear theory but also by their widespread applications to signal processing
and quantum information theory. Some applications are considered by Qi. S. Zhang, L.Guo, G. Karniadakis
in [49] where the open problems of scientific computing for the long-time integration of nonlinear stochastic
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partial differential equations are studied. In [10], M. Kassmann and M. Weidner propose the local regularity
program for weak solutions to linear parabolic nonlocal equations with bounded coefficients, they prove
the parabolic Harnack inequality and obtain Hoélder regularity estimates. In [26], H. Dong, S. Kim, and S.
Lee search fundamental solutions of second-order parabolic equations in non-divergence form the Dini co-
efficients, and in [27] under similar conditions, authors prove a Harnack inequality for nonnegative adjoint
solutions, and upper and lower Gaussian bounds for fundamental solutions. In [52], Zhen-Qing Chen, T.
Kumagai, and J. Wang prove the stability of two-sided heat kernel estimates and heat kernel upper bounds,
obtaining Faber-Krahn inequalities, also. The list of references consists of 52 selected works [1- 52].

1.1. The problem statement. We consider a quasilinear parabolic system in the general form

—

0 d L e _ I
(1.1) prhe iz; ldl‘z‘al (z, t, 4, Vi) +b(z, t, 4, Vi) =0,

where @ (z, t) = (u! (z, t), ..., v’V (, t)) is an unknown N-dimensional vector-function over clos (D7),
the domain Dy = Q x (0, T), 2 € R, 1 > 3andb : Qx [0, T] x RN x R x RN — RV is a given
vector-function.

The main goal of this paper is to establish the weakest possible conditions under which the system (1.1)

has a solution with certain properties of regularity. Assume that functions a; (x, t, i, E) and b (JU, t, i, E)

are correctly defined over clos (D) and are continuous at # and k,and satisfy the conditions

1.2) @ (33 t, @, E) k> v () ]E‘z

-7 (xv t)

(1.3)

@i (@, t, @ )| < () [F] +92 @, 0

- . 412
(14) 5 (¢, @ E)| < i) [F +9 (@ 1)

where v, p, fi are positive functions of positive argument so that the function v is monotone decreasing
and the functions p and /i are monotone increasing.

Definition 1.1. A vector-function i € V; (Dr) is called a generalized solution to the system (1.1) if it satisfies the
following integral identity
- T -
@iz, £) 6 (x, 1) dx‘o ~ Jio, 1y Joy s B+
(1.5) +f[0’ 7 Jo (Ziv“bdde
+ Jio. 1y Jo bodzdt =0

for all vector-functions ¢e C§° (2 x (0, T)).

Definition 1.2. A real-value function f € L} . belongs to the parabolic form-boundary class PK (B) if the integral
inequality

(1.6) /[0’ . /RL ffgrdxdtﬁﬂf[o’ . /Rl ngrd:cdwrc(ﬁ) /[0’ . /Rl

holds for some positive constants 3 and for all ¢ such that ¢ € Cg°.
The generalized solution @ € V2 (Dr) to system (1.1) is called bounded if the function @ is a generalized solution

2

o| dxdt

and ess max || < oo.
Dt
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We denote

1

(1.7) an|p7q’DT=< / < / i (x, t)de) dt> ,
[0, 7] \Ja

so we have an inequality

q
— — « — 11—«
(18) a0 s@( /[ i Ol th) essmox [ (2, 1)

s

forg € [2, %}, l>3.

Next, we remind definitions of functional classes B, and B}
Definition 1.3. The class By consist of all functions u (x, t) € V2, (Dr) such that
1) essmax|u| < M,
Dr
2) both functions u (z, t) and —u (x, t) satisfy the following inequalities

2
max Hiun (Z’ t)||2, B(p—o1p) S

te[t,+h]
(1.9) < || (2, D)5 st

+1 ((Ulp)—Q ||:|:Un||§ B(p)x[fi+h] T (f[£,£+h] mess Ay (p, t) dt)X)
and
(1.10) |£tn (2, DlD(porph—osp) <

< 49 (((UIP)*2 + (02,0)71) ||unH§ B(p)x [£E+h] + (f[f,t"-s-h} mess A, (p, 1) dt)X)

where uy, (z, t) = max{u(z, t) —n, 0}, 01, 02 € (0, 1).

A Niy-dimensional wvector-function @(z, t) = (u'(z, t), ..., u™ (2, t)) correctly defined and mea-
surable on clos (D) belongs to the class BY' if we can construct the family of Ny functions
nt(ut, W)™ (Wl L w2 continuous and continuous differentiable in the domain |G| < My and such

that functions w™ (z, t) =™ (u' (z, t), ..., ¥ (z, t)), m=1,..., Ny satisfy the conditions:

1) €ss max |w™ (z, t)| < My, w™e V1270 (Dr);
T

2) for any cylinder D = B (2p) x [t, T+ h| and each to € [t, t + h] there is a number p such that

P Dr} > k D
osc{w? (x, t), Dr} > 61k=rrlL??<7Nosc {u (z, t), T}

and
mes {:E € B(p) : wP(x, tp) < essmaxw? (z, t) — dqosc{w? (z, t), D}} >

D
> xapt (1 - 83)
where §1, 02, 03 > 0and da, 03 < 1; balls B (p) and B (2p) are concentric;
3) all functions w™ (z, t), m = 1,..., Ny satisfy (1.9), (1.10) for all D C Dy and 0 < o1, o2 < 1 and n so
that ess énaxwm (x, t) —n <4.

Functions of a class Bj"* belong to Holder functional space H*'%.

The main goals of this article are to establish the general conditions under which the quasilinear systems
are solvable and to prove the existence of the solution in the Holder class of functions. We consider the first
boundary problem for the system (1.1) under the condition

-

“\{zean, telo, TIU{(x,t) : z€Q, =0} — (€09, t€[0, TIU{(a,t)  2€Q, t=0}
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which contains the initial and boundary conditions. The boundary condition must satisfy the agreement

condition in the vector form

@g_ﬁfxﬁagam@+a@¢ﬂﬁv@:o

for the given ¢.

2. THE BOUNDEDNESS OF THE GENERALIZED SOLUTIONS TO THE PARABOLIC SYSTEM UNDER PARABOLIC
FORM-BOUNDARY CONDITIONS

Now, assuming that @ is a solution, we formulate a relative result in the form of the following theorem.

Theorem 2.1. Let functions d; (m, t, u, E) and b (x, t, i, E) satisfy the conditions (1.2) — (1.3) with a monotone
decreasing function v and are monotone increasing functions p and fi, and 12, va, 732 € PK (B), and let function

U be grangerized bounded solution to the system (1.1). Then the solution @ belongs to some functional Holder space
H*% (Dr).

Proof. We denote Steklov’s averages in time of a function f (z, t) by f;, and f7, , given by formulae
1
filw = [
[t7h7 t]

and
1
oz, t)= E/ f(xz, 7)dr.
[t, t4+h)

We compose an integral identity

S 1) Jo Ot ddcdi+
2.1) + Jior, 1 Joo @ Vi dadt+

+ Ji a1 Jo by dxdt =0
where h < t; <ty < T — h. We can take
¢ (z, t) = € (x, t) max {uf (z, t) = n, 0} = &%), where £ is a nonnegative, continuous function equal to
zero on a cylindrical boundary. We denote a ball of radiusp by B (p) C Q. Applying standard arguments,
using the Cauchy inequality, we have

1~ 2 to
L (. D€ DI, |+
- 2
+ Jity, ) J00) &2 |V, |" dedt <
2
= f[tl: t2] fAn(p) '3 (% +ep |VU” + 722) dxdt+

~ 12 -
i ) Jan ) € (ulvu| +v3) <B(p§rffff, " || —n> dxdt+

+ f[tl, ta] fAn(p) Vel ((ﬁ + 1) |t — n|2) dxdt+
+ f[th ta] f/\”(p) €10,€] | — n|? dadt,

where A, (p) ={z € B(p) : |dpn (z, t)] > n}. We can take a number n so that 50 {nz[ix | |i] —n < e1,and
p)X[t1, t2

obtain
litn (2, t2) € (2, t2)3 pp +
 Ji, 0SB € Vit |* dedt <
< ||t (z, t1) & (z, tl)“é, B(p) T éf[th ] fB(p) ‘vﬁn|2 (|Vf|2 . |at£|> drdis
+2¢ [y 1y S € (1 + 72° + 73) dadt.
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The last terms deal with form-boundary conditions and obtain

i (, t2) € (2, t2)[15 () +

v f[tl, ta] Ise0) & | Vi, |* dxdt <

< (2 0)€ @ 003, )+ € i, i) Sy IVl (1961 +€100¢] ) dadt+
+B¢ iy 1y Sas (o [VEP dudt +2(B) [, fAn@) €|° daat

therefore, we obtain @ € B3Y so @ € H*?% (Dr).
3. ESTIMATION OF MAXIMUM |V| AND EXISTENCE THEOREMS
We assume that functions d; (m, t, i, E) and b (x, t, i, E) satisfy

oa; (m t, , k
(3.1) ve? < Z sz@ < pug?,
- J

- LA <7
(3.2) 5ok + ‘b(m, t, U, k)‘ < u’k‘ + 2 (z, t),
861 (J?, t, ’l_f, E) 412
(3.3) B e A ] e
81']‘
. - P
(3.4) ‘b(m o F)| gu‘k] + s (@, ).

We show that if functions ; are form-bounded then the solution @ (x, t) to the system (1.1) satisfies the
condition for max |V|. We denote max |@| = M. Letn (z, t) be a smooth function such that 0 < 5 (z, t) <
35)
1 and equal zero on {{(z, t) : =« 6 BQ, telo, TI}U{(z, t) : x€Q,t=0}}. We take a test function
o (z, t) = uF exp (/\ \ﬁ|2) n* (x). We rewrite system (1.1) in the integral form

Joa( (z, t) dx} ~ Jio, 1y Joy s divdt+
+ f[o ] fQ a galuk V,ukv; pdadt+
(3.5) +f[0 - fQ 9a kukv Bdwdi+
+Jo. 1 Ja gf;; Vigdzdi+
+Jo, 11 Ja bodzdt = 0.

o, (z, t, i, k)
8 Vjuk

We symbolically denote a;; = then for some large A > 1, we sum £ from one to IV and obtain

the integral equality

% Jo exp <)‘ |t (, t)ﬁ) n* (z) dx ;-i—

+ f[o, 4 Jo exp ()\ |@7‘2) n?ai;ViuV judedt+

+2X fig. g Jo |1 exp (A [[*) n?ai; Vi@V jddadi+
+2X f[O, ] Jo @) exp (A i n*a;;V,;uV jidzdi+
+2 f[o, 4 Jo dexp ()x |ﬁ|2) na;;V;uVndzdt+
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+ f[o, ] Jo %Uk exp (>\ |ﬁ|2) 0>V idxdt+

+2A f[o ) Jo 33;2 ||? exp ()\ |ﬁ|2) n?VuFdedt+

2 Jio, 11 Ja amx&ifuk) il exp ()\ |17\2) nVindadt+
+ o, 1) Joo 25 exp (N[al*) n?V jidadt+

+2 fio. 1y Jo 2% exp (A7) n? Vididudt+

+2 f[07 7) Jo g—‘zﬁexp @) 0V ndzdt
+ f[07 4 Joexp ()\ |11°|2) n2bitdzdt = 0,
where as usual we understand b = Y7, _, bruk,
Now, applying our assumption on the structural coefficients and form-boundary conditions, we obtain

/ / (Viuk)2 ngd:vdt < const
o, 4o,

LN = 17 )

inequality

with some constants.
Next, we take the test function ¢ (z, t) = V,,, (£ (2, t) V,,u¥), where the function ¢ and its first deriva-

tives equal zero on
{z, t) : z€0Q, tel0, TIFU{(z, t) : x€Q, t=0}}.
We put the test function in the integral identity

Joo. 7y Jo, Dviidudt+
+Jio. 11 Jo @;Viddrdt+
+ Jio. 71 Jo bodadt =0

by summing m and k, we obtain

1 / / 2
- &o V uF dxdt+
2 )0, 4/)a ! Z Z

k=T, N i=1,...,.
+/ /faijvivmﬁvmvjﬁdazdt+
0,4/

+/ /aijvifvm’lzvmvj‘ﬁdzdt+
[0, ]

/ / g‘“ Vo k€, V itdadt+
3 !
V"V i€V pudxdt+
, T
+ / aal €V, iidzdi+
/ V &V pudrdt+

+ / / bV &V iidadt+
[0, Jo

+ / / bEV , V iidadt = 0,
[0, JQ

od;(zx, t,
where we understand —————=
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We take the function & (x, t) = 2 (Zkzl,__”N D et (Viuk)Q) ) (v (x))* where v (z) is the cutoff for the
ball B (p) C Q, s > 0. We denote
> Y (vad-e

k=1,..,Ni=1,..]
then ¢ = 20%v2. Applying our conditions and form-boundary estimations we can write
1 t

/@SJrvadx +
S+1 Q 0

+v / / 20°07 > |V Vil dadt+
[0,¢] /2

i,m=1,...,]

+sv/ /@5*1|V®\2u2da:dt§
[0, Jo

<cl(s) (f[O, ] Joort! |Vol|® dedt+
+ f[o, t] fQ 05202 dxdt+
+ f[o, ] Ja |Vol? dxdt) ,

Assume « > 0 and choose a small enough p > 0 then
/ O 2?dr < Epo‘/ CN Z ViV il v 4+ 05+ |Voul* | da
B(p) B(p) i,

therefore we obtain

s+1
(3.6) mtax/ (Vl-uk)2 dx < c(s).
Q \k=1,..,Ni=1,..1

Now, we consider a smooth function £ (z, t) in the cylinder B (2p) x (0, to) such that 0 < & (z,t) < 1 and
& € C§°. We take a test function

0=V (|va|28 Vmuk§2>
and obtain X ) Sot1)
WIB(%) Vi (z, t)] & (w,t) do—
— 55 oo, 0 Jagop VATV 260 8 ddt+
+Jio. 4 S5 %vmvjukvmvmvm?s Edzdt+
+25 [io. 1 [ (2p) Taiir Vo VbV iV, 0V, Vi [ Vit €2dadt—
=2 [0, 0 Jp(2p) Fir Vi Vju* |Vi]** Vit Vi dadt—
- f[o, 1] fB(Zp) (8% Vb + Vi) Vs (|Vﬁ|25 VmﬁfZ) dxdt+
+ o, 0 Sp(ap) B0 Vi (IV* Vi€?) dadt = 0

where we as usual denote bii = dk=1.. N b*u* and the d;,, is Kronecker delta symbol. Applying the
conditions and Cauchy inequality, we estimate

1 / . 2(s+1) 42
— Vi (x, t & (x,t) do—
oTemyg L] (2,1)

1
- / / (V)2 2¢0,¢dadt+
s+1Jj0,4 /B

6@’1' 2s
+ / / —V,, V"'V, V@ |Va|” E2dadt+
0,1 /B(2p) OVjul "7 v

iy 00 G G h i iV, Vit [V e2dadt <
0,4/ B(2p) OVjuF !
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2
< / (” \Val? Y |\ veP + e Vv |V 52) dxdt+
[0, 1] /B(2p) \ €

2
+/ / (“ Vit |\ ve? + e vV |Vl 52) dadi+
0.4 /B@2p) \ €
+/ / 3u|Vil® + 72 Vil + s +74) > Vi (Vi) Vo ii€?) dadt,
[0, ] B<2p>< ); ( ' )
where we defined |VViil> =3, >, o (V. Vaub)?.
Next, we will use the following lemma.

Lemma 3.1. Let f be a bounded function from W; (s+1) (Q) and p € C§° then the inequality

[V e < coself. @ [ (1920 [99AP 6+ 195 1Vel) do
holds with constant c dependent on the dimension of Euclidian space and on s.

Proof. We estimate

Z—fg(f(w)—f(f))<

< [o 36 V> p2da+

+ o B (f (@) = £ @) V72 @ VY F] dat
+fo 2 (F () = F @) IVA® Vel do+

+ oS (f (@) = F@) VP72 02 |V da,

where we choose a point Z such that the product (f (z) — f (Z)) ¢ () vanishes on the boundary. Therefore

AT VI 02 425 [V 1272 GV, VLV, £V £+ ) dr <

12V, f [VFI? Vg

we can choose a constant, which satisfies the lemma.
From lemma 3.1 and previous our estimations, we obtain that there is a constant ¢ such that

Jpap IV €da <
<™ [pioy (190 VY€ + Va2 [VEP) da

therefore we have )
2(s+1)

+Z / / \Vi|** Vvl dedi+
2 Jio, 1 /B20)

2
tvs / / |w2<5”§22<2vmﬁvmviﬁ> dadt <
0.1/ B2p) —\“

P
<c / / (Vi €0, dadt+
s+ 1 Jjo, 41 /B(2p)

+ep® (s +1) /

B(2p
+/ / (72 | V| + v3 + v4) Z \ (|Vﬁ|2s vma§2) dzdt,
[0, 1] / B(2p) it

assuming smoothness of solutions and applying the conditions, we obtain the estimation

(3.7) max [|€VE|3 5, + / / (|Vﬁ|4+|VVﬁ|2) 2dwdt < ¢
] ’ [0, ] /B(2p)

/ Vi (, £)2CH) €2 (2, 1) do+t
B(2p)

\va|**t? | vel da+
)

telo, T

so that ||£0u H; B(2p) < cfor some positive constants ¢ dependent on the structural coefficients.
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Finally, taking a test function ¢ (x, t) = V,,,€ (z, t) where £ € C§° we obtain a system

Sy Vo (2, D)€ () da—
N f[07 T) fQ Vi Uoi€dxdt+

o 0 Jp(p) 395ur Vin Viut Visdadt+
* f[07 t] fB(P) gTa’iVmukvifdxdt—F

* f[O’ ¢l fB(P) Vm@;V;§drdt—
—Jo.9JB0 bV médadt = 0.

We can consider the function V,,, @ = ¥,, as a solution to the linear parabolic system

(9’(77” _ 8(awaUm) _ 8§im

where we denote a,; (z, t) = 2L a(x’fj,; Vi 1) and
J
éim, — 861(1” [2) ﬁ(;;i)’ Vﬁ(mw t)) vmuk‘+
+ O L MG DNULO) (g, 1, d (2, 1), Vi (, 1)) Sim.

Since functions a;; and =, satisfy conditions that guarantee the regularity of a solution to the linear system,
we finally can formulate the following theorems.

Theorem 3.2. Let function @ € C*' (Dr) be a solution to (1.1). If functions @; and b satisfy (3.1)-(3.4). Then,
for every subdomain D C Dy, there is o > 0 such that \12|(g) < c where constant c depends only on the structural
coefficients of the system (1.1).

Theorem 3.3. Let functions @; and b satisfy (3.1)-(3.4), and the estimation

_ 0d; (z, t, u, 0) od; (z, t, 4, 0)
0 uk 0 z;

holds for (x, t) € Dy, |t < M, where c and ¢ are some nonnegative constants and

b(z, t, @, 0)@ Vuki — @>—clil’ —¢,
N _1
M; = minexp (¢T) (max |@ (z, 0)] + (c (¢—c) 2)> .
c>c QO
Let functions a; and b satisfy the Lipschitz condition at the time variable

i (x t+h, @, E) _ & <:v ¢, @, /Z)

- <v(z, 1),
b(x, t+h, 4, kh—b(x, t, @, k) S
and let
o <x(; - Ny,
* (xa Z,j k) <~v(z t),
b (x,azkﬂ’, k) B

where function +y satisfies the form-bounded condition. Let the inequality
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Dict, (la:| + |§‘Z’}c

0a;
+ Zi,j:l,...,l ‘ o wLJ

)(1+’ED+

o] (0 R 2

holds for all arguments. Let

-

ﬁ|{xeaﬂ, telo, TYU{(a,t) : z€Q, t=0} —

{z€09, t€[0, T]}U{(x,t) : z€Q, t=0}
such that p
8t(;_ %C—il (.’17, ta 57 V(Z_Sj +g($7 t7 5? vé’) = 07
where ¢ € HXT2143 (clos (Dr)). Then there exists a unique solution @ € HXT2F% (clos (D)) to the system

(1.1) under the boundary condition

-

ﬂ‘{zé@ﬂ, telo, T)}U{(z,t) : z€Q, t=0} — ¢

{2€dQ, te]o, TI}U{(x,t) : z€Q, t=0}

Proof. The theorem will be proven by the Leray-Schauder method. The system (1.1) can be rewritten in
the form
ou  0d; (z, t, 4, Vi)
ot 6Vjuk
where the operator A is a nonlinear differential operator, and we denote
 0d; (z, t, u, V)

0 uk

0d; (z, t, i, Vil)

ok
Viu 9z,

Y (2, t, @, Vi) = b(x, t, @, Vi)

We consider a set of linear problems
7 od;(x, t, W, VI
(3.9) % -7 (% +(1-7) (Eij) Vivjvk+
+77 (2, t, W, Vi) — (1 —7) (%f _A(;) ~0,

U'{a:E(')Q, telo, TYU{(z,t) : z€Q, =0} —
5 relo, 1],

{z€dQ, te]0, T]}U{ (x,t) : 2€Q, t=0}
where the function ¢'is unknown and the function 1 is considered given.

We introduce a functional Banach space =5, which consists of all smooth, continuous functions 1, the
norm |[|-[|z, is defined by

1=, = 15, + 195,

In =5 exists a nonlinear operator P, which maps each element & of =5 to a solution ¥/ of the linear problem
(3.9) by ¥ = P (&, 7), the nonlinear operator P depends on the parameter .

The fixed point of the operator P at value 7 = 1 is a solution to the boundary problem for the system
(1.1).

Assume 47 is a fixed point of nonlinear operator P so that 4™ = P (4", 7) then function @ solves the

following problem

AT = 98 — S (rd@; (x, t, @, V@) + (1 - 7) Vi)
(3.10) - R 08 g
+7b(x, t, 4, Vi) — (1 —7) (W - AQS) =0,

ﬁ\{xean, telo, T)}U{(z,t) : z€Q, t=0} —
=6 ,T €0, 1].
{z€0Q, t€l0, T1}U{(z,t) : z€Q, t=0}
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Assume that any fixed 7 € [0, 1], operator A™ satisfies the conditions of theorems of the existence of
solutions then operators A” satisfy these conditions for all 7 € [0, 1]. We have obtained the estimation

max 47| < My, max |Vu"| < My
DT DT

and
[z, = |@15) + V|5, < M
Ea Dr Dp < M3
with some 0 < o < 1 for all 47 € C*! (clos (D)) problems for the systems (3.10). The linear theory guar-
antees that the solution ¢ = P (&, 7) to the linear problem (3.9) belongs to the class H X0+2,14 % (clos (Dr)).

Let’s take 6 = o < 1 all fixed points of the operator P (w, 7) belonging to the set © consisting of elements
w € Z5 such that

max || < My +e,max V| < My + ¢
DT DT
and
17, < Mg +e.

All fixed points 4" of P (&, 7) belong to the set ©. The set P (&, 7) on © x [0, 1] is uniformly continuous
at o and 7, and uniformly compact operators. To show uniform continuity P (@, 7) on © x [0, 1], we take
two near elements w; and W, that belong to © so that ¥; = P (w1, 7) and ¥ = P (W, 7). We subtract from
the system (3.9) for ¥} system (3.9) for ¢, and obtain

ov _ (aa,-(L LT V) (1 _ ) 5”_) ViV ok =

ot oV jwk
o oa;(x, t, Wi, Vi) 0d;(x, t, Wy, Via) N7 .ok
(3.11) =7 < v, wF + IV, wF ViV

—T (’f (33, t, 'u_il, V’u_h) —’f(l‘, t, IUQ, Vﬁg)) ZO7

where ' = ¥, — ¥ and condition |y, ca0. sep0, T30 (20) 1=y = 0. If the norm ||, — s is small

:zeQ,
uniformly at 7 € [0, 1] then the right part of (3.11) is uniformly small as a function of (x, ¢) in the norm
of HX**" (clos (D)) spaces, therefore, |7 |z, is small. Similar arguments establish uniform continuity
P (W, 7)on® x [0, 1] atT € [0, 1].

Thus, we establish that for each 7 € [0, 1] there exists a fixed point @™ € HX*>3*1! (clos (Dr)) of P (0, 7)
that is a solution to the problem (3.10). However, the solution @™ € HX*23%! (clos (D)) to the problem
(3.10) is a solution to the linear system (3.9) when @ = " therefore v = 4". Thus, we proved that there
exists a solution @ € HX*23+1 (clos (Dr)) to the boundary problem for system (1.1).

Applying the linear theory, we can straightforwardly prove the uniqueness of the solution to the prob-
lem for the system (1.1) by contradiction. Assume that there are two different solutions @; and > to the

boundary problem for the system (1.1) then they must satisfy the integral identity

f[(L T Jo POyiidzdt+
N f[o, 7] fQ 5iVi$d;L‘dt+
+ f[07 T) fQ bodxdt =0

for all gg € Cf°. Subtract from identity for #; the identity for >, we have
Joo. 1) Jo $OTdxdt+

(3.12) + Jio, vy Jo (55957 + @7) Viddad+
+ Jio, 1) Jo (0¥ + b7) Gdadt = 0,
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where we denote
a; ((,C7 t, ﬂ'l, fol) _d’ia(mj t, ﬁ%v Vﬁ?) = .
_ vjvk f[07 . 9d;(x, t, m]+(1—(;—)vu;2krVU1+(1—T)Vu2)dT+
—|—Uk f[07 | 9a;(x, t, Ti1+(1—7)io, TV1L1+(1—7')V“2)d7- _

ouk
=a;;V;U+ a;U

and

- -

b(.ﬁC, t, ﬁ1, Vﬁl) —b(l‘, t, ﬁg, Vﬁg) =

ok Ob(x, t, Ty +(1—7)iz, TV +(1—7) Vi)
=V, v f[o, 1 o, uF dr+
+Uk f[o | ob(x, t, TU1+(1—T)U21 TVu1+(1—T)Vu2)dT _

OuF
= bV, 7 + b,
and U = i — uy. The system of (3.12) is a linear parabolic system from the linear theory we obtain ¢ = 0.
Theorem 3.2 has been proven.
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