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VARIATIONAL AND NUMERICAL ANALYSIS FOR AN ELECTRO-VISCOELASTIC UNILATERAL
CONTACT PROBLEM WITH ADHESION

RACHID GUETTAF* AND AREZKI TOUZALINE

ABSTRACT. In this paper we investigate a mathematical model for the unilateral contact between an electro-
viscoelastic body and a conductive foundation. The Signorini conditions are used to model the contact, and
adhesion between the contact surfaces is also taken into account. We establish the existence and uniqueness of a
weak solution to this problem. Furthermore, we propose a fully discrete numerical scheme to approximate the

solution, and we present and prove the main result concerning the estimation of errors.

1. INTRODUCTION

Contact problems involving deformable bodies are widely encountered in both industrial applications
and everyday life, particularly in the case of piezoelectric materials that exhibit an interaction between me-
chanical and electrical properties. When these materials possess elastic or viscoelastic characteristics, they
are referred to as electro-elastic or electro-viscoelastic materials (see [3, 12]). The complexities arising from
the different behavior laws associated with such materials necessitate the development of new models. The
study of contact processes within the framework of variational inequalities has received considerable atten-
tion in research, see [7, 11, 13]. To obtain a thorough understanding of variational and numerical analysis
related to adhesive material models and piezoelectric effect models, both with and without friction., read-
ers are encouraged to reference the provided citations [1,2, 5,6, 10] and the additional works mentioned
within.

Our main concern in this paper is the investigation of an electro-viscoelastic material in quasistatic con-
tact with a deformable conductive foundation. The contact is assumed to be frictionless and is governed
by the frictionless Signorini conditions. We use the adhesion field as an additional dependent variable,
similar to [8,9], whose evolution is modeled by an ordinary differential equation. Then, we proceed to
derive a variational formulation, denoted as Problem (PV’), for the mechanical problem and establish the
existence and uniqueness of a weak solution under appropriate regularity assumptions on the provided
data. Furthermore, a significant addition of this study is the numerical approximation of the weak solution
for the suggested problem. By utilizing a fully discrete approximation of the problem (PV’), we define the
problem (PV"*), which admits a unique solution. Subsequently, under appropriate regularity conditions,
we provide valuable error estimates to ensure the convergence of the algorithm.
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The remaining sections of the paper are organized as follows. In section 2, we state the mechanical
model, introduce some notations, and establish a variational formulation. Section 3 is devoted to giving
the result concerning the existence and uniqueness of the solution. Finally, in section 4, we perform the
numerical analysis of the problem (PV’), and prove the main result of error estimation and convergence.

2. THE MODEL AND ITS VARIATIONAL FORMULATION

Denote by S, the space of second order symmetric tensors on R%(d = 2, 3), while *.” and ||.|| represent
respectively, the inner product and the Euclidean norm on S; and R¢. We use the usual notation for the
normal components and the tangential parts of vectors and tensors, respectively, given by v, = v.v = v;1;,
vy =v— vV, 0, =cv.vand o, = oV — o, V.

Assume a bounded Lipschitz domain 2 C R? (d = 2, 3) occupied by a piezoelectric body. The boundary
I' of 2 is partitioned into three disjoint measurable parts, namely Ty, 'y, T's, such that meas (I'y) > 0.
Additionally, it is partitioned into two disjoint measurable parts, denoted as T, and T, on other hand, such
that meas (I'y) > 0and I's C T'y. Let [0, 7], T > 0 the time interval of interest. The body under consideration
is subjected to volume forces with a density of f,, tractions with a density of f; on I';, an electric charge
with a density of gg on €2 and a surface electric charge with a density of ¢, on I',. The body is clamped on
I'y and the electric potential vanishes on I';. On I's, we assume that the body is in adhesive frictionless
unilateral contact with a reactive and conductive foundation. We denote by v = (u;) the displacement field,
D = (D, ..., Dg) the electric displacement, and ¢ = o;; is the stress tensor. The equilibrium equations
governing the displacement and electric displacement can be expressed as follows:

(2.1) dive = —f, inQx(0,7T),

(2.2) DivD = —q inQx(0,7T),

The behavior of electro-viscoelastic materials is described by the following constitutive law

(2.3) o = Ae(u)+ Fe(u) — EE(p) inQ x (0,T),

(2.4) D = &e(u)+CE(p) inQx (0,7,

where € (u) = (g5 (1)), €5 (u) = 3 (0ju; + d;u;). A and F are the viscosity and elasticity operators, re-

spectively, € is the piezoelectric tensor, £* is its transpose. E(y) = —V is the electric field, and C is the
permittivity tensor. According to the physical setting we prescribe boundary conditions.

(2.5) u = 0only x(0,T), ov=faonTyx (0,7),
(2.6) ¢ = 0onT,x(0,T), Dv=gyonT}y x (0,T),
2.7) D-v = 9(uy—g)or(p —¢p) on I's x (0,T).

In (2.7) 4 is a Lipschitz continuous function, and ¢y, is the truncation function
—L, if s<—L,
or(s)=19 —s if —L,<s<L,
L, if s> L,
where L, is a positive constant.
On I's, we use the Signorini’s conditions with non-zero gap and adhesion,

uy, < g, (Uu +p(uu) - 7V/82RV(UV)) <0,

(2.8) (0 + p(uy) — WB?R,(w,)) (u, — g) = 0.

(2.9) B = - [ﬁ(’yu(Ruuu)Q) - 6(1]_._ onI'y x (07T) :
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In the provided equations, the function g > 0 represents the gap between I's and the foundation. p and
—vB%R, (u,) are the normal contact functions, while v, denotes a given adhesion which dependent on
x € I's. R, is a truncation operator defined by:

L if s<L
R,(s) = —s if —L<s<0
0 if s>1L

where L > 0 is the characteristic length of the bond.

In addition, we assume that the contact is frictionless:

(2.10) or =00onT3 x (0, T),
To complete, we prescribe the following initial condition

2.11) w(0) = uo, B(0) = Bo.

To summarize, we consider the following problem:

Problem (P). Find a displacement field u : Qx [0, T] — R<, a stress field o : Qx [0, T] — Sq, an electric potential
¢ : Qx[0,T] — R, an electric displacement field D : Q x [0, T] — R? and a bonding field B : T's x [0,T] — R such
that (2.1)-(2.11) hold.

To establish a variational formulation of Problem (P), we need additional notations and preliminaries.
For T > 0 and a real Hilbert space X, we use the usual notation for the spaces L”(0,T;X), p € [0,0],
WHP(0,T; X), k = 1,2 and the spaces of continuous functions C ([0, 7]; X), C* ([0, T]; X).

We will use the real Hilbert spaces:
H=L2 (Q)d, Q = {T = (Tij), Tij = Tji S L2 (Q)},
Hy={u=(w)|lu; € H(Q)}, Hi={oc € Ql|divo € H},
endowed with the respective inner products:
('LL, ’U)H = fQ 'LLiUid{I?, <U7 T>Q = fQ JijTijd{E7
(U, v) g, = (u,v) g + (e(u),e(v))g, (0:7)g, = (0.T)g + (div o, divT) .
We recall that the following Green’s formula holds:

(2.12) (0,6 (v))g + (divo,v)y = / ov.wda Yv € Hy.
r

To accommodate the condition (2.5), we will seek the displacement fields within the space
V={veH :v=0 aeonl}.

Since meas(I'y) > 0, there is a constant C, > 0 such that [|e (v)[| > Cq |[v]|y, forany v € V and Visa
Hilbert space with the inner product (u,v)y = (¢(u),e(v))q and the associated norm ||.||,,. For v € H; we
use the same symbol v for its trace on I'. From the Sobolev trace theorem, there is a constant do > 0 such
that

Considering the Signorini’s condition, we define the closed convex set of admissible displacements as fol-
lows:
Uwg={veV:v, <gae onls}.

For the electric field, we require the following two Hilbert spaces:

W={{€H|¢=0aeonly}, Wo={D=(D;)|D; € L*(2), Div D € L*(Q) },
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endowed respectively with the inner products
& Dw = (V& V), (D, By, = (D, E) y + (Div D, Div E) 12, -

Since meas(I'y) > 0, then the Friedrichs-Poincaré inequality holds, that there exists a constant Cr > 0 such
that:

(2.14) IVEllw = CrliEll gy VE€W.

Moreover, if D € Wy is a sufficiently regular, the following Green’s formula holds:
(2.15) (D, V&) + (Div D, &) 1210) = / Dv.&da VE e W.

Ty
We will also use the Banach space of fourth-order tensors

Qoo =1{E = (Eijin); Eijkn = Ejikn = Exknij € L= ()},

endowed with the norm [|€|,_ = ocinax 1€l oo (g -

Finally, we introduce the space of bonding field denoted by B, given by
B={B:[0,7] — L*(I's); 0< B(t) <1 Vt € [0,T], ae. onT3}.

For the study of Problem (P), we impose the following assumptions on the data :

Operators A, F, as well as the tensors C, £, and £* satisfy the following hypotheses:

(a) A= (aijkl) 1 Q) x Sd — Sd, Qijkl = Qijlk = Qlkij € L>® (Q) , and
there exists M4 > 0 such that: || A(x, &) — Az, &2)|| < Ma ||& — &

2.16
( ) V&1,€2 € Sq a.e.in ),
(b) there exists m_4 > 0 such that: AE.E > m |¢]° VE€ Sy ae inQ,
(a) F = (bijkl) X S;— Sd, bijk'l = bijlk = blkij € L>® (Q), and
(2.17) there exists Mz > 0 such that: || F(z, &) — F(x,&)| < Mz ||& — &l

V&1,& € Sy a.e. in €,
(b) there exists mx > 0 such that: F€.& > mr H§H2 V¢ e S, ae. in Q,

(a) C= (Cij) QxR — Rd, Cij = Cj; € LOO(Q),
(2.18) (b) there exists m¢ > 0 such that: ¢;;(z)E;E; > me 1E|?,
VE€ € S4 ae in (.

(2.19) E = (eikj), €ijk = €ir; € L(Q), Eov=0.E"v Vo €8y, v € R,
Furthermore, we assume that the normal compliance function p : I's x R — R, satisfies:

(a) The function 2 — p(z,r) is measurable on I'; and is zero for all » < 0
(2.20) (c) there exists M, > 0, such that:
Ip(x,r1) — p(z,r2)| < My |r1 — 72| Vri,ro € Rae. inTs.

As an example, the function p(r) = [r],, satisfies condition (2.20).
Additionally, we assume that adhesion coefficients satisfy

(2.21) v, € L®(T3), €0 € L*(T3), Y0, € =0 ae. onl,
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we suppose that:

(2.22)

foec (0,122 @), f2e € (0,715 L2 (1)),
g €C

0.7);22 (@), @ € € ([0.7]; L2 (T)*),
the initial data uo and f satisfy

(2.23) ug € Uga, Po € L*(T3), 0< By <1 ae.onTs,
and the surface electrical conductivity function ) : I's x R — R satisfies

(a) The function x — ¢ (z, r) is measurable on I's and is zero for all » < 0
and there exists L,, > 0, such that: [¢(z,7)| < Ly Vr € R, a.e. in T,

2.24
(224) (c) there exists m,, > 0, such that: |¢(z,71) — ¥(x,72)| > my |11 — 12,

a.e.inl'3,

Finally, the potential ¢,. and the gap function g satisfy
(2.25) ¢, € L*(0,T;L*(T'3)), g€ L*(T'3), g > 0 a.e. onT3.

Using the representation theorem of Riesz-Fréchet, for all ¢ € [0,T], we define the elements f(¢t) € V and
q(t) € W as follows

(2.26) (F(1),v)y = / L) wdz+ | falt)vdavo € V,
Q Ty
(2.27) (q(t). )y = /Q qolt).£dz + /F ) Gda v < W

To simplify the writing, we denote by, a : VxV - R, b: V XV - R,c: W xW — Rande: VxW =R
a(u, v) = (As(u),e(v))Q; blu, v) = (Fe(u),£(v))q,
(e, €) (CV@, V) u; e(v, §) = (£2(v), VEm = (EVE, £(v))a,

We note that according to equations (2.16)-(2.19), the forms a, b and c are strongly monotone and Lipschitz

continuous.
Let us denote by j, : L= (I's) x Vy x V — Rand j. : V x W — W respectively the functionals given by

(2.28) jalBruv) = / (p(w) — 3 8° Ry ()0, )das

(229) je(u7 (P>€) = - ¢(uv - g)(bL((P - L)01")€da-

If u, o, and D are regular and satisfy the equations and conditions (2.1)-(2.11), the Green’s formula (2.12)
and (2.15) enable us to derive the following variational formulation for problem P.

Problem (Py ). Find a displacement field w € C ([0,T]; V'), an electric potential ¢ € C ([0, T]; W) and a bonding
field B € W (0,T;L? (I's)) N B, such that
u(t) € Ugq forallt € [0,T) and

a(i(t),v —u(t)) + b(u(t), v — u(t)) + e (v — u(t), p(t))

(2:30) (B ut) v —u(t) = (F(),0— a(t))y Yo € Una, £ € (0,7,

(231) b(@(t)’g)H —€ (U(t),ﬁ)H +.j€(u7<p7€) = (q(t)vé.)w v§ € Wa t € [OvT]a
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(2.32) ﬂ(t) = - [5(” ('VV(RVuu(t))Q) - EaL’_ , ae t €0,

(233) U(O) = Uo, ﬂ(O) = ﬂo.
3. EXISTENCE AND UNIQUENESS OF SOLUTION

In this section, we establish the existence and uniqueness of the weak formulation (Problem (Py )). The
following theorem provides the main result.

Theorem 3.1. Assume that the assumptions (2.1)—(2.25) hold. Then, the problem (Py) has a unique solution
(u, @, B). Moreover, the solution satisfies

uwe CY[0,T];V),
G.1) ¢ € C([0,T]; W),
B e Whe(0,T; L>(T3)) N B.
Proof. In order to prove Theorem 3.1, we provide a proof by defining intermediate problems and demon-
strating their unique solvability. Subsequently, we construct a contraction mapping such that its unique

fixed point corresponds to the weak solution of the problem (P).
To begin, let I € C(]0,77];V) and consider the following intermediate problem:

Problem (P}'). Find w; € C([0,7T]; X) such that
a(i(t),v —w(t)) + (U(t),r — w®))y .y = (F), v —w(t))y
(3.2) Vo € Ugg, t € [0,T].
u(0) = up.

For this first problem, we have the following result.
Lemma 3.2. Problem (P}') has a unique solution u, € C*([0,T]; V).

Proof. Let us denote the operator @ : V' — V such that (au, v) = a(u, v). Since a is a strongly monotone
and Lipschitz continuous operator on V, it is invertible and its inverse a ! is also a strongly monotone and
Lipschitz continuous operator. Therefore, using the regularity (2.18), we can conclude that there exists a
unique function u; which satisfies

w; € C([0,T]; X).

63 aw(t) +1(t) = f(t), Vtelo,T].

t
Let u; : [0,7] — V defined by w;(¢t) = uo + [ wi(s)ds. Then, v; is the unique solution to the problem,
0

and it also belongs to the set U,q N C*([0,77]; V). O
In the next step, we use the solution v; € C*([0,77];V) obtained in Lemma 3.2 to formulate an interme-
diate problem for the electrical potential.

Problem (P?). Find ¢, € C([0,T]; W) such that

C(Qpl(t%f) —€ (ul(t)7§> +]P(ul(t)?(pl(t)7§) = (q(t),f)w

G4 Ve e W, t€0,T).

We establish the following lemma.
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Lemma 3.3. Problem (P?) has a unique solution ¢, € C([0,T]; W).
Proof. We define the operator ¥ : W — W by

(W(t)p, &) = c(p(t),€) — e (w(t), &) + je(w(t), p(t),£)
For ¢4, p2 € W, by using (2.18), (2.19), (2.24) and (2.29), we show

(3.5) (T(t)pr — T(t)p2, 01 — p2) > me llor — @21,
and there exist C' > 0 such that
(3.6) (T()p1 — U(t)p2,€) < Cllpr — 2l €l -

The inequalities (3.5) and (3.6) show that operator ¥ () is strongly monotone and Lipschitz continuous on
W. Therefore, there exists a unique element ;(t) € W which satisfies(3.4).

For t1,ts € [0,T], we use (2.13), (2.18), (2.19), (2.24) (2.29) and the Lipschitz continuity of the functions 1
and ¢ to establish the following estimate:

(B.7) ler(ts) = @it2)lly < C (u(tr) = wt)lly +llg(ty) — a(t2)llw)

Since u; € C1([0,T); V) and C([0, T]; W), it implies that ¢, € C([0,T]; W), which concludes the proof.[]
Proceeding to the next step, we once again use the previously obtained solution v; obtained in Lemma
3.2, and we consider the following Cauchy problem.

Problem (P?) Find a bonding field B, : [0,T) — L>(T's) such that:

(3.8) Bi(t) = = [Bi(t) (v (Row (1))?) — €a], ace. t € 0,7,
(3.9) Bi(0) = Bo.
We have:

Lemma 3.4. Problem (P?) has a unique solution 3; which satisfies
B e Whee([0,T]; L*>(T2)) N B.

Proof. Consider the mapping @ : [0,7] x L*(T'3) — L?(I's) defined by

q)l(t7ﬂ) = - [ﬁ (’VV(RUU’IV(t))2) - Ea}_i'_

For allt € [0,7] and 8 € L*(T'3), it follows from the properties of the operator R, that ® is Lipschitz
continuous with respect to its second argument, uniformly in time. Additionally, for any 8 € B, the function
t — ®p(t, B) belongs to L>°(0,T; L?(T'3)). Thus, by using a version of Cauchy-Lipschitz theorem (see[5]),
Problem (P?) possesses a unique solution 8; € W1>°(0, T'; L°°(I's)). Since the restriction 0 < 5 < 1 a.e. on
'3 is included in the variational problem Py, it follows that 3 belongs to B, which completes the proof of
Lemma 3.4. [J

Now, for all 1€ C([0,T7]; V'), we note by v; the solution of problem (P}') provided in Lemma 3.2, by ¢; the
solution of the problem (P?) provided in Lemma 3.3 and by §3; the solution of the problem (P?) provided in
Lemma 3.4. In addition, we apply the Riesz representation theorem to define the operator A : [0,7] — V'

(310) (Al(t)7 U)VXV =b (ul(t)a U) +e (Uv @l(t)) + ja(ﬁl(t)7 ul(t)a U) Vv € V,te [Oa T]
For this operator, we have the following lemma

Lemma 3.5. The operator A admits a unique fixed point I* € C([0,T]; V).
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Proof. For i = 1,2, let denote u;;, ¢;, and J;,, the solutions to previous intermediate problems with
l; € C([0,T];V). Forall t € [0,T], it follows from (3.2) that

a (t, () =, (8), t, (1) =, (1)) + (12(8) = L (1), (8) — 1, (1) =0,

using the properties (2.16), we find
(3.11) 1, (&) =, @)y < C (@) = 2Ol , V¢ € [0,T].

t
Since [Ju, (t) — w, () |ly < [ i, (8) — @y (s) ||y ds, it follows from inequality (3.11)
0

(3.12) [Jug, (8) = wi, (D)l < Cll1a(t) = L2(@)ly, , V¢ € [0,T].

Also, using similar arguments to (3.7), we find

(3.13) lei(t) — wu(t)llw < Cllw(te) —w(t2)lly

Writing (3.8) with 8; = 3, and with §; = f,, and using the assumption on the properties of the operators
R,, we can perform some elementary calculations to demonstrate the existence of a constant C' > 0 such
that

181, (8) = B Ol ey < € (Ji 181(5) = B (9l ey s

(3.14) t
+ fo ||ul1 (S) — U, (S)HL2(P3)d dS) .

Using the conditions (2.13) and applying a Gronwall-type argument, we find

(3.15) 181, (8) = Buo (D)l < C/ [ty (s) = wi, (sl ds.
0

On the other hand, we have the following equality

(3.16) (All(t) - AlQ(t)7U)V><V =b (ull (t) Ulz( ) ) +e (U 9011( ) Dy (t))
+7a (B, (), ur, (8),v) — Ja (B, (£), w, (¢),v) Vv € V.

Keeping in mind (2.19), (2.20) and (2.28), there exists a constant C' > 0 such that:
[AL(E) — Al2( Ny <C (H%(t) = o1l + lut, (1) = s, ()| L2(ry)
1182 () R, (1)) = B2, (0 Rt ()| 2 ) -

Hence, using (2.13) and the properties of the operator R,, it follows that

1AL ()~ ALl < € (Jlun, ()~ wa®)ly + o () ~ el
4180 (1) = B () 2y ) -

Now, combine (3.18), (3.15), (3.7), and (3.12), we obtain:

(3.17)

(3.18)

t
1AL = Alsllegora / lia(s) — 1a(3)]ly ds.
0

By iteration, we deduce that for any positive integer n :

A" = Al qo,rvy < —— Il = L2lleqo,myvy -
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Then, for a positive integer n sufficiently large, it follows that A is a contraction on the space C([0,T]; V).
Therefore, by the Banach fixed point theorem, we deduce that A has a unique fixed point I*.
For t1,t5 € [0,T], using similar arguments to the proof of (3.18), we find
[AL(t1) = Al(E2)lly < C ([lutr) = w(t2)lly
+llr(tn) = @ilta)llg + 1Bi(t) = Bilt2)ll ey )
since u; € C1([0,T); V), ¢ € C(0,T; W) and B € WH>(0,T; L*(T'3)) we deduce from inequality (3.19) that
I~ = Al € C([0,T]; V) which completes the proof of Lemma 3.5.0
Now, we have all the necessary ingredients to conclude the proof of Theorem 3.1. Let I* denote the

(3.19)

unique fixed point of the operator A, and let u*, ¢*, 3* be the respective solutions to problems (PL), (P2)
and (P2)ie. u* = w-, p* = @ and B* = f-.

Then, by (3.2), (3.4), (3.8) and (3.9), we conclude that the triple (u*, ¢*, 3*) is a solution to Problem (Py ).
The uniqueness of this solution follows directly from the uniqueness of the fixed point of the operator A,
and regularities (3.1) follow from Lemmas 3.2, 3.3 and 3.4. [J

4. NUMERICAL APPROACH

In this section, we employ the finite element method to introduce a fully-discrete scheme that provides
an approximation for the solution of Problem (PV'). The parameter of discretization is denoted by » > 0
, and we consider 7" as a regular finite element partition of the domain 2, which is compatible with the
boundary partition of I'. To approximate the displacement field u, the electric potential ¢, and the bonding
field 3, we introduce finite element spaces V" c V, W" c W, and B" C L*(T'3) respectively.defined by

vh = {vh e [c@)]*; ol € [P1(T], T, € T, vh =0on fl} :
(4.1) Wh = {gh e C(Q); vl €Pi(T,), T, € T", ¢" =00nT,},
B" = {§" € L(Ta); B € R, 7 € T},
where P; (7)) represents the space of polynomials of global degree at most 1 in T'r.

It should be noted that 7 is the partition induced by the triangulation 7". Additionally, let Ppn :
L*('s) — B" be the orthogonal projection operator on B". Furthermore, we define U, as the discrete
convex set of admissible displacement given by U", = U,, N V.

To discretize the time derivatives, we utilize a uniform partition of [0,7] denoted as 0 =ty < t; < ... <
ty =T. Let k = T/N be the time step. For a continuous function w(t), we denote w,, = w(t,,) to represent

the values of w at the discrete time points. For a sequence (wn)D_,, we introduce the finite differences

n=0’
dwy, = (wy, — wy—1)/kn.

Next, we introduce the finite differences

(4.2) upk = " kioul ol ohF = kol +of, BRF = ki0BIF 4 B, n> 1.
j=1 j=1

j=1
Here, no summation is assumed over a repeated index. Using the backward Euler scheme, the fully-discrete
approximation of Problem (PV) is the following.

N
n=0

N
n=0

Problem (PV"*). Find uh* = (uh*)
such that, foralln =1,2,.., N

a(dup®, v —upf) + b(up®, o —ug?) + e(v" —ugk, i)

+ja( Zkvuzkvvh - Uzk) = (fna Uh - uﬁk),

C ULy, "™ = (I c Whoand g = (82%)Y C L2(T),
(4.3)
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(4.5) 5B — — P [ﬁ,’;’i ((WR, (u{y’f,l),,))? . ea] R
(4.6) ugk' = ug,
(4.7) o = B

where ull and S} are suitable approximations of ug and /3y respectively.
kY

n

We denote by ph* = ¢l the unique solution of (4.4) in Problem (PV") for n = 0, and (ul*, ¥,
denote the solutions of (PV"*), respectively. By employing the same arguments as in the proof of Theorem
3.1, we conclude that the Problem (PV"*) possesses a unique solution (u/*, phk, ghF),

To prove the convergence of the scheme, we have the following error estimate result.

Lemma 4.1. Let the assumptions of Theorem 3.1 hold. Under the following regularity conditions:

(4.8) u € W2H0,T;V)nC([0,T]; H*(Q)9),
(4.9) e C(0,T]; H ()™ ) nwhH(0,T: Q),
(4.10) e WH0,T;L*('3)) N CH([0,T]; H'(T'3)),
4.11) Bo € H'(s),

there exists a positive constant C' > 0, independent of parameters h and k, such that for vh = (vf)j\le SRS
gh = (f?);vzl ewr,

max {lun = lv + len = en*llw + 1180 = Ba*llo}

1
(412) < ClgzagXN vhig‘f/h {th - unHV + ||€h - QonHW + ||Uh - um/Hz2(F3) +h+ k}
fh GWIL
Bh eBh
We now proceed to estimate the numerical errors on the displacement field, where we apply in some
inequalities Young’s inequality ab < §a* + J5b°.
Add (4.3) and (2.30) with v = u"* at t = t,,, we find

a(Sul® vl —ul®) + a (i, ul* — uy,) + b(ulF vh — ulF) + b(u,, uhF — )

(4.13) Fe(vh — ul®, ptR) + e(uh* — up, 0n) + ja(Bu, tn, ut* — uy)
Fia (B3l vt ) = (Fn 0" — ) (F ol — )

Using the relation,
b(u, — ul* u, — uhk) = by, up — M) — b(uhk Up — 0" + b(un, ot — uhk)

n n
hk , h hk
7b(un y U — Uy )a

and the fact that the functional j, is linear with respect to the last argument, we obtain
p g
b(u, — ul® u, —ulk) = R, (v", u,) + a(0ul® — i, v — ulk)
(4.14) +b(ul* — P — ) + e(vh —ulk phE — o)) + G (BRE ulk R — yhR)
7ja(5naunvvh - qu) - (fna ol — un)a
where
4.15) R (v 1) = @iy, v — up) + b(ty, v" — uy) + e(v" — uy, o)
+ja(ﬁnaun; Uh - un) - ( navh - un)

We then proceed in estimating error on the displacement field based on the equation (4.14). First, denote

on = Ae(ty) + Fe(un) — E E(pn)
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Taking into account the relation (4.9) which implies that o, € C([0,T]; L*(T'3)), then using Green’s formula
and the boundary conditions (2.8) and (2.10), it follows that

|Rn (0", )| < [ | (000 + P(tnn) = VB2 Ry (tny)) (V) — )| da
(4.16) r
< CHUh - Unu||L2(F3)a

here and below C' is a generic positive constant not dependent on n.
Next, by using (2.20) and the properties of the operator R,, we find

|.7a( n ’uzkvvh - U?Lk) _ja(ﬁmunﬁvh - Uﬁk)\

< C (1180 = BEFIacry) + lun — b1 ) o — b3

and therefore

|ja( Zk7ugkavh - qu) _ja(ﬁ’ruunavh -

C (1180 = BRIy + lltm — wh [ + 0" — uk|2)

hk
(4.17) )|

Taking into account ||v" — ul*|| < |[v® —uy, || + ||un — u?F||, by combining (4.14)-(4.17) and using (2.16), (2.17)
and (2.19), we conclude that

m]:||un - quH%/ <C {th - um/HLQ(Fg)"' ||un - 6“#”%/

(4.18)
+||un - UZkH%/ + H<pn - @Zk”IQ/V + ||6n - ﬁng%Q(Fg) + th - UnH%/}

Now to obtain an error estimate on the electric potential, taking (2.31) at time ¢t = ¢, with ¢ = ¢" and
subtracting it to (4.4) to get

(4.19) C(QO ‘pn 7£h) - e(u Zk,gh) +je(un7¢n’§h) _je( Up, 79071 ’fh)

Writing (4.19) with the test function £" = ¢,, — ¢"* and with ¢" = ¢,, — ¢", yields to the equality

c(@n - wzka Pn — @Zk) - e(un - u2k7 Pn — @Zk) + je(unv Ony Pn — @Zk)
(4.20) —Je(un, onk, on — o) = elpn — o on — €") — e(un — upk, o — €")
+je(un7 Pny Pn — gh) - jE(qua @Zkv Pn — 5}1)7

After performing some algebraic manipulation, we can rewrite the expression in the following form:

c(pn — ol*, on — % )= C(sﬁn <p2k,sﬁn ") + e(un — ulk, & — phk)
(4.21) +Je(Un, PnsPn — ) Je(ultF, @rk o — €M) — je(tn, nyon — ol )
+Je (u2k7 ‘szv Pn — )

Denote J = je(una()pna@n - gh) —J’e(uzk#’ﬁk,@n - fh) _je(un780n7§0n - @Zk)
+je(uﬁk’<ﬂﬁk7% - ‘pgk)
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Using the assumptions (2.29), (2.24) and (2.29), we find

Il =

. qu(unv - g)(bL(@n - QDO) (<Pn - gh) da
= | Yl = 9)onen’ = o) (pn = £") da
+ . ¢(U7w - g)(bL(SOn - Qor) (Qpn - (pik) da

- Plunk — 9)oL(eht — ) (on — ¢2F) da

IN

: (e — 9)BL(on — o) — (Ul — 9oLl — )| [(on — ©1F)| da

[ e = 9)énlon = or) = U(uns = 9)orlen” — o) |(en" —€")| da.
3
Since, 9 and ¢y, are Lipschitz continuous functions, we get
71< My o, |(pn = ) [ dat Ly Ly [ [(wn = @5) || (wn — 05F) | da
+My Jr, [(on = en®) | |en® = €| da+ LoLy Jr, | (un — @) | |00 — €| da.
Then, using (2.13), (2.14) leads to
(4.22) 7] < C{llen — en Iy + lun — un® I3 + llon — "1 -

By combining equations (4.22) and (4.21) and applying the properties stated in (2.17) and (2.19), it follows
after reordering the terms that

(4.23) lon — onFlliy < Clllun —ul® 13 + 1" — wnlliy -

To obtain an error estimate on the bonding field, let 8% = B = Ppx 3y be the orthogonal projection of 3y,
then ||8o — B[ 12(r,) < Ch. Under the assumptions (4.10) and (4.11), we have the following lemma

Lemma 4.2. There exist a constant C > 0, such that
n—1

(4.24) 180 — B 1Baryy < 32O (luy — Iy + 185 — B | ary)) + B2 + K.
j=1
The estimate described in (4.24) has been stated and proven in [13, page 61-64] using inequalities com-
monly employed in the numerical analysis of contact problems that involve adhesion.

t
Since u(t) = ug + [ u(s)ds, under the regularity assumption (4.8), we have the following standard estima-
0

tion, see [4]
n—1
= up™ 5 < e | D kllay — sul* |5 + b* + K2
j=1
Now, adding inequalities (4.19) and (4.23) and taking into account the estimation (4.24), we then obtain

(e = wB*112 + lpn — 2512 + 1180 — 8211220}

n—1
<C ”Uh - uanL2(F3) =+ th - UnH%/ + ||€h - ‘Pn”%/v + Z k||u] - 5“;”6”%/
(4.25) j=1
n—1
8k (s = 1 + 185 = B r) + 2 +k2}
j:

Applying discrete Gronwall’s inequality and the arbitrariness of v € U", leads to the estimate (4.12). This
concludes the proof. [



Pan-Amer. J. Math. 3 (2024), 3 13

Now, we proceed to state and prove the main result of this section.

Theorem 4.3. Let the assumptions of Theorem 3.1 and Lemma 4.1 hold. Assuming that the initial values ul, € V",
oh e Whand ph € Q" are chosen in such a way that

(4.26) lwo — ug||v — 0, |lpo — <pg||v — Oand ||y — ﬁgHQ —0as h, k— 0.
Then, the fully-discrete solution converges, i.e.,

(427) max {llu— v+ llp — ol w4+ 18— BiFlo} = 0, as b, k-0,

Proof. To prove Theorem 4.3, , we consider the standard finite element interpolation operator of v and ¢,
denoted by IT"u,,, and I1"¢,, respectively. Then, the following approximation properties hold:

: h
12112XN 'uh,lIel‘f/h [[v* — Unl/||1,2(r3) S ChHu”C([OvT];HQ(FS))’

: h
(4.28) lg}%XN vhlg‘f/h [v" = un|lv < ChHu||C([0,T];H2(F3))7

: h hk :
 max, Ehlélvah 1€ = en"llw < Chlldllco.ry:m2 @)

where the constant C' is independent of u, ¢, and 8. Finally, the convergence (4.27) is obtained by
combining Lemma 4.1 and (4.28). O

In this paper, using a variational method, we have established the existence and uniqueness of the
solution of the problem. Then, we introduced a fully discrete scheme to approximate the solution of
the contact problem. The exploration of numerical simulations using the same algorithm represents an
intriguing line of future research.
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