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ON A CERTAIN CLASS OF BI-UNIVALENT FUNCTIONS IN CONNECTION WITH
GEGENBAUER POLYNOMIALS

RASHEED OLAWALE AYINLA'* AND AYOTUNDE OLAJIDE LASODE?

ABSTRACT. Recent direction of studies shows that there is a kin connection between regular functions and or-
thogonal polynomials. In this paper, we study a new class of regular and bi-univalent functions that involve the
familiar Gegenbauer polynomials. Some achieved results include some early coefficient bounds and the upper
estimates for the Fekete-Szegt inequalities with real and complex parameters.

1. INTRODUCTION AND PRELIMINARIES

The study of orthogonal polynomials came into existence in the late 19th century through the study of
continued fractions by Pafnuty Lvovich Chebyshev [13,33]. These set of polynomials have been very useful
in the solution of many differential equations [13], Fourier series [15], random matrix theory, least square
approximations of a function, interpolation, and quadrature [14]; and in many numerical computations,
inferences and interpretations. In addition, some orthogonal polynomials such as the Zernike polynomials
and Rogers-5zegd polynomials have been considered for some curves in the complex plane and in particu-
lar, the unit circle.

Explorations in geometric function theory show that regular functions have kin connections with orthog-
onal polynomials. Actually, some purposeful investigations have been carried out on regular functions in
connection with the Legendre polynomials [12], Laguerre polynomials [35], Chebyshev polynomials [7],
Jacobi polynomials [10], Horadam polynomials [32], Hermite polynomials [1], and Gegenbauer polynomi-
als [26]. For more instances, see [2,3,5,9,22-25,29].

Specifically, let the generating function of the Gegenbauer polynomials be defined by

1

(1.1) Ba(t, 2) = A2z 129

where a € R — {0} is a constant, t € [—1,1] and |z| < 1. Thus, for fixed ¢ we have the Taylor’s series
representation of (1.1) as

(1.2) G, (t,2) = i Co(t)z™,

m=0
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where C5 (t) (m > 0) are known as Gegenbauer polynomials of degree m. Now, suppose « = 0, then (1.1)
is set as

B2 (1) =1 —log(l — 2tz + 2°) = Z CY (t)z™.

We note that the recurrent relation for Gegenbauer polynomials can also be expressed as

(13) Ca(t) = —[2tm + = OB (1) ~ (m+ 20— 2)C_ (1)
while some early values are presented as
08‘( )=
Ce(t) = 2at
14
(1.4) CS(t) = 2a(1 + a)t? — a,
Cs(t) = —20(1+ )t + 2a(l+ o) (2 + a)t?

From (1.4), we note that
(1) if & = 1, then we will obtain the well-known Chebyshev polynomials and
(2) if a = %, then we will obtain the well-known Legendre polynomials.

For more details on Gegenbauer polynomials see [2,22,26].
In this study, let N = {1, 2,3, ...}, Ngo = NU {0}, C is the complex numbers’ field, and let

:={z:zeCand|z| <1}

be the unit disk. Let 2 represent the class of complex-valued functions that are regular (holomorphic or
analytic) in the unit disk and let & represent the class of regular and univalent functions in {; so that
functions in & are normalized by the conditions F'(0) = F’(0) — 1 = 0 and are of the Taylor’s series
representation

(1.5) F(2)=z4a* +azz® + - +apz™ 4+, ze€l

In [19], Lewin made history by introducing the class of bi-univalent functions of the form (1.5) and
demonstrated that the upper bound of coefficient a, for every bi-univalent function is less than 1.51. Later,
authors in [8,21,34] demonstrated that |as| < v/2, |as| < 1% and |aa| < 1.485, respectively. Presently, we note
that the bounds |a,,| (m = 3,4, ...) for the whole class of bi-univalent functions are apparently yet unsolved.
Duren [11] established that every bi-univalent function always has inverse function F'~! defined by

F Y F() =2 z€l, FF 'w)=w, w:|w <r(F) and ro(F) > 0.25;
where some calculations show that
(1.6) FHw) = w — agw? + (2a3 — a3)w® — (5a3 — bagaz + ag)w? + - - = F(w).

A function F' € & is said to be bi-univalent (or bi-schlicht) in 4l if both F' and its inverse function § are
univalent in 4. We represent by B the class of regular and bi-univalent functions in {. The class B is
non-void since we have some instances of functions

F(2)=z F(z)=2(1-2)"" F(z)=1log(l—2)"",

and others in it. We refer readers to the works in [7,8,16—-18,28-31] for more details on history, properties
and definitions of some existing subclasses of B.
Let
X(2) =xiz4 a0’ +a32°+--€0
be a regular function where Q is the class of Schwarz functions such that for z € [, X (0) = 0 and | X (2)| < 1.
Suppose F1, Fy € 2, then Fy < F, if and only if F1(z) = F2(X(2)) for z € 4l Should F» be univalent in 4,
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then F1(z) < Fy(z) if and only if F1(0) = F3(0) and Fy(4) C Fy(4h). Note that the notation ‘<’ means
subordination.
In [27] (see also [4, 6]), the Sdlagean differential operator ®" (n € Ny) for F in (1.5) is defined by

DOF(z) = F(z) =z+4a2? +azz® +- Fap2m -
DIF(2) = zF'(z) = 2+ 2a22% + 3a3z® + -+ + may, 2™ + - -
(1.7) D2F(2) = 2(D'F(2)) =z+2%a222 +3%323 +--- +m2apmz™ + -

DIF(z) =  2(D"F(2)) =z+2" lagz? + 3" lagz® + -+ m"Hay 2™+ .

2. RELEVANT LEMMAS

Let B be the class of regular functions whose real parts are positive in U so that £{(z) € B has series
representation

E(2) =1+b1z+bez® + b3+ 4 bp2™ -+, z€U

normalized such that £(0) = 1 and e{(z) > 0. To establish our results, we shall need the following
lemmas.

Lemma 2.1 ([11]). If&(2) € B, then |b,,| < 2, Ym € N.
Lemma 2.2 ([20]). If&(2) € B, then 2by = b3 + (4 — b?)p, where |p| < 1.
Proposition 2.3. The implication of Lemma 2.2 is that for

(2.1) £(2) =1+ biz+bo2® + b3z +--- }6%

((w) =14 crw + caw? + czw? + - -

2by = b7 + p(4 - b7)

%6, = & 4 ql4— ) } = A=) = (-0

for some p, q such that |p|, |q| < 1and |b1], |c1] € [0,2].

3. THE MAIN RESULTS

Definition 3.1. Henceforth, let

(3.1) Be(-%2,3),0<u<1, neNy, te (3,1, aeR-{0},
’ F(w) = F~'(w)in (1.6), @t F(z)in (1.7) and &,(t, 2) in (1.1),

then a function F' € B is said to be a member of class B (5, u1; ®) if it satisfies the geometric conditions:

DHLE(2)

(3.2) (1 — e 2012,2) . < B,(t, 2)
and

n+1
(3.3) (1- 6_2/31#2002)@73(&)) < G, (t,w).

Remark 3.2. If we set a = 1 and represent the Chebyshev polynomials of the second kind by &, (¢), then
class B (5, u; &) will reduce to class B" (8, ; €) studied by Ayinla and Opoola [7, Definition 3.1].

The following are the main results.
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Theorem 3.3. If F € B"(8, 1; &), then

20283 + p?|alt?
|az| < 112 . 92 2 2
37 ot 1 227 (2t — 262 — 2at2 + 1))

. a?t? 2lalt
las| < 92n + gntl
5at? |aft 2]alt + 2|alt? 4+ 2022 + |
jaal < Son . gntl ' 92n+l 92n+1
4lalt? + 402t + 2|a| + 20t + E|altd + 402t + F|a’t3 2u2|alt
+ 3 3 H

92n+2 92n+2

where the declarations in (3.1) hold.

Proof. Let F' € B™(f, j1; ®), then application of the subordination technique implies that (3.2) and (3.3) will
transform to

(34) (1-e 222 EO g x (o)
and
(35) (e Rl RN ®)

where w, z € 4,

X(2) = w12+ 2022 + w323 + - -

Y(w) = y1w + 420 + 30 + - } =
X(0)=Y(0) =0,and | X (2)|, Y (w)| < 1. It is well-known that for £ and ¢ in (2.1),

(3-6) X(2) = (ggz; ; 1) = % [b1z+ (bz — bj) 22+ (gz — byby + b3> }
and
(3.7) Y(w) = (%) - % [clw+ <02 - Cj) W2 (22 16 +C3> . }

so that by some calculations we have

2
(38) Ba(t,X(2) =1+ %C’f‘(t)blz + BC{‘(t) (b2 b2 ) + 405t )bﬂ 22

1 (e b% o b2 1 « 3 3

and

2
‘1

(39) B.(t,Y(w) =1+ %C{*(t)clw + [;C?(t) (CQ - 2) + ng(t)cﬂ w?

1 a C:vl)> 1 « C% 1 o 3 3
+ 501 (t) [ c3 — crea + i + 502 (t)ey | e2 — 5 + §C’3 ) |w +---.
Using (1.7) with some calculations, then the LHS of (3.4) simplifies to

DHLE(2)
z
— 1 +2n+1a2z 4 (3n+1a3 _ 67251.’&2)22 4 (4n+1 2n+1 72[31’11 a ) 3 4.

(3.10) (1 — e 201,222)
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and using (1.6) and (1.7) in (3.5) shows that LHS of (3.5) gives

n+1
(3.11) (1— e—zmuzwg)@TS(w)

=1—2" aow + [3"71 (202 — a3) — e 2P 2Jw? — [4"F1(5a3 — Bagas + ayg) — 2" e 2 2ag)wd + - - -

If we compare the coefficients in (3.8), (3.9), (3.10), and (3.11); then it can easily be seen that

1
(3.12) 2"y = 5C;*(t)bl,
n+1 _,—2B1,,2 __ 1 o _ ﬁ 1 «a 2
(3.13) 3" ag —e Pyt = 201 (t) { be 5 )T 402 (t)b7,
n+l_— _ ont+l_—2pi, 2 _ } « _ ﬁ 1 el _ ﬁ 1 a 3
(314) 4 Qy 2 & Hn-ag = 201 (t) b3 b1b2 + 4 + 202 (t)bl bQ 9 + 803 (t)bl,
1
(315) —2"+1a2 = 50? (t)Cl,
n+1 2 77251‘271(1 7@ }a 2
(3.16) 3" (2a5 —ag) —e Pt = 201 () | 2 5 |t 402 (t)es,
and

(3.17) — 4" (5a3 — Bagas + a4) + ontle=26i,2q,
= %C{J‘(t) (03 —cic + f) + %C’g(t)cl <02 - c%) + 1C’gl(t)c?’.

Addition of (3.12) and (3.15) shows that

(3.18) by =—c; and b =c?

and the addition of the squares of (3.12) and (3.15) shows that

(3.19) 22703 = (OF (1)) (b + ).

Putting (3.18) into (3.19) shows that

22n+4a2 bZ(Ca (t))z

2 _ 2 2 _ 0Ly

(320) bl - (Cil (t))2 = a3 92n+4
On the other hand, the addition of (3.13) and (3.16); and the substitution for b7 from (3.20) show that

2 (CF(1)° (b2 + c2) +4e™ 77 (CR (1))

27 4. 3nFL (O (1))2 + 2204 (CL(t) — CS(1))

a

so using (1.4) gives
2 a?t3(by + co) + 2at?e 2812
927 93t ad2 + 2201 (2t — 262 — 202 + 1)
and the application of Lemma 2.1 in the inequality

a?t3|by + co| + 2p2|a|t?|e 259
2|3+l + 227 (2t — 262 — 282 + 1))

las|* <

yields the desired result.
If we subtract (3.16) from (3.13), then we have

CY(t)(b2 — c2)

(3.21) az = a3 + 22 . gn+l
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so that by substituting for a3 in (3.21) from (3.20) gives

(CEWPH | Cr: )
922n+4 922 . gn+1

(3.22) as =

and

(CR®)? 0] | |CT(B)]1b2 — ca

(3.23) las| < — 55 92 . gnt1

so that putting (1.4) into (3.23) and using Lemma 2.1 yield the desired result.
To find the bound on a4, we subtract (3.17) from (3.14) to get

gy =2 28(CT ()2 (b2 = ca)by | OF ()05 —c5) _ [OF(t) = CF(B)](ba + o)y

22n+5 . 3n+1 22n+4 22n+4
| o8 =205 + CROME |, (e,
92n+5 92n+3
and
5-2"(CR(1))*|ba — callba| | |CR(B)|Ibs — es| | |CT () — CF(B)llb2 + callbn]
(324) ‘a4| < 22n+5 . 3n+1 22n+4 + 22n+4
L 10r) — 208 () + CEOIILF | [CF (@)lle™P|?bu]
22n+5 22n,+3
so that putting (1.4) into (3.24) and using Lemma 2.1 yield the desired result. O

Remark 3.4. 1If we set & = 1 in Theorem 3.3, then we will arrive at the results of Ayinla and Opoola [7,
Theorem 3.2].

Theorem 3.5. If F € B"(8, 1; &), then for a real value p,

9 glﬁlf when 0 < [Y(p)| < 3n1+1
jas — pa3] < 1
20alt|T(p)] when [T(p)| 2 zmer
where
at(l — p)
T(p) =~z

Proof. Using (3.19) and (3.22) implies that
(CR()* (b + 1) | CR) (b2 —ca)  (CF(1)*(bT + i)

2
as = paz = 92n+5 T gt P 92n+5
_CPM)(ba — ) | (L= p)(CT(0)2(b] + )
- 22 . gn+1 92n+5
CR(t) [(ba—ca)  (L—p)CR(t)(bT +c)
(325) 92 gn+1 22n+3
so that
Co(t by — ¢
(3:26) o - pat) < LN 22l s 2o}
for

T(P) _ (1 _2572—2?@) )

So, using (1.4) and Lemma 2.1 yields the desired result. O
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Theorem 3.6. If F € B"(, 11; &), then for a complex value o,

2lalt 92n+1
) Tl when |1 — | € [07 T T]alt
|as — oa3| <
1o p I1—o| € 2t
PR when e 3 lafr ©) -

Proof. Using (3.18) in (3.25) yields

gz = Gtz — ) | 207(1 — 0)(CT())*
43 =00y = o0 3t 92n+5

so that the application of Proposition 2.3 gives

C*(t)(4 — b)) (p — b2(1 — 0)(Ca(1))?
52 s - oo = SEOU -0 =) 301 - 0CP@)"

Now without any restriction, let b = b; and by Lemma 2.1 we know that b € [0,2]. Also, for simplicity
reason, let P = |p| < 1 and @ = |¢| < 1; and with some rearrangement, (3.27) simplifies to

b2 c« 2 c« 4 — b2
i+ L ) = wra)

las — ea3] < |1 - ¢
Since P, @ € [0, 1], then

PICOI” | 10T (D14 =)

max{¥(P,Q)} = ¥(1,1) = |1 — g o2t 57 . gt

and with some simplifications we have

_lerol  lerwr o 2o 2
(3.28) V(LD = S+ g (-l e = B(b).

Also, since b € [0, 2], then

) [SHOIE 2242
p— 1 J— _——
o' (b) 92n+3 [1- ol 3O (1)) b

shows that there is a critical point at b = 0, hence for ®'(b) < 0,

2n—+2
1—glel0, — ).
1=l [ 3”“|Cf‘(t)|)

This means that ®(b) is strictly a decreasing function of |1 — |, hence from (3.28)

(3.29) max{®(b) : b € [0,2]} = (0) = |§§ﬁ>|~

Also for ®(b) > 0,

22n+2
1-— —— 0
It =ele {3"“011(75) )

which implies that ®(b) is an increasing function of |1 — g|, hence from (3.28),

1 — o||C¢()|?
(3.30) max{®(b) : b € [0,2]} = ®(2) = %
Thus, putting (3.29) and (3.30) together and using (1.4) give the desired result. ]

4. CONCLUSION

In this investigation, we studied a certain class of regular functions in relation to the subordination
principle and the well-known Gegenbauer polynomials. This class consists of regular and bi-univalent
functions that are defined in the unit disk. Some achieved results include some early coefficient bounds
and the upper estimates for the Fekete-Szegt inequalities with real and complex parameters. The obtained
results extend that of Ayinla and Opoola [7] and others.
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