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HOLDER SOLVABILITY OF QUASI-LINEAR PARABOLIC SYSTEMS IN THE DIVERGENT FORM

MYKOLA YAREMENKO

ABSTRACT. In this article, we consider a quasilinear parabolic system under fair general conditions with form-
boundary conditions on the singular coefficients. We establish the requirements on the structural coefficients of
the parabolic system under which the quasilinear system has the unique solution in the Holder functional space.

1. INTRODUCTION

The main inquiry of the theory of quasilinear parabolic equations and systems is to establish functional
classes to which belong their solutions. In 1957, Nash showed that the Holder norm |u|(α) of solutions
u (x, t) to a parabolic equation

∂

∂t
u−

∑
i=1,...,l

∇i (aij (x, t)∇iu) = 0

can be estimated as
|u (x, t)− u (y, t)| ≤ c

(
|x− y| |t− s|−

1
2

)α
‖u‖L∞ , t ≥ s

by a constant c depending only on ellipticity constants ν and µ given by

νξ2 ≤
∑

ij=1,...,l

aijξiξj ≤ µξ2

and the dimension of the Euclidean space l > 2. A year previous, a similar result was obtained by De Giorgi
for the case of the elliptic equation ∑

i=1,...,l

∇i (aij (x, t)∇iu) = 0.

Since this time, the problem of regularity has played a fundamental role in the theory of parabolic equations
and systems many classical and modern works have been published. The crucial moment in the investiga-
tion of the regularity of solutions to the quasilinear equations and systems is obtaining a priori estimations
for the solutions and derivatives of these solutions. In the linear case, the Nash-De Giorgi fundamental
ideas brought a new comprehensiveness to the theory of linear elliptic and parabolic equations and sys-
tems. A resurgence of interest in quasilinear parabolic systems can be explained not only by new results
obtained in recent years in the linear theory but also by their widespread applications to signal processing
and quantum information theory. Some applications are considered by Qi. S. Zhang, L.Guo, G. Karniadakis
in [49] where the open problems of scientific computing for the long-time integration of nonlinear stochastic
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partial differential equations are studied. In [10], M. Kassmann and M. Weidner propose the local regularity
program for weak solutions to linear parabolic nonlocal equations with bounded coefficients, they prove
the parabolic Harnack inequality and obtain Hölder regularity estimates. In [26], H. Dong, S. Kim, and S.
Lee search fundamental solutions of second-order parabolic equations in non-divergence form the Dini co-
efficients, and in [27] under similar conditions, authors prove a Harnack inequality for nonnegative adjoint
solutions, and upper and lower Gaussian bounds for fundamental solutions. In [52], Zhen-Qing Chen, T.
Kumagai, and J. Wang prove the stability of two-sided heat kernel estimates and heat kernel upper bounds,
obtaining Faber-Krahn inequalities, also. The list of references consists of 52 selected works [1- 52].

1.1. The problem statement. We consider a quasilinear parabolic system in the general form

(1.1)
∂

∂t
~u−

∑
i=1,...,l

d

dxi
~ai (x, t, ~u, ∇~u) +~b (x, t, ~u, ∇~u) = 0,

where ~u (x, t) =
(
u1 (x, t) , ..., uN (x, t)

)
is an unknown N -dimensional vector-function over clos (DT ),

the domain DT = Ω × (0, T ), Ω ⊂ Rl, l ≥ 3 and ~b : Ω × [0, T ] × RN × Rl × RN → RN is a given
vector-function.

The main goal of this paper is to establish the weakest possible conditions under which the system (1.1)
has a solution with certain properties of regularity. Assume that functions~ai

(
x, t, ~u, ~k

)
and~b

(
x, t, ~u, ~k

)
are correctly defined over clos (DT ) and are continuous at ~u and ~k, and satisfy the conditions

(1.2) ~ai

(
x, t, ~u, ~k

)
~ki ≥ ν (|~u|)

∣∣∣~k∣∣∣2 − γ1 (x, t)

(1.3)
∣∣∣~ai (x, t, ~u, ~k)∣∣∣ ≤ µ (|~u|)

∣∣∣~k∣∣∣+ γ2 (x, t)

(1.4)
∣∣∣~b(x, t, ~u, ~k)∣∣∣ ≤ µ̃ (|~u|)

∣∣∣~k∣∣∣2 + γ3 (x, t)

where ν, µ, µ̃ are positive functions of positive argument so that the function ν is monotone decreasing
and the functions µ and µ̃ are monotone increasing.

Definition 1.1. A vector-function ~u ∈ V 2
1,0 (DT ) is called a generalized solution to the system (1.1) if it satisfies the

following integral identity

(1.5)

∫
Ω
~u (x, t) ~φ (x, t) dx

∣∣∣T
0
−
∫

[0, T ]

∫
Ω
~u∂t~φdxdt+

+
∫

[0, T ]

∫
Ω
~ai∇i~φdxdt+

+
∫

[0, T ]

∫
Ω
~b~φdxdt = 0

for all vector-functions ~φ ∈ C∞0 (Ω× (0, T )).

Definition 1.2. A real-value function ~f ∈ L1
loc belongs to the parabolic form-boundary class PK (β) if the integral

inequality

(1.6)
∫

[0, T ]

∫
Rl

∣∣∣~f ~φ∣∣∣2 dxdt ≤ β ∫
[0, T ]

∫
Rl

∣∣∣∇~φ∣∣∣2 dxdt+ c (β)

∫
[0, T ]

∫
Rl

∣∣∣~φ∣∣∣2 dxdt
holds for some positive constants β and for all ~φ such that ~φ ∈ C∞0 .

The generalized solution ~u ∈ V 2
1,0 (DT ) to system (1.1) is called bounded if the function ~u is a generalized solution

and essmax
DT

|~u| <∞.
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We denote

(1.7) ‖~un‖p,q,DT =

(∫
[0, T ]

(∫
Ω

|~u (x, t)|p dx
) q
p

dt

) 1
q

,

so we have an inequality

(1.8) ‖~un‖p,q,DT ≤ θ

(∫
[0, T ]

‖~un (t)‖2,Ω
αqdt

) 1
q

essmax
[0, T ]

‖~un (x, t)‖2,Ω
1−α

forq ∈
[
2, 2l

l−2

]
, l ≥ 3.

Next, we remind definitions of functional classes B2 and BN1
2 .

Definition 1.3. The class B2 consist of all functions u (x, t) ∈ V 2
1,0 (DT ) such that

1) essmax
DT

|u| ≤M1,

2) both functions u (x, t) and −u (x, t) satisfy the following inequalities

(1.9)

max
t∈[t̃,t̃+h]

‖±un (x, t)‖22, B(ρ−σ1ρ)
≤

≤
∥∥±un (x, t̃)∥∥2

2, B(ρ)
+

+ϑ
(

(σ1ρ)
−2 ‖±un‖22, B(ρ)×[t̃,t̃+h] +

(∫
[t̃,t̃+h]mes

q
pΛn (ρ, t) dt

)χ)
and

(1.10)
|±un (x, t)|2D(ρ−σ1ρ,h−σ2ρ)

≤
≤ +ϑ

((
(σ1ρ)

−2
+ (σ2ρ)

−1
)
‖un‖22, B(ρ)×[t̃,t̃+h] +

(∫
[t̃,t̃+h]mes

q
pΛn (ρ, t) dt

)χ)
where un

(
x, t̃

)
= max {u (x, t)− n, 0}, σ1, σ2 ∈ (0, 1).

A N1-dimensional vector-function ~u (x, t) =
(
u1 (x, t) , ..., uN (x, t)

)
correctly defined and mea-

surable on clos (DT ) belongs to the class BN1
2 if we can construct the family of N1 functions

η1
(
u1, ..., uN

)
, ..., ηN1

(
u1, ..., uN

)
continuous and continuous differentiable in the domain |~u| ≤ M1 and such

that functions wm (x, t) = ηm
(
u1 (x, t) , ..., uN (x, t)

)
, m = 1, ..., N1 satisfy the conditions:

1) essmax
DT

|wm (x, t)| ≤M1, wm ∈ V 2
1,0 (DT ) ;

2) for any cylinder D = B (2ρ)×
[
t̃, t̃+ h

]
and each t0 ∈

[
t̃, t̃+ h

]
there is a number p such that

osc {wp (x, t) , DT } ≥ δ1 max
k=1,...,N

osc
{
uk (x, t) , DT

}
and

mes

{
x ∈ B (ρ) : wp (x, t0) ≤ essmaxwp (x, t)

D

− δ2osc {wp (x, t) , D}
}
≥

≥ χlρl (1− δ3)

where δ1, δ2, δ3 > 0 and δ2, δ3 < 1; balls B (ρ) and B (2ρ) are concentric;
3) all functions wm (x, t) , m = 1, ..., N1 satisfy (1.9), (1.10) for all D ⊂ DT and 0 < σ1, σ2 < 1 and n so

that essmax
d

wm (x, t)− n ≤ δ.

Functions of a class BN1
2 belong to Holder functional space Hα,α2 .

The main goals of this article are to establish the general conditions under which the quasilinear systems
are solvable and to prove the existence of the solution in the Holder class of functions. We consider the first
boundary problem for the system (1.1) under the condition

~u|{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0} = ~φ
∣∣∣
{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0}

,
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which contains the initial and boundary conditions. The boundary condition must satisfy the agreement
condition in the vector form

∂t~φ−
d

dxi
~ai

(
x, t, ~φ, ∇~φ

)
+~b

(
x, t, ~φ, ∇~φ

)
= 0

for the given ~φ.

2. THE BOUNDEDNESS OF THE GENERALIZED SOLUTIONS TO THE PARABOLIC SYSTEM UNDER PARABOLIC

FORM-BOUNDARY CONDITIONS

Now, assuming that ~u is a solution, we formulate a relative result in the form of the following theorem.

Theorem 2.1. Let functions ~ai
(
x, t, ~u, ~k

)
and~b

(
x, t, ~u, ~k

)
satisfy the conditions (1.2) – (1.3) with a monotone

decreasing function ν and are monotone increasing functions µ and µ̃, and γ1
1
2 , γ2, γ3

1
2 ∈ PK (β), and let function

~u be grangerized bounded solution to the system (1.1). Then the solution ~u belongs to some functional Holder space
Hα,α2 (DT ).

Proof. We denote Steklov’s averages in time of a function f (x, t) by fh and fh̄ , given by formulae

fh̄ (x, t) =
1

h

∫
[t−h, t]

f (x, τ) dτ

and

fh (x, t) =
1

h

∫
[t, t+h]

f (x, τ) dτ.

We compose an integral identity

(2.1)

∫
[t1, t2]

∫
Ω
∂t~uh~φdxdt+

+
∫

[t1, t2]

∫
Ω
~ai∇i~φh̄dxdt+

+
∫

[t1, t2]

∫
Ω
~b~φh̄dxdt = 0

where h ≤ t1 ≤ t2 ≤ T − h. We can take
~φ (x, t) = ξ2 (x, t) max

{
ukh (x, t)− n, 0

}
≡ ξ2~uh where ξ is a nonnegative, continuous function equal to

zero on a cylindrical boundary. We denote a ball of radiusρ by B (ρ) ⊂ Ω. Applying standard arguments,
using the Cauchy inequality, we have

1
2 ‖~un (x, t) ξ (x, t)‖22, B(ρ)

∣∣∣t2
t1

+

+ν
∫

[t1, t2]

∫
B(ρ)

ξ2 |∇~un|2 dxdt ≤
≤
∫

[t1, t2]

∫
Λn(ρ)

ξ2
(
γ1 + ε1µ |∇~u|2 + γ2

2
)
dxdt+

+
∫

[t1, t2]

∫
Λn(ρ)

ξ2
(
µ̃ |∇~u|2 + γ3

)(
max

B(ρ)×[t1, t2]
|~u| − n

)
dxdt+

+
∫

[t1, t2]

∫
Λn(ρ)

|∇ξ|2
((

µ
ε1

+ 1
)
|~u− n|2

)
dxdt+

+
∫

[t1, t2]

∫
Λn(ρ)

ξ |∂tξ| |~u− n|2 dxdt,

where Λn (ρ) = {x ∈ B (ρ) : |~uh (x, t)| > n}. We can take a number n so that max
B(ρ)×[t1, t2]

|~u| −n ≤ ε1, and

obtain
‖~un (x, t2) ξ (x, t2)‖22, B(ρ) +

+ν
∫

[t1, t2]

∫
B(ρ)

ξ2 |∇~un|2 dxdt ≤
≤ ‖~un (x, t1) ξ (x, t1)‖22, B(ρ) + ĉ

∫
[t1, t2]

∫
B(ρ)
|∇~un|2

(
|∇ξ|2 + ξ |∂tξ|

)
dxdt+

+2c̆
∫

[t1, t2]

∫
Λn(ρ)

ξ2
(
γ1 + γ2

2 + γ3

)
dxdt.
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The last terms deal with form-boundary conditions and obtain

‖~un (x, t2) ξ (x, t2)‖22, B(ρ) +

+ν
∫

[t1, t2]

∫
B(ρ)

ξ2 |∇~un|2 dxdt ≤
≤ ‖~un (x, t1) ξ (x, t1)‖22, B(ρ) + ĉ

∫
[t1, t2]

∫
B(ρ)
|∇~un|2

(
|∇ξ|2 + ξ |∂tξ|

)
dxdt+

+βc̆
∫

[t1, t2]

∫
Λn(ρ)

|∇ξ|2 dxdt+ c̄ (β)
∫

[t1, t2]

∫
Λn(ρ)

|ξ|2 dxdt

therefore, we obtain ~u ∈ B2N
2 so ~u ∈ Hα,α2 (DT ).

3. ESTIMATION OF MAXIMUM |∇~u| AND EXISTENCE THEOREMS

We assume that functions ~ai
(
x, t, ~u, ~k

)
and~b

(
x, t, ~u, ~k

)
satisfy

(3.1) νξ2 ≤
∑

ij=1,...,l

∂~ai

(
x, t, ~u, ~k

)
∂ kkj

ξiξj ≤ µξ2,

(3.2)

∣∣∣∣∣∣
∂~ai

(
x, t, ~u, ~k

)
∂ uk

∣∣∣∣∣∣+
∣∣∣~b(x, t, ~u, ~k)∣∣∣ ≤ µ ∣∣∣~k∣∣∣+ γ2 (x, t) ,

(3.3)

∣∣∣∣∣∣
∂~ai

(
x, t, ~u, ~k

)
∂ xj

∣∣∣∣∣∣ ≤ µ
∣∣∣~k∣∣∣2 + γ3 (x, t) ,

(3.4)
∣∣∣~b(x, t, ~u, ~k)∣∣∣ ≤ µ ∣∣∣~k∣∣∣2 + γ4 (x, t) .

We show that if functions γi are form-bounded then the solution ~u (x, t) to the system (1.1) satisfies the
condition for max

D̃
|∇~u|. We denote max

DT
|~u| = M1. Let η (x, t) be a smooth function such that 0 ≤ η (x, t) ≤

1 and equal zero on {{(x, t) : x ∈ ∂Ω, t ∈ [0, T ]} ∪ {(x, t) : x ∈ Ω, t = 0}}. We take a test function
ϕ (x, t) = uk exp

(
λ |~u|2

)
η2 (x). We rewrite system (1.1) in the integral form

(3.5)

∫
Ω
~u (x, t) ~φ (x, t) dx

∣∣∣T
0
−
∫

[0, T ]

∫
Ω
~u∂t~φdxdt+

+
∫

[0, T ]

∫
Ω

∂~ai
∂ ∇juk∇ju

k∇i~φdxdt+
+
∫

[0, T ]

∫
Ω
∂~ai
∂uk

uk∇i~φdxdt+
+
∫

[0, T ]

∫
Ω
∂~ai
∂ xi
∇i~φdxdt+

+
∫

[0, T ]

∫
Ω
~b~φdxdt = 0.

We symbolically denote aij =
∂~ai(x, t, ~u, ~k)

∂ ∇juk then for some large λ > 1, we sum k from one toN and obtain
the integral equality

1
2λ

∫
Ω

exp
(
λ |~u (x, t)|2

)
η2 (x) dx

∣∣∣t
0

+

+
∫

[0, t]

∫
Ω

exp
(
λ |~u|2

)
η2aij∇i~u∇j~udxdt+

+2λ
∫

[0, t]

∫
Ω
|~u|2 exp

(
λ |~u|2

)
η2aij∇i~u∇j~udxdt+

+2λ
∫

[0, t]

∫
Ω
|~u|2 exp

(
λ |~u|2

)
η2aij∇i~u∇j~udxdt+

+2
∫

[0, t]

∫
Ω
~u exp

(
λ |~u|2

)
ηaij∇j~u∇iηdxdt+
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+
∫

[0, T ]

∫
Ω
∂~ai
∂uk

uk exp
(
λ |~u|2

)
η2∇i~udxdt+

+2λ
∫

[0, T ]

∫
Ω
∂~ai
∂uk
|~u|2 exp

(
λ |~u|2

)
η2∇iukdxdt+

2
∫

[0, T ]

∫
Ω

∂~ai(x, t, ~u, ~k)
∂uk

|~u|2 exp
(
λ |~u|2

)
η∇iηdxdt+

+
∫

[0, T ]

∫
Ω

∂~ai
∂ xj

exp
(
λ |~u|2

)
η2∇j~udxdt+

+2λ
∫

[0, T ]

∫
Ω

∂~ai
∂ xj

exp
(
λ |~u|2

)
η2∇i~udxdt+

+2
∫

[0, T ]

∫
Ω

∂~ai
∂ xj

~u exp
(
λ |~u|2

)
η∇jηdxdt

+
∫

[0, t]

∫
Ω

exp
(
λ |~u|2

)
η2~b~udxdt = 0,

where as usual we understand~b~u =
∑
k=1,....,N b

kuk.
Now, applying our assumption on the structural coefficients and form-boundary conditions, we obtain

inequality ∫
[0, t]

∫
Ω

∑
k=1,...,N

∑
i=1,...,l

(
∇iuk

)2
η2dxdt ≤ const

with some constants.
Next, we take the test function ϕ (x, t) = ∇m

(
ξ (x, t)∇muk

)
, where the function ξ and its first deriva-

tives equal zero on

{{(x, t) : x ∈ ∂Ω, t ∈ [0, T ]} ∪ {(x, t) : x ∈ Ω, t = 0}} .

We put the test function in the integral identity∫
[0, T ]

∫
Ω
∂t~u~φdxdt+

+
∫

[0, T ]

∫
Ω
~ai∇i~φdxdt+

+
∫

[0, T ]

∫
Ω
~b~φdxdt = 0

by summing m and k, we obtain

1

2

∫
[0, t]

∫
Ω

ξ∂t

 ∑
k=1,...,N

∑
i=1,...,l

(
∇iuk

)2 dxdt+

+

∫
[0, t]

∫
Ω

ξaij∇i∇m~u∇m∇j~udxdt+

+

∫
[0, t]

∫
Ω

aij∇iξ∇m~u∇m∇j~udxdt+

+

∫
[0, T ]

∫
Ω

∂~ai
∂uk
∇mukξ∇i∇m~udxdt+

+

∫
[0, T ]

∫
Ω

∂~ai
∂uk
∇muk∇iξ∇m~udxdt+

+

∫
[0, T ]

∫
Ω

∂~ai
∂ xm

ξ∇i∇m~udxdt+

+

∫
[0, T ]

∫
Ω

∂~ai
∂ xm

∇iξ∇m~udxdt+

+

∫
[0, t]

∫
Ω

~b∇mξ∇m~udxdt+

+

∫
[0, t]

∫
Ω

~bξ∇m∇m~udxdt = 0,

where we understand
∂~ai(x, t, ~u, ~k)

∂uk
uk =

∑
k=1,...,N

∂~ai(x, t, ~u, ~k)
∂uk

uk.
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We take the function ξ (x, t) = 2
(∑

k=1,...,N

∑
i=1,...,l

(
∇iuk

)2)s
(υ (x))

2 where υ (x) is the cutoff for the
ball B (ρ) ⊂ Ω, s ≥ 0. We denote ∑

k=1,...,N

∑
i=1,...,l

(
∇iuk

)2
= Θ

then ξ = 2Θsυ2. Applying our conditions and form-boundary estimations we can write
1

s+ 1

∫
Ω

Θs+1υ2dx

∣∣∣∣t
0

+

+ν

∫
[0, t]

∫
Ω

2Θsυ2
∑

i,m=1,...,l

|∇i∇m~u|2 dxdt+

+sν

∫
[0, t]

∫
Ω

Θs−1 |∇Θ|2 υ2dxdt ≤

≤ c (s)
(∫

[0, t]

∫
Ω

Θs+1 |∇υ|2 dxdt+
+
∫

[0, t]

∫
Ω

Θs+2υ2dxdt+

+
∫

[0, t]

∫
Ω
|∇υ|2 dxdt

)
.

Assume α > 0 and choose a small enough ρ > 0 then∫
B(ρ)

Θs+2υ2dx ≤ c̃ρα
∫
B(ρ)

Θs
∑

i,m=1,...,l

|∇i∇m~u|2 υ2 + Θs+1 |∇υ|2
 dx

therefore we obtain

(3.6) max
t

∫
Ω̃

 ∑
k=1,...,N

∑
i=1,...,l

(
∇iuk

)2s+1

dx ≤ c (s) .

Now, we consider a smooth function ξ (x, t) in the cylinder B (2ρ)× (0, t0) such that 0 ≤ ξ (x, t) ≤ 1 and
ξ ∈ C∞0 . We take a test function

ϕ = ∇m
(
|∇~u|2s∇mukξ2

)
and obtain

1
2(s+1)

∫
B(2ρ)

|∇~u (x, t)|2(s+1)
ξ2 (x, t) dx−

− 1
s+1

∫
[0, t]

∫
B(2ρ)

|∇~u|2(s+1)
2ξ∂tξdxdt+

+
∫

[0, t]

∫
B(2ρ)

∂~ai
∂∇juk∇m∇ju

k∇m∇i~u |∇~u|2s ξ2dxdt+

+2s
∫

[0, t]

∫
B(2ρ)

∂~ai
∂∇juk∇m∇ju

k∇m~u∇n~u∇n∇i~u |∇~u|2(s−1)
ξ2dxdt−

−2
∫

[0, t]

∫
B(2ρ)

∂~ai
∂∇juk∇m∇ju

k |∇~u|2s∇m~uξ∇iξdxdt−
−
∫

[0, t]

∫
B(2ρ)

(
∂~ai
∂uk
∇muk +∇m~ai

)
∇i
(
|∇~u|2s∇m~uξ2

)
dxdt+

+
∫

[0, t]

∫
B(2ρ)

~bδim∇i
(
|∇~u|2s∇m~uξ2

)
dxdt = 0

where we as usual denote ~b~u =
∑
k=1,...,N b

kuk and the δim is Kronecker delta symbol. Applying the
conditions and Cauchy inequality, we estimate

1

2 (s+ 1)

∫
B(2ρ)

|∇~u (x, t)|2(s+1)
ξ2 (x, t) dx−

− 1

s+ 1

∫
[0, t]

∫
B(2ρ)

|∇~u|2(s+1)
2ξ∂tξdxdt+

+

∫
[0, t]

∫
B(2ρ)

∂~ai
∂∇juk

∇m∇juk∇m∇i~u |∇~u|2s ξ2dxdt+

+2s

∫
[0, t]

∫
B(2ρ)

∂~ai
∂∇juk

∇m∇juk∇m~u∇n~u∇n∇i~u |∇~u|2(s−1)
ξ2dxdt ≤
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≤
∫

[0, t]

∫
B(2ρ)

(
µ2

ε
|∇~u|2(s+1) |∇ξ|2 + ε |∇∇~u|2 |∇~u|2s ξ2

)
dxdt+

+

∫
[0, t]

∫
B(2ρ)

(
µ2

ε
|∇~u|2(s+1) |∇ξ|2 + ε |∇∇~u|2 |∇~u|2s ξ2

)
dxdt+

+

∫
[0, t]

∫
B(2ρ)

(
3µ |∇~u|2 + γ2 |∇~u|+ γ3 + γ4

)∑
m,i

∇i
(
|∇~u|2s∇m~uξ2

)
dxdt,

where we defined |∇∇~u|2 =
∑
k=1,...,N

∑
n,m=1,...,l

(
∇n∇nuk

)2.
Next, we will use the following lemma.

Lemma 3.1. Let f be a bounded function from W
2(s+1)
1 (Ω) and ϕ ∈ C∞0 then the inequality∫

Ω

|∇f |2(s+1)
ϕ2dx ≤ c osc {f, Ω}

∫
Ω

(
|∇f |2(s−1) |∇∇f |2 ϕ2 + |∇f |2s |∇ϕ|2

)
dx

holds with constant c dependent on the dimension of Euclidian space and on s.

Proof. We estimate∫
Ω
|∇f |2(s+1)

ϕ2dx =

= −
∫

Ω
(f (x)− f (x̃))

(
∆f |∇f |2s ϕ2 + 2s |∇f |2s−2

ϕ2∇if∇i∇jf∇jf+

+2∇if |∇f |2s ϕ∇iϕ

)
dx ≤

≤
∫

Ω
3ε |∇f |2s+2

ϕ2dx+

+
∫

Ω
l2

ε (f (x)− f (x̃))
2 |∇f |2s−2

ϕ2 |∇∇f |2 dx+

+
∫

Ω
1
ε (f (x)− f (x̃))

2 |∇f |2s |∇ϕ|2 dx+

+
∫

Ω
s2

ε (f (x)− f (x̃))
2 |∇f |2s−2

ϕ2 |∇∇f |2 dx,

where we choose a point x̃ such that the product (f (x)− f (x̃))ϕ (x) vanishes on the boundary. Therefore
we can choose a constant, which satisfies the lemma.

From lemma 3.1 and previous our estimations, we obtain that there is a constant c̃ such that∫
B(2ρ)

|∇~u|2(s+2)
ξ2dx ≤

≤ c̃ρα̃
∫
B(2ρ)

(
|∇~u|2s |∇∇~u|2 ξ2 + |∇~u|2s+2 |∇ξ|2

)
dx

therefore we have
1

2 (s+ 1)

∫
B(2ρ)

|∇~u (x, t)|2(s+1)
ξ2 (x, t) dx+

+
ν

2

∫
[0, t]

∫
B(2ρ)

|∇~u|2s |∇∇~u|2 ξ2dxdt+

+νs

∫
[0, t]

∫
B(2ρ)

|∇~u|2(s−1)
ξ2
∑
i

(∑
m

∇m~u∇m∇i~u

)2

dxdt ≤

≤ c 2

s+ 1

∫
[0, t]

∫
B(2ρ)

|∇~u|2(s+1)
ξ∂tξdxdt+

+cρα̃ (s+ 1)

∫
B(2ρ)

|∇~u|2s+2 |∇ξ|2 dx+

+

∫
[0, t]

∫
B(2ρ)

(γ2 |∇~u|+ γ3 + γ4)
∑
m,i

∇i
(
|∇~u|2s∇m~uξ2

)
dxdt,

assuming smoothness of solutions and applying the conditions, we obtain the estimation

(3.7) max
t∈[0, T ]

‖ξ∇~u‖22, B(2ρ) +

∫
[0, t]

∫
B(2ρ)

(
|∇~u|4 + |∇∇~u|2

)
ξ2dxdt ≤ c

so that ‖ξ∂t~u‖22, B(2ρ) ≤ c for some positive constants c dependent on the structural coefficients.
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Finally, taking a test function ϕ (x, t) = ∇mξ (x, t) where ξ ∈ C∞0 we obtain a system∫
B(ρ)
∇m~u (x, t) ξ (x, t) dx−

−
∫

[0, T ]

∫
Ω
∇m~u∂tξdxdt+

+
∫

[0, t]

∫
B(ρ)

∂~ai
∂∇juk∇m∇ju

k∇iξdxdt+
+
∫

[0, t]

∫
B(ρ)

∂~ai
∂uk
∇muk∇iξdxdt+

+
∫

[0, t]

∫
B(ρ)
∇m~ai∇iξdxdt−

−
∫

[0, t]

∫
B(ρ)

~b∇mξdxdt = 0.

We can consider the function∇m~u = ~vm as a solution to the linear parabolic system

∂~vm
∂t
− ∂ (aij∇j~vm)

∂xi
− ∂~Ξim

∂xi
= 0,

where we denote aij (x, t) = ∂~ai(x, t, ~u(x, t), ∇~u(x, t))
∂∇juk and

~Ξim = ∂~ai(x, t, ~u(x, t), ∇~u(x, t))
∂uk

∇muk+

+∂~ai(x, t, ~u(x, t), ∇~u(x, t))
∂xm

−~b (x, t, ~u (x, t) , ∇~u (x, t)) δim.

Since functions aij and ~Ξim satisfy conditions that guarantee the regularity of a solution to the linear system,
we finally can formulate the following theorems.

Theorem 3.2. Let function ~u ∈ C2,1 (DT ) be a solution to (1.1). If functions ~ai and ~b satisfy (3.1)-(3.4). Then,
for every subdomain D̃ ⊂ DT , there is α > 0 such that |~u|(α)

D̃
≤ c where constant c depends only on the structural

coefficients of the system (1.1).

Theorem 3.3. Let functions ~ai and~b satisfy (3.1)-(3.4), and the estimation

~b (x, t, ~u, 0) ~u− ∂~ai (x, t, ~u, 0)

∂ uk
∇iuk~u−

∂~ai (x, t, ~u, 0)

∂ xi
~u ≥ −c |~u|2 − c̃,

holds for (x, t) ∈ DT , |~u| ≤M1 where c and c̃ are some nonnegative constants and

M1 = min
ĉ>c

exp (ĉT )

(
max |~u (x, 0)|

Ω

+
(
c̃ (ĉ− c)−

1
2

))
.

Let functions ~ai and~b satisfy the Lipschitz condition at the time variable∣∣∣∣∣∣
~ai

(
x, t+ h, ~u, ~k

)
− ~ai

(
x, t, ~u, ~k

)
h

∣∣∣∣∣∣ ≤ γ (x, t) ,

∣∣∣∣∣∣
~b
(
x, t+ h, ~u, ~k

)
−~b

(
x, t, ~u, ~k

)
h

∣∣∣∣∣∣ ≤ γ (x, t)

and let ∣∣∣∣∣∣
∂~ai

(
x, t, ~u, ~k

)
∂ uk

∣∣∣∣∣∣ ≤ γ (x, t) ,

∣∣∣∣∣∣
∂~b
(
x, t, ~u, ~k

)
∂ kkj

∣∣∣∣∣∣ ≤ γ (x, t) ,

∣∣∣∣∣∣
∂~b
(
x, t, ~u, ~k

)
∂ uk

∣∣∣∣∣∣ ≤ γ (x, t) ,

where function γ satisfies the form-bounded condition. Let the inequality
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∑
i=1,...,l

(
|~ai|+

∣∣ ∂~ai
∂ uk

∣∣) (1 +
∣∣∣~k∣∣∣)+

+
∑
i,j=1,...,l

∣∣∣ ∂~ai∂ xj

∣∣∣+
∣∣∣~b∣∣∣ ≤ µ(1 +

∣∣∣~k∣∣∣)2 (
+
∣∣ ∂~ai
∂ uk

∣∣)
holds for all arguments. Let

~u|{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0} = ~φ
∣∣∣
{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0}

such that

∂t~φ−
d

dxi
~ai

(
x, t, ~φ, ∇~φ

)
+~b

(
x, t, ~φ, ∇~φ

)
= 0,

where ~φ ∈ Hχ+2,1+χ
2 (clos (DT )). Then there exists a unique solution ~u ∈ Hχ+2,1+χ

2 (clos (DT )) to the system
(1.1) under the boundary condition

~u|{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0} = ~φ
∣∣∣
{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0}

.

Proof. The theorem will be proven by the Leray-Schauder method. The system (1.1) can be rewritten in
the form

(3.8) Λ~u =
∂~u

∂t
− ∂~ai (x, t, ~u, ∇~u)

∂∇juk
∇i∇juk + ~Υ (x, t, ~u, ∇~u) = 0,

where the operator Λ is a nonlinear differential operator, and we denote

~Υ (x, t, ~u, ∇~u) = ~b (x, t, ~u, ∇~u)− ∂~ai (x, t, ~u, ∇~u)

∂ uk
∇iuk −

∂~ai (x, t, ~u, ∇~u)

∂ xi
.

We consider a set of linear problems

(3.9)
∂~v
∂t − τ

(
∂~ai(x, t, ~w, ∇~w)

∂∇jwk + (1− τ) δij

)
∇i∇jvk+

+τ ~Υ (x, t, ~w, ∇~w)− (1− τ)
(
∂~φ
∂t −∆~φ

)
= 0,

~v|{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0} =

= ~φ
∣∣∣
{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0}

, τ ∈ [0, 1] ,

where the function ~v is unknown and the function ~w is considered given.
We introduce a functional Banach space Ξδ , which consists of all smooth, continuous functions ~w, the

norm ‖·‖Ξδ is defined by

‖~w‖Ξδ = |~w|(δ)DT + |∇~w|(δ)DT .

In Ξδ exists a nonlinear operator P, which maps each element ~w of Ξδ to a solution ~v of the linear problem
(3.9) by ~v = P (~w, τ), the nonlinear operator P depends on the parameter τ .

The fixed point of the operator P at value τ = 1 is a solution to the boundary problem for the system
(1.1).

Assume ~uτ is a fixed point of nonlinear operator P so that ~uτ = P (~uτ , τ) then function ~uτ solves the
following problem

(3.10)
Λτ~u = ∂~u

∂t −
d
dxi

(τ~ai (x, t, ~u, ∇~u) + (1− τ)∇i~u)

+τ~b (x, t, ~u, ∇~u)− (1− τ)
(
∂~φ
∂t −∆~φ

)
= 0,

~u|{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0} =

= ~φ
∣∣∣
{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0}

, τ ∈ [0, 1] .
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Assume that any fixed τ ∈ [0, 1], operator Λτ satisfies the conditions of theorems of the existence of
solutions then operators Λτ satisfy these conditions for all τ ∈ [0, 1]. We have obtained the estimation

max
DT
|~uτ | ≤M1,max

DT
|∇~uτ | ≤M2

and

‖~uτ‖Ξα = |~uτ |(α)
DT

+ |∇~uτ |(α)
DT
≤M3

with some 0 < α < 1 for all ~uτ ∈ C2,1 (clos (DT )) problems for the systems (3.10). The linear theory guar-
antees that the solution ~v = P (~w, τ) to the linear problem (3.9) belongs to the class Hχδ+2,1+χδ

2 (clos (DT )).
Let’s take δ = α < 1 all fixed points of the operator P (~w, τ) belonging to the set Θ consisting of elements
~w ∈ Ξδ such that

max
DT
|~w| ≤M1 + ε,max

DT
|∇~w| ≤M2 + ε

and

‖~wτ‖Ξα ≤M3 + ε.

All fixed points ~uτ of P (~w, τ) belong to the set Θ. The set P (~w, τ) on Θ × [0, 1] is uniformly continuous
at ~w and τ , and uniformly compact operators. To show uniform continuity P (~w, τ) on Θ × [0, 1], we take
two near elements ~w1 and ~w2 that belong to Θ so that ~v1 = P (~w1, τ) and ~v2 = P (~w2, τ). We subtract from
the system (3.9) for ~v1 system (3.9) for ~v2 and obtain

(3.11)

∂~v
∂t − τ

(
∂~ai(x, t, ~w1, ∇~w1)

∂∇jwk + (1− τ) δij

)
∇i∇jvk =

= τ
(
∂~ai(x, t, ~w1, ∇~w1)

∂∇jwk + ∂~ai(x, t, ~w2, ∇~w2)
∂∇jwk

)
∇i∇jvk−

−τ
(
~Υ (x, t, ~w1, ∇~w1)− ~Υ (x, t, ~w2, ∇~w2)

)
= 0,

where ~v = ~v1 − ~v2 and condition ~v|{x∈∂Ω, t∈[0, T ]}∪{(x,t) : x∈Ω, t=0} = 0. If the norm ‖~w1 − ~w2‖Ξα is small
uniformly at τ ∈ [0, 1] then the right part of (3.11) is uniformly small as a function of (x, t) in the norm
of Hχα,χα2 (clos (DT )) spaces, therefore, ‖~v‖Ξα is small. Similar arguments establish uniform continuity
P (~w, τ) on Θ× [0, 1] at τ ∈ [0, 1].

Thus, we establish that for each τ ∈ [0, 1] there exists a fixed point ~uτ ∈ Hχ+2,χ2 +1 (clos (DT )) of P (~w, τ)

that is a solution to the problem (3.10). However, the solution ~uτ ∈ Hχ+2,χ2 +1 (clos (DT )) to the problem
(3.10) is a solution to the linear system (3.9) when ~w = ~uτ therefore ~v = ~uτ . Thus, we proved that there
exists a solution ~u ∈ Hχ+2,χ2 +1 (clos (DT )) to the boundary problem for system (1.1).

Applying the linear theory, we can straightforwardly prove the uniqueness of the solution to the prob-
lem for the system (1.1) by contradiction. Assume that there are two different solutions ~u1 and ~u2 to the
boundary problem for the system (1.1) then they must satisfy the integral identity

∫
[0, T ]

∫
Ω
~φ∂t~udxdt+

+
∫

[0, T ]

∫
Ω
~ai∇i~φdxdt+

+
∫

[0, T ]

∫
Ω
~b~φdxdt = 0

for all ~φ ∈ C∞0 . Subtract from identity for ~u1 the identity for ~u2, we have

(3.12)

∫
[0, T ]

∫
Ω
~φ∂t~vdxdt+

+
∫

[0, T ]

∫
Ω

(
~̃aij∇j~v + ~̃ai~v

)
∇i~φdxdt+

+
∫

[0, T ]

∫
Ω

(
~̃
bi∇i~v +

~̃
b~v
)
~φdxdt = 0,
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where we denote
~ai (x, t, ~u1, ∇~u1)− ~ai (x, t, ~u2, ∇~u2) =

= ∇jvk
∫

[0, 1]
∂~ai(x, t, τ~u1+(1−τ)~u2, τ∇~u1+(1−τ)∇~u2)

∂∇juk dτ+

+vk
∫

[0, 1]
∂~ai(x, t, τ~u1+(1−τ)~u2, τ∇~u1+(1−τ)∇~u2)

∂uk
dτ =

= ~̃aij∇j~v + ~̃ai~v

and
~b (x, t, ~u1, ∇~u1)−~b (x, t, ~u2, ∇~u2) =

= ∇jvk
∫

[0, 1]
∂~b(x, t, τ~u1+(1−τ)~u2, τ∇~u1+(1−τ)∇~u2)

∂∇juk dτ+

+vk
∫

[0, 1]
∂~b(x, t, τ~u1+(1−τ)~u2, τ∇~u1+(1−τ)∇~u2)

∂uk
dτ =

=
~̃
bi∇i~v +

~̃
b~v,

and ~v = ~u1 − ~u2. The system of (3.12) is a linear parabolic system from the linear theory we obtain ~v ≡ 0.
Theorem 3.2 has been proven.

Competing interests. The author declares no competing interests.
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