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ON SOME FRACTIONAL MAGNETIC PROBLEMS

FREDERIC D. Y. ZONGO'»*, SALIFOU KORBEOGO? AND AROUNA OUEDRAOGO?

ABSTRACT. In this article, we study existence of weak solutions and the unique continuation property of the
nonlocal fractional magnetic equation. First, we use a variational technique to prove existence of weak solutions
for the fractional Schrédinger equation with magnetic field. Moreover, we show the doubling property main
argument to unique continuation property via Carleman estimates.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The unique continuation property(UCP) is a fundamental result in mathematics and physics, especially
in the context of partial differential equations (PDEs) and the study of waves and quantum mechanics. It
has significant implications in understanding the behavior of solutions to certain differential equations and
is related to the notion of stability and predictability of physical systems. Essentially, UCP states that if a
solution to a partial differential equation (PDE) vanishes on a sufficiently large portion of a domain, then
the solution must vanish identically over the entire domain. In other words, if the solution is zero on a
non-empty open set, it must be zero everywhere in the domain. In other words, UCP can be interpreted
as stability and predictability conditions for physical systems. It was first introduced by Carleman in its
pioneer work [5]. Due to its profound physical meaning ant its implications in various fields of science, en-

gineering and applied mathematics, UCP of differential operator has attracted many researchers and gives

p
loc*

rised to many results concerning specially the Schrodinger operator H = A + V(z), with V' € L] . Jeri-
son and Kenig has established UCP when p = %, where N is the dimension of the whole space (see [12]).
Their result was later improve by Koch and Tataru [14]. Recently, UCP for the many-body Schridinger
operators has been proved by Garrigue [11] with weaker assumption on the potential than the one shown
in [16]. For more results see [16]. On other hand, the fractional Schrodinger equation for the wave function
of quantum mechanical system was first introduced by Laskin to model the motion of fractional quantum
mechanic particle see [17]. Since then, many researchers have found several applications of fractional dif-
ferential equations. Indeed, fractional differential equations is used to describe the anomalous transport
of matter, the movement of a chain or a network of particles which are linked by elastic springs (see [20]),
financial processes with jump (see [6]) and references therein. For more informations on fractional magnetic

operator, we refer the reader to [1] and references therein.
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Therefore, we can obviously ask what will happen if instead of the classical Schrodinger operator H we
take the fractional Schrodinger operator H, := (—A)*+V (x)? Do we still get UCP result? This question has
received many attentions from researchers. Though, almost every results were obtained by using Carleman
estimates via Caffarelli-Silvestre extension see [9,13]. We wonder if it is possible to use direct method to
prove UCP for fractional magnetic Schrodinger equation.

In this paper, we first establish existence of the weak solution for fractional magnetic Schrodinger equation.
Secondly, we show the doubling property first step to get the unique continuation property to the fractional
magnetic Schrodinger equation given by

1.1
(1.1) u =0 inRM\Q,

{ (“A)u+V(z)u =0 ingQ,

where (2 is a bounded subset of R, V : RY — R is a sign-changing scalar potential, V € LlOC(Q) N(L"(Q)+
L>*(Q)) (N >3,1<r <o), A: RV — R" is the magnetic potential, and (—A)¥ is the fractional magnetic
operator which, up to normalization, defined as

B . ulx) — ei(zfy)'A(#)u y
(1.2) (—A)5u(z) =2 lim (z) BE= )

dy, YreRY,
e—0t RN\ B.(z) ‘a? -y

here B.(z) denotes the ball in RY with radius £ > 0 centered at z € RY.
(—A)%u(x) is a magnetic version of fractional Laplacian operator given by

Sola) — 2 1 u(z) — uly) N
(1.3) (=A)°u(x) = 251_1>%1+ b m dy, VYxeR"Y,
Motivated by above works about magnetic equation(notably [21], [13] and references therein), this paper
uses variational approch to prove existence result for Schrédinger equation with magnetic field.
The rest of the paper is organized as follows: In section 2, we recall some basic proprieties of fractional
magnetic Sobolev spaces, in section 3, we state and prove our existence result for magnetic equation and in
section 4 we prove our result on UCP .

2. PRELIMINARIES

In this section, we first give some basic results of fractional Sobolev spaces that will be used later. Let
N > 2,0 < s < 1 be real number satisfying 25 < N and the fractional critical exponent 2} be defined as
23 = 2255, The fractional Sobolev space D*(R") is defined as the closure of C§°(R") with respect to the
norm

1/2
Jully = (1l + [2)

w12
Js = //RN o= |N+2 drdy)

is the Gagliardo seminorm and ||u| the L?-norm. The L? of u will be denoted ||ul|,.

where

Suppose that A : RY — R¥ is a continuous function and denote
Ba(a,y) = 4G

Let consider the magnetic Gagliardo semi-norm defined by

2 /
e[, AR )"




Pan-Amer. J. Math. 2 (2023), 17

and define D% (R", C) as the closure of C§°(RY, C) with respect to [-],, 4.
We also define ||.||s and |[.||5,4 as:

2 i
(2.2) |[ul|s= (/ |da:+//RzN — N+2)s| dxdy>

and

23) HWM=U” \mmf@N |;?$Q@mef.

The characterizations of magnetic Sobolev Spaces that we use are given as follows

(24) H3(Q) = {u € L*(Q); [|ul|s,a < oo},
Assumption 2.1. We make the following assumptions on the potential V.
(A)): Ve L'(Q) + L™®(Q), with r > 2%
(A2): V is weakly lower semicontinuous and vanishes at infinity, i.e
Ay ={z : V(x) > a}| < ocoforalla > 0.
Lemma 2.2. (Diamagnetic inequality) For each uw € D% (RN, C) it holds |u| € D*(R"). More precisely,
[[ul], < [uls.a, forallu e D (RY,C).
In order to define weak solution to problem (1.1), we recall the following functional space
(2.5) Xo0,4(Q) = {ue H5(Q) :u=0ae inRY\ Q},

equipped with the semi-norm
[ullxo.4 () = [u]s,a-
Lemma 2.3. (see [1]) Let Q@ C RY be an bounded open. Then
Xo,4(R?) — H*(R?,C),

%55

in other words, there exists a positive constante C,, s > 0 such that for all p € [2, 575

(2.6) [ullp < Cnsluls,a-
Furthermore, if the boundary of €2 is Lipschitz the injection
Xo0,4(02) = LP(Q,C)
is compact for any p € [1,2%).
The following lemma is an analogue of Lemma 2.1( [3]) in the frame of fractional magnetic laplacian.

Lemma 2.4. Assume that (A1) holds. Then for every e, there exists A such that
2.7) /QV(I)\U(I)IZdl“ < ellullX, o) + AdlullZz0)-

Proof. LetV € L"(Q) + L>() i.e V(x) = Vi(z) + Va(z) with V3 € L™(Q2) and V, € L (). we have

/V(x)|u(x)|2dx = /V1 )u(z 2dac+/V2 )|u(x)|*dx
Q

/W@MWWM+/’ %WW@WM+/ Va(o)|u(z) Pde
Q {IV2|<k} {IV2|>k}
(k + 1Valloo) 1ull72 ) + Vallr (qvaisep llul 22 q)

2.8)

IN
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1,1
where - + ¢

=1
Since 2t € [1,2%) for all r > 22, then from Sobolev inequality we have
s

(29 lullZ2 () < CrsllullX, 4o

therefore,

(2.10) /QV(JU)W(J:)IZCZJ3 < (k+1[Valloo) [JullZ2 (@) + CrslVillrqvasap 1l 1%, 4 o-

Now, choosing k big enough so that C,, s[|V1 ||~ ({jvz|>%}) < € we get the desired result. O

3. EXISTENCE OF GROUND STATE SOLUTION

In this part we consider the following fractional Schrodinger problem
(“A)yu+V(z)u =FEu inQ,
(3.1) u =0 inRV\Q,
lull2 =L
We give the following definition of weak solution to problem 1.1 that arises from the variationnal formula-

tion.

Definition 3.1. A function u € X _4(f2) is a weak solution of (1.1) if u satisfies

(3.2) ((=A)%u,v) + /Q Vuvdz =0,
where
I e

for every v € X _4(9).
Theorem 3.2. Assume that (A1) — (Az) hold. Then problem (1.1) has a weak solution in the sense of definition 3.1.

In order to formulate the variational approach of problem 1.1, we introduce the functional J 4 : Xo 4(Q2) —
R defined as follows

Ja(u) = ¢alu) + ¥ (u),

1 lu(z) — Baw,y)uly)|”
dau) = 3 //ng o — |25 dz dy.

where

and )
Y(u) = 7/ Vul?dz.
2 Jo

The followings lemmas permits to prove ours theorem

Lemma 3.3. Assume that V satisfy (A1) and (As), then J 4(.) is bounded from below and is weakly lower semicon-
tinuous.

Proof. Letu € Xo,.4(Q). First, we show thatif V' € L"(Q) then J4(.) is nonnegative whenever ||V ||, < C, L.
Indeed, let us consider ¢ 4(u). We have by Hoélder and Sobolev inequalities

V(z) 2 Vi 2
olu@)fdr <l e[l
/Q VAl VAl o
< ful,

A

(3.4) Vil "p(u) < Crslul? 4.
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It follows from (3.4) that

pa(u) +h(u)
> (1= CnslVallr)pa(u) = 0.

Ja(u)

Now, consider V as in (4;) i.e. V = V; + Vs, where V; € L"(Q) and Vo € L*>(Q), with r > 22 Let
s
h(z) = (Vi(z) — A\)~, where f~(z) = min(f(z),0). Then, h satisfies |||, < C,, s. Indeed, by (2.6)

hy)P
= C“//M oyt

) — A%
(Vi(@)> AV () > A} \l‘—y| (VA ()M, Vi (1) <A} |l“—y| :

(35) < Cus(Li(N) +I2(N)

Since, V is vanishing at infinity so is V; therefore, by the dominated convergence theorem for A great enough
the integrals I () and 2 () could be choose small such that

I; (A) + I(M\) < 1. That shows the desired result.

From what precedes, we have

Talw) = //Q By ﬂ*‘ﬁiﬁ O gy + L [ v@luto)Pds

= 0al)+ 5 [ (@ = NVlu@Pde+ 5 [ Va(olula) P+ A

> 0alu)+ 5 | Mwlu(o)Pde+ [Vl +
> gaw) = g IlAIVAI P, — [1Valleol 3 + A
> 0a(u) + A~ [[Vallucllull

66) > (542 CulValle ) a2 0

(' since A is supposed to be big enough). And therefore, the functional J4(.) is bounded from below and
coercive. Moreover, J4(.) is weakly lower semicontinuous since, V' is assumed to be weakly lower semi-
continuous and so is the Gagliardo seminorm [.],, A by applying Fatou lemma. O

Lemma 3.4. Let u € X _4(Q2), u is a minimizer of J 4 if and only if u is weak solution to problem.

Proof. Let us check that the minimizer of J 4 satisfies the problem (1.1). We have

0 = %JA(u—i—tw |t:0
- — Ea(z,y)u(y)) + t(w(x) — Ealz,y)w(y))|”
- // it o — g drdy
I
(3.7) + %/Q%V(m)(u(m) + tw(z))? dz Ht:O'

Iz



Pan-Amer. J. Math. 2 (2023), 17 6

Note that
L o= //QQ — Ea(z,y)w l(y_))y(l(;tgz — Balwy)u®) ;0
(3.8) + / /Q . — Ea(z,y)w ! (y_)) y(|(;tg) Bl y)uy)
By changing the role of u and w in the first integral we obtain:
e
+ //Qm — Ea(a,y)w | (y_))y((ﬁg) —Balryu)
(3.9) _ //QxQ — Elx, y)| (_)))|(Nui(2:§) — Ealz,y)w(y)) ey

The same ideas on I, give

Igz/QV(x)u(x)de.

It follows that
0 = iJA( + t’LU ’t:o
_ — Balwy)u(y) (w(z) - Ealwyuly)
B //stz |z — y|N+2s dz dy
(3.10) + /Q )u(x)w(g;)dz

Therefore, u satisfies problem 1.1.
Now, let see the proof of the converse (that every weak solution is the minimiser of J4). Let u € X 4(2)
be a weak solution to problem then in the sense of Definition 3.1, u satisfy

— Balz,y)uly)) (v(z) — Balz,y)o(y) JTde —
(3.11) //QxQ d dy—i—/QV dr =0

|z —y| N+

for every v € X 4(f2), which proves that J/;(u) = 0. So, since J 4 attains its minimum, then u minimizes
J 4. O

The proof of Theorem 3.2 follows from Lemmas (3.3) and (3.4).
4. AN UCP RESULT
In this part, we prove a weak ucp property of the fractional magnetic operator (—A)%.

Definition 4.1. A function u € L?(Q) has a zero of infinite order at zq € ) if for each n € N, there exists a
constant C; > 0 such that

(4.1) / lul* < C1R".
B(Io R)

Definition 4.2. A family of functions enjoys the unique continuation property for short U.C.P. , if no func-
tion besides possibly the zero function vanishes in a set of positive measure of ().

Definition 4.3. A family of functions has the strong unique continuation property for short S.U.C.P. , if no
function besides possibly the zero function has a zero of infinite order.
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Definition 4.4. A family of functions enjoys the weak unique continuation property for short WU.C.P. , if
no function besides possibly the zero function vanishes in an open subset of 2.

Now, we state the main result of this part.

Theorem 4.5. Let V € Lloc( ) and suppose that v € Xo, 4(§2) be a solution of
(4.2) (A u+V(z)u=0.

If w = 0 on a set of positive measure E, then w has a zero of infinite order.

Now, we will need the following inverse Poincaré’s Inequality.

Lemma 4.6. Let r > 0, B, and Bs, be two concentric balls contained in Q. Assume V € LZOC( ). If w is a solution
of Problem 1.1 then, we have

— Ea(x,y)u(y 2 C!
(4.3) //B y(|N+2)é u(y)| dady < 722/ ul?.
x B, Ba,

Proof. Let ¢ € C§°(12) be a real-valued function with supp ¢ C Bs,, ¢ =1 for z € B, and |(—A)% | <

2
=

Let u € Xo 4(9) satisfying 4.2, taking v = ug? as test function, we obtain

(u(z) = Bal@,y)u(y)) ((¢*u)(z) — Balz, y)(¢?u)(y))
//BQTXBQT |I - y|N+25 da dy
44 Vu(p2u)dr = 0.
(4) S RCCD
Using the following identity
(4.5) (a —b)(ca — db) = cla — b|* +b(a — b)(c — d),
where a, b, ¢, d are complex numbers; the first term of (4.4) can be written as
— Ea(z, y)u(y)*¢*(x)
[, R ey
Ea(z, y)uly) (u(z) — Ealz,y)uy)) (¢*(@) - ©*(1))
(4.6) + //B2TXB2T o — [N dxdy
and then (4.4) becomes
— Ea(z, y)u(y)*¢*(x)
//Bz, X Ba,. |.’L‘ - |N+26 dxdy
- Ea(z, y)uly) (u(x) — Ealz, y)uly)) (92(x) — 02 (y))
St/ PR iy
4.7) - Vu(p?u)dz.

B,
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Passing to absolute value we have

— Eu(x, 20,2
//Bzpr% |$A( iyl\)/+<23) al )dscdy
|[Ea(z, y)uly) (u(@) — Bale, y)uly)) (9*(=) = ()|
: //327 % Ban |z — y|N+2s dxdy

+ /B R
/ / Balry)u)llns) ~ PaGyulle @) ~ 20
Bs,XBs, |

x_y|N+25
+ / IV |luf?p?de
Ba,

IN

2
— Ea(z,y)uly)| (o(x) + ¢(y))?
< ff P drdy+
2
+ //B . ||x|f( |)N+2f(y) da:dy—|—/ |V||u|2<p2dx
2r X D2y 2r
4.8) < L+ 1+ I,
where
2
— Ea(z,y)uy)] (p(x) + ¢(y))*
L = //132 . 7 — g dxdy
y)Ple(@) — o(y)]?
I, = // dxd
2 BQTXBZT |‘/L. - y|N+28 y
I; = / |V ||u?o?dz.
BQT‘
Since, p < 1 on By, we have
2
— Ea(z,y)u(y)|
4.9) L< 46//32 " ‘x_ Jv - dedy.
As for I,, we have
_ Y le(@) — p(y)[?
b= e ey
2 o(x) — p(y)?
= 1/ 1wl [/Bmm_yws do dy
1 2
= - [u(y)|"Gsp(y)dy
€ JBs,
C
(4.10) < = [ lu(y)Pdy,
er -
where

) — 2
- | e,

From (2.4), we have

2 — Ea(z,y)u (y)‘z 2
(4.17) ch lul“dz < e Nio dx dy + A(e) ||
Bo,XBa, ‘x - | s

B2r
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Then, putting together (4.9)-(4.11), (4.8) becomes

|u(z) — Ealz, y)uly)|**(z) // — Baw,y)uy)|®
d dy < be dzr d
//BQTXBQT |‘/'r - y|N+2S y BQTXBQT |‘/'E - y|N+2S y

+<Q+JU)A%M2

1
Now, choosing e such that 0 < € < 5 and A(e)r? < C it follows that

o 2,2
B2y X Bay |z — y| + * r

Bs,

— B, p)uly)? C[
.//,XB \x-—|N+% drdy <75 1

Hence,

O

Proof of Theorem: We denote F a set of positive measure, E° the complement of E, B,(z) the ball of
radius r centered at x¢ and | S| the Lebesgue’s measure of a set S.
Assume that u € H% (7, (2) vanishes on the set £. Almost every point of E are a point of density of F i.e if
xo is such a point then

. |EN B(x0)]
4.12 lim ————~
(412) 50 |By(x0)]

In other words, if z is a density point of E, given some € > 0, there is an ry = r¢(¢) such that for any r < r

=1.

we have
|EC M BT($0>|
| B (20)]

Taking r smaller, if necessary, we can assume B, (zg) C .

(4.13)

Since v = 0 on E, the Hélder inequality yield

/\m%: /‘ Juf?
B, B,NEC

N—2

N
<(f =) s neep
B,.NEC¢

N-—2

N
(4.14) <eﬂ&ﬁ(/ uW*)
B,NE°

According to 4.14, Sobolev inequalities and Diamagnetic inequality, we have

[ <0w<>w</ﬁ /LXBW l”%ﬁfwfmw>

2 —F
SC’eWTO/ \u|2+C’eN7" // A(fv.ijz) u(y)” dz dy.
B, x B, |5C— y|NF2s
And we obtain

— Bz, y)uly)”
4.15 / U2<C€NT // dz dy.
(415) [ B, x B, |5€—y|N+2S Y

From inverse Poincaré’s Inequality we have for any r < rg

(4.16) / |u\2gce%/ |u)?.
B B2r

"
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Now, we introduce the following function

(4.17) f(r) = /B Ju?

T

and fix n € N, choose ¢ > 0 such that Ce¥ = 2. Since ro depends on e then 7y will also depends on n and
from (4.16) we have

(4.18) f(r)y<27"f(2r) for r <ro.

By iteration of (4.18) we get

(4.19) fy <27knp2kry  for v <27k,

Let fix r and choose k such that 2= %rq < r < 2= =1y, Then according to 4.19, it follows that
(4.20) flr) <27k (k).

In addition, since the function f is increasing, we have

(4.21) F2Fr) < f(2r9).
We use (4.20) and (4.21) to get
4.22) £(r) < 275 f(2r).

Since 27% < L, we have

(423) Fr) < (T)nf(%)

It follows that zq is zero of infinite order of u.

Notes and Comments. First, we may go further and try to show existence of ground state solution. In other
word, problem (1.1) constrained with ||u||2 = 1 has a minimizer under mild assumption on V. To this aim
we could use Lions compactness princinpe see [19].

Secondly, many authors get UCP for fractional operator by using Caffarelli-Silvestre extension( [4]). Could
we prove this result without using Caffarelli-Silvestre extension( [4])? We will try to elucidate it in forth-
coming paper.
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