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FINITE LOGARITHMIC ORDER MEROMORPHIC SOLUTIONS OF COMPLEX LINEAR
DELAY-DIFFERENTIAL EQUATIONS

ABDELKADER DAHMANI AND BENHARRAT BELAIDI*

ABSTRACT. In this article, we study the growth of meromorphic solutions of linear delay-differential equation of

the form
n m .
DD AP+ ) = Fl2),
i=04=0
where A;;(z) (1 =0,1,...,n,5 =0,1,...,m,n,m € N) and F(z) are meromorphic of finite logarithmic order,
¢i(i =0,...,n) are distinct non-zero complex constants. We extend those results obtained recently by Chen and

Zheng, Bellaama and Belaidi to the logarithmic lower order.

1. INTRODUCTION AND MAIN RESULTS

Throughout this article, we assume the readers are familiar with the fundamental results and standard
notations of the Nevanlinna distribution theory of meromorphic functions such as m(r, f), N(r, f), M(r, f),
T(r, f), which can be found in [13,15,25]. The concepts of logarithmic order and logarithmic type of entire
or meromorphic functions were introduced by Chern, [9,10]. Since then, many authors used them in order
to generalize previous results obtained on the growth of solutions of linear difference equations and linear
differential equations in which the coefficients are entire or meromorphic functions in the complex plane
C of positive order different to zero, see for example [1,6,11,14, 19,21, 22], their new results were on the
logarithmic order, the logarithmic lower order and the logarithmic exponent of convergence, where they
considered the case when the coefficients are of zero order see, for example, [2—4,7,12,17,18,23]. In this
article, we also use these concepts to investigate the lower logarithmic order of solutions to more general
homogeneous and non homogeneous linear delay-differential equations, where we generalize those results
obtained in [5,8]. We start by stating some important definitions.

Definition 1.1 ( [3,10]). The logarithmic order and the logarithmic lower order of a meromorphic function
f are defined by

,Ulog(f) = liminf M

_ log T'(r, f)
Plog(f) = lim sup —=——-= r—+o0 loglogr

r—s+oo loglogr
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where T'(r, f) denotes the Nevanlinna characteristic of the function f. If f is an entire function, then

log log M logT
prog(f) = lim sup 12818 (1) _ i sup 28T )
r—s+too  loglogr r—s+oo loglogr
log log M logT
fiog(f) = liminf loglog M(r, f) = liminf —2-\"J) (r, f),
r—+oo  loglogr r—+oo loglogr

where M (r, f) denotes the maximum modulus of f in the circle |z| = r.

It is clear that, the logarithmic order of any non-constant rational function f is one, and thus, any
transcendental meromorphic function in the plane has logarithmic order no less than one. Moreover, any
meromorphic function with finite logarithmic order in the plane is of order zero.

Definition 1.2 ( [3,7]). The logarithmic type and the logarithmic lower type of a meromorphic function f

are defined by
1 T(T7f) IRT . T(Taf)
TIOg(f) = llng (log T)plog(f) ) Ilog(f) = }E#noi (10g ,r.)p,log(f) ’
If f is an entire function, then
L log M (r, f)
Tiog,m (f) = 1-13532 Togrypes )’
log M (r, f)

Tiogar (f) = }El}}i_nof; (log r)mes()”

It is clear that, the logarithmic type of any non-constant polynomial P equals its degree deg P, that
any non-constant rational function is of finite logarithmic type, and that any transcendental meromorphic
function whose logarithmic order equals one in the plane must be of infinite logarithmic type.

Definition 1.3 ([10]). Let f be a meromorphic function. Then, the logarithmic exponent of convergence of
poles of f is defined by

r—s+00 loglogr r—s+o00 loglogr

)

1
Alog (f) = lim sup logn(r /) _ lim sup log N(r f) _

where n(r, f) denotes the number of poles and N(r, f) is the counting function of poles of f in the disc
lz| <.

Definition 1.4 ([25]). Let a € C = CU {00}, the deficiency of a with respect to a meromorphic function f is
given by

m (n ﬁ) N (r, ﬁ)
0(a, f) =liminf ——— =1 - limsup—————+%.
( f) r—too T (T7 f) 7"*>+0<I>:) T (’I”, f)

Recently, the research on the properties of meromorphic solutions of complex delay-differential equa-
tions has become a subject of great interest from the viewpoint of Nevanlinna theory and its difference ana-
logues. In [20], Liu, Laine and Yang presented developments and new results on complex delay-differential
equations, an area with important and interesting applications, which also gathers increasing attention
(see, [4,5,8,24]. In [8], Chen and Zheng considered the following homogeneous complex delay-differential

equation
(1.1) DD AP+ ) =0,
i=0 j=0
where A;;(z) (i =0,1,...,n,5 =0,1,...,m,n,m € N) are entire or meromorphic functions of finite order,

¢;i(t =0,...,n) are distinct non-zero complex constants, and they proved the following results.
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Theorem 1.5 ( [8]). Let A;;(z) (i = 0,1,...,n,j = 0,1,...,m) be entire functions, and a,l € {0,1,...,n},
b e {0,1,...,m} such that (a,b) # (1,0). If the following three assumptions hold simultaneously:
(1) max{p(Aas), p(Aig): (i) # (a0, (1,0)} < p(Aw) < 00, 1 Awg) > 0;
(2) Trr (A1) > Tar(Aap), when p(Aw) = p(Aab);
(3) Tar(Aw) > max{ra((Aiy) p(Aij) = w(Aw): (i,5) # (a;b),(1,0)}, when p(Ayp) =
max{p(Ai;): (i,7) # (a,0), (1,0)},
then any meromorphic solution f(z)(# 0) of (1.1) satisfies p(f) > p(Ai) + 1.

Theorem 1.6 ( [8]). Let A;;(z) (¢ =0,1,...,n,5 =0,1,...,m) be meromorphic functions, and a,l € {0,1,...,n},
b e {0,1,...,m} such that (a,b) # (1,0). If the following four assumptions hold simultaneously:

(1) 6(00, Ajg) =6 > 0;

(2) max{i(Aas)s p(Aig): (i) # (ab), (1,0)} < (Aug) < 00, j(Arg) > 0

(3) 67(Aw) > 7(Aap), when p(Aiw) = p(Aab);

(4) 07(Ai) > max{7((Ay;) : p(Aij) = p(Aw): (i,5) # (a,b),(,0)}, when p(Aw) = max{p(Ai;): (i,j) #

(a,0), (1,0},

then any meromorphic solution f(z)(# 0) of (1.1) satisfies p(f) > u(Ayp) + 1.

Further, Bellaama and Belaidi in [5] extended the previous results to the non homogeneous delay dif-
ferential equation

(1.2) Z ZA” VD (24 ¢) = F(z),

=0 j=0
where A;;(z) (i =0,1,...,n,5 =0,1,...,m,n,m € N), and F(z) are entire or meromorphic functions of
finite order, ¢;(i = 0,...,n) are distinct non-zero complex constants, and obtained the following theorems

for the homogeneous and non-homogeneous cases.

Theorem 1.7 ( [5]). Consider the delay differential equation (1.2) with entire coefficients. Suppose that one of the
coefficients, say Ajo with p(Aw) > 0, is dominate in the sense that:

(1) max{p(Aap), p(S)} < p(Aw) < o0;

(2) Tpr(A) > T (Aab), whenever j1(Ay) = p(Aap);

(3) Tpr(Ao) > max{ma(g) : p(g) = u(Aw): g € S}, whenever u(A) = p(S), where S := {F, A;;: (i,7) #

(a,b),(1,0)} and p(S) := max{p(g): g € S}.

Then any meromorphic solution f of (1.2) satisfies p(f) > p(Aip) if F(z)(Z 0). Further if F(z)(= 0), then any
meromorphic solution f(z)(# 0) of (1.1) satisfies p(f) > p(Aw) + 1.

Theorem 1.8 ( [5]). Consider the delay differential equation (1.2) with meromorphic coefficients. Suppose that one
of the coefficients, say Ajo with 1(Aig) > 0, is dominate in the sense that:

(1) max{p(Aap), p(S)} < p(Aw) < o0;

(2) 7(Aw) > 1(Aap), whenever u(Ayp) = u(Aw);

(3) D oA =i Aro)(i,1) £ (1,0), (apy T(Aig) + T(F) < 2(Aw) < oo, whenever p(Ay) = p(S5);

(4) Zp(Au) — (o) (i) £ (10) () T(Aij) + T(Aap) < T(Ajo) < oo, whenever p(A) = p(Aap) = p(5);

(5) A (A—lo) < p(Ap) < .
Then any meromorphic solution f of (1.2) satisfies p(f) > p(Aip) if F(z)(Z 0). Further if F(z)(= 0), then any
meromorphic solution f(z)(# 0) of (1.1) satisfies p(f) > p(Aw) + 1.

Note that the case when the coefficients are of order zero is not included in the above results and because
the logarithmic order is an effective technique to express the growth of solutions of the linear difference
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equations and the linear differential equations even when the coefficients are zero order entire or meromor-
phic functions, in this article, our main aim is to investigate the logarithmic lower order of meromorphic
solutions of equations (1.1) and (1.2) to extend and improve the above theorems. When the coefficients of
(1.1) and (1.2) are meromorphic functions and there is one dominating coefficient by its logarithmic lower
order or by its logarithmic lower type, we get the following two theorems.

Theorem 1.9. Let A;;(z) (i = 0,1,...,n,5 = 0,1,...,m,n,m € N) be meromorphic functions, and a,l €
{0,1,...,n},b € {0,1,...,m} such that (a,b) # (l,0). Suppose that one of the coefficients, say Ao with Aiog (A%o) +
1 < og(Aso) < 00, is dominate in the sense that:
(i) max{ftiog(Aab), Plog(S)} < piog(Ar) < 00;

(ii) T1o5(A10) > Tiog(Aab), whenever pnog(Aio) = tiog(Aab);

(H1) 3 (As)=pi10n (Ar0)(5.5) £(1,0),(asb) Tog (Aij) + Tog (F7) < Tiog(Aro) < 00, whenever puog(Ain) = prog(5S);

(10) 3 o (Asy ) =tir0g (Aro)s(i7) % (1,0), (a,b) Tlog (Aig) FTog (F) +T10g (Aab) < Tiog(Awo) < 00, whenever piog(Aro) =

Piog (Aap) = prog(S), where S := {F, Ai;: (i,7) # (a,b), (1,0)} and piog(S) := max{piog(g): g € S}.

Then any meromorphic solution f of (1.2) satisfies piog(f) > ftiog(Aio) if F(2)(# 0). Further if F(z)(= 0), then any
meromorphic solution f(z)(# 0) of (1.1) satisfies piog(f) > tiog(Aio) + 1.

Theorem 1.10. Let A;;(z) (¢ = 0,1,...,n,5 = 0,1,...,m,n,m € N) be meromorphic functions, and a,l €
{0,1,...,n},b€{0,1,...,m} such that (a,b) # (,0). Suppose that one of the coefficients, say Ao with u(Ap) >0
and §(o00, Ajg) > 0, is dominate in the sens that:
(i) max{ftiog(Aab), Plog(S)} < piog(Ar) < 00;
(i) 0T10g(A10) > Tiog(Aab), whenever pog(Ain) = tog(Aab);
(1) 32 (As) =108 (Aro)s(i7)£(1,0),(asb) Tlog (Aiz) F Tlog (F) < 67105 (Ato) < 00, whenever puog(Aio) = prog(S);
(iv) Zplog(A,;,-)=mog(Am),(11,j)7é(l,0),(a,b) Tiog(Aij) + Tog(F) + Tiog(Aab) < 0Tyoe(Ai0) < oo, whenever
tog(Ai0) = tog(Aan) = prog(S), where S = {F, Ai;: (i,j) # (a,b),(1,0)} and piog(S) =
max{piog(g9): g € S}.
Then any meromorphic solution f of (1.2) satisfies piog(f) > thog(Aio) if F(2)( 0). Further if F(z)(= 0), then any
meromorphic solution f(z)(# 0) of (1.1) satisfies piog(f) > iog(Aio) + 1.

2. SOME LEMMAS

The following lemmas are important to our proofs.

Lemma 2.1 ( [16]). Let k and j be integers such that k > j > 0. Let f be a meromorphic function in the plane C
such that f9) does not vanish identically. Then, there exists an ro > 1 such that

£® + p(T(p. f))

1) r(p—r)

forall rg < r < p < +o0. If f is of finite order s, then
(k)

. m(Ta %)

limsup ————

r—-4o0 1Og

k!
m(r, 7=) < (k —j)log +10gﬁ +5.3078(k — 7),

< max{0, (k — j)(s — 1)}.

Remark 2.1. Itis shown in [13, p. 66], that for an arbitrary complex number ¢ # 0, the following inequalities
(A+oM)T(r=le[, f(2)) T (r, f(z+¢)) <AL +0W)T (r+lel, f(2))

hold as r — +oo for a general meromorphic function f (z). Therefore, it is easy to obtain that

Prog(f +¢) = prog(f), tiog(f +¢) = tog(f)-
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Lemma 2.2 ([3]). Let f be a meromorphic function with 1 < peg (f) < +o00. Then there exists a set Ey C (1,+00)
with infinite logarithmic measure such that for any given € > 0 and r € E, C (1,+00) , we have

T (r, f) < (logry ==+,

Lemma 2.3. Let f be a meromorphic function with 1 < pee (f) < +o00. Then there exists a set E5 C (1, +00) with
infinite logarithmic measure such that

o T(r,f)
Ilog(f) - T%IEOOW'
reBy

Consequently, for any given € > 0 and all sufficiently large r € E», we have

T (r, f) < (T1og(f) +€) (log )=t

Proof. By the definition of the logarithmic lower type, there exists a sequence {r,, } -, tending to co satisfy-
ing (1+ 1) 7, <7rn41,and

T(rn, f)

Tn—>+00 (log Tn)ﬂlog(f) ’

Tlog (f) =

Then for any given ¢ > 0, there exists an integer n; such that for n > n; and any r € [ni“rn, rn} , we have

TG f) _ T f)
(log 7, )H1e () = (log r)Hes(f)

T(ra. f)
(log 77 os)

<

It follows that

log nL-HT" Hiog (f) T(ni_,_lrmf) . T(r, f)
log Ty (log 727 )Mes() = (log r)mos(l)
oa(f
(2 1) < T(rna f) log Tn " ( )
’ - (log rpn)/ilog(f) log nilT” ’
Set
+o0 n
E =
2 ngl I:n+ 17"n,Tn:|
Then from (2.1), we obtain
T T(ry,
lim M = lim 404 /) = Ilog(f)a

rtoo (log r)kes(f)  r, =00 (log 1y, )H10s(f)

so for any given € > 0 and all sufficiently large r € E5, we get
T (Ta f) < (Ilog(f) + 5) (log ’I”)“log(f) ,

+oo Tn 400
where lm (B>) = [ = Y [ 2= 3 log(1+ 1) =+o0. 0
Eo n=ny ey n=ny

Lemma 2.4 ( [3]). Let n1,n2 be two arbitrary complex numbers such that ny # ny and let f be a finite logarithmic
order meromorphic function. Let p be the logarithmic order of f. Then for each € > 0, we have

() o),
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3. PROOF OF THEOREM 1.9

Let f be a meromorphic solution of (1.2). If f has infinite logarithmic order, then the result holds. Now, we
suppose that piog(f) < co. We divide (1.2) by f(z + ¢;) to get

Al Z Z fOCE+e) fz+a)

g
i=0,il,a j=0 fZ+C7 f(Z+Cl)

FO(z+ ca) fz 4 ca) f9(z+a)
+ Z a flz+e) flz+a) Jrz Yz +a) flz+a)
Jj=0,j#b J=1

[0t fete)  F(2)
G.1) e et feta)

By (3.1) and Remark 2.1, for sufficiently large r, we have

T(T, AlO) (T Al()) —|—N 7" AlO Z Zm T A” —|—m ’I’ Aab)

1=0,i#l,a =0
+Zm(r,Alj)+ Z m(r, Aqj) + Z Z ( @) z+0i))
j=1 7=0,7#b 1=0,i#l,a j=0 + )
- f(z+cz-)> - ( f9 (z+ca)) ( f(z+ca))
PO (nfereg) + B e Rl i ey
- f9(z+a) 1
+jz::1m (r, JM) +m((r,F)+m (r,JM) + N(r,Ap) + O(1)
< Z ZT(T, Aij) +T(r, Aap) + ZT(T, A) + Z T(r, Agj)
i=0,i#l,a j=0 j=1 §=0,7b
n m f(j)(z—‘,—ci)) " ( f(z—f—ci))
+ i_(;mjz_:l m (r, fz+ ) + i_(%l,am " fz+a)
- f(j)(z—i—ca) f(z+ca)
+.7Z::m ( Fe+ ca) ) em ( f(Z+Cz)>
(J)
(3.2) +Z ( f;_:;;”) + T (r,F)+ 2T (2r, f) + N(r, Awo) + O(1).

From Lemma 2.1, for suff1c1ently large r, we obtain

) :
(3.3) m (r, ff(f’:cc))> <2jlog" T (2r, ), (i=0,1,.;n,j=1,....,m).
By Lemma 2.4, for any given € > 0 and all sufficiently large r, we have
y y & y larg
z+ ¢ _14e . .
(3.4) m (7', M) =0 ((IOg T)plog(f) 1+ ) R (Z =0,1,...,n,i # l).

From the definition of Ajog ( A ) for any given ¢ > 0 with sufficiently large r, we have

(35) N(r, Aip) < (logry s (i) +1+

By using the assumptions (3.3)-(3.5), we may rewrite (3.2) as

T(r,Ap) < Z ZTTA” +T(r,Aw)

1=0,i#l,a j=0
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+ Z T(r, Ai;) + Z T(r,Ae;) + O (log+ T (2r, f))
j=1 3=0,j#b
(3.6) +0 ((1og r)ﬂloﬁf)*l“) LT (r, F) + 2T (2, f) + (logr) s (7ig) 71,

This proof is also divided into four cases:
Case (i): If max{ftiog(Aab), Plog(S)} < tiog(Aio), then by the definitions of pieg(Aig) and pieg(S) for any
given € > 0 and all sufficiently large r, we have

(3.7) (7‘ AlO) (1Og7«)#log(‘4l0) [

(3.8) T(r,g) < (logr)”“’g(s) , g€S.

By the definition of fiios(Aqs) and Lemma 2.2, there exists a subset E; C (1,400) of infinite logarithmic
measure such that for any given € > 0 and for all sufficiently large r € E;, we have

(3.9) T(r, Agp) < (log T)l‘flog(Aab)+€.

We set p = max{ftiog(Aab), pPlog(S) }, then from (3.8) and (3.9), it follows

(3.10) max {T(r, Aap), T(r,9)} < (logr)’*e.

Also, from the definition of pjos(f) for any given ¢ > 0 and all sufficiently large r, we have

(3.11) T(r, f) < (log T)mog(f)ﬁ—s.

By substituting (3.7), (3.10) and (3.11) into (3.6), for any given ¢ > 0 and all sufficiently large r € E;, we get

(log r)fes(A0)=< < O ((log )7 + O (log (log 7)) + O ((log r)ﬂlog(f)_l"re)

(3.12) +0 ((log T)pl°g(f)+s) + (log r)Al"g(A%n)*HE.

Now, we choose sufficiently small ¢ satisfying

. 1
0 <3¢ < min {Hlog(AlO) - P ,Ulog(AlO) - Alog; <Al) - 1} 5
0
for all sufficiently large r € E, it follows from (3.12) that

(log T),ulug(z‘lzo)—26 < (log T)Plog(f)JrE

)

that means, 105(A410) — 3¢ < plog(f) and since € > 0 is arbitrary, then pioq(f) > phog(Aio)-
Similarly, for the homogeneous case, by (1.1) and (3.3)-(3.5), we obtain

m

’I“ AlO Z ZT r, AZJ +T 7‘ Agp) + ZT T, Al] Z T(r, Aaj)
1=0,i#l,a j=0 j=0,j#b
(3.13) +0 (log (log7)) + O ((bgr)mog(f)fus) + (log T),\log(%m)ﬂﬂ.

Then, by substituting (3.7) and (3.10) into (3.13), for all sufficiently large r € E;, we have
(log r)tes(Aw)=¢ < O ((log7)?*%) + O (log (logr))

(3.14) +0 ((log )= 071 4 (log pyhes (3 )1+
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For sufficiently small ¢ satisfying

. 1
0 <3e <min {/”Llog(AZO) = P, Hiog(Aio0) — Alog <Azo) - 1} ,
and all sufficiently large r € E;, we deduce from (3.14) that
(log r)mog(Azo)—QE <log T)mog(f)—1+57

that is, puog(Ai0) — 3¢ < piog(f) — 1 and since € > 0 is arbitrary, then piog (f) > fiog(Aio) + 1.
Case (ii): If 8 = piog(S) < fuog(Ai0) = phog(Aep) and Ilog(Alo) > I1Og(Aab), then by the definition of
Tlog(Ai0), for any given e > 0 and all sufficiently large r, we have

(3.15) T(r, Aio) > (Tiog(Ato) — ) (log 7)o (40),

Also from the definition of 7,,,(A4) and Lemma 2.3 there exists a subset Fy C (1, +00) of infinite logarith-
mic measure such that for any given ¢ > 0 and for all sufficiently large r € E,, we obtain

(3.16) T(r, Aay) < (Tiog(Aas) +€)(logr)Pes(Aer) = (1, (Aap) + €) (log r)Hos(Ai0),
By substituting (3.8), (3.11), (3.15) and (3.16) into (3.6), for all sufficiently large r € E5, we get
(T10g(A10) — &) (log r)#1e= 0] < O ((log r)P*<)

+(T10g(Aap) + £) (l0g 7)o (4 1 O (log (log 7)) + O ((log ) o= (N 1+¢)

(3.17) 10 ((1og ,,)plog(me) + (log )™ (a5)+1+e

Now, we choose sufficiently small ¢ satisfying

. 1
0 <2¢ < min {Mlog(Alo) — B, tog(A10) = Alog (Azo> — 1,710 (A1) — Tlog(Aab)},
for all sufficiently large r € E, it follows from (3.17) that
(T1og(A10) — Trog (Aa) = 26) (log ) 5407 < (logr) ™I,

this means, 105 (A10) — 26 < piog(f) and since € > 0 is arbitrary, then piog (f) > fu0g(Ai0).
Next, for the homogeneous case, by substituting (3.8), (3.15) and (3.16) into (3.13), for all sufficiently large
r € Ey, we have

(Tiog (Ai0) — &) (log r)#1exl410) < O ((log 1)) + (Ty (Aap) + &) (log 7)ot A10)

(3.18) +0 (log (logr)) + O <(log r)pl°g(f)_1+5) + (log T)A“’g(%zo)ﬂﬁ,

Now, we choose sufficiently small ¢ satisfying

. 1
0 < 2e¢ < min {.ulog(AlO) - B7ﬂlog(AZO) - )\log <AIO> - 17110g(AZO) - Tlog(Aab)}y
for all sufficiently large r € E»>, we deduce from (3.18) that
(Ilog(Alo) - Ilog(Aab) - 26) (log T)Mlog(ALO)75 < (log T)plog(f)ilJrE?

that is, p10g(A10) — 2¢ < piog(f) — 1 and since € > 0 is arbitrary, then piog(f) > ft10g (Ai0) + 1.
Case (iii): When puog(Aap) < tiog(Aio) = piog(S) and

T = > Tlog (Aij) + Tiog (F)
Plog(Aij)::Uflog (ALO)v(ivj)7é(l70) v(awb)
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=T + Tiog(F') < T1og(Ai0), 7= > Tiog (Aij)-
Prog (Aij)=p10g(A10),(4,5)#(1,0),(a,b)
Then, there exists a subset J C {0,1,...,n} x {0,1,...,m}\ {(/,0), (a,b)} such that for all (i, ) € J, when

Plog(Aij) = tiog (Aio) , we have Y Tiog (Aij) < Tjog (Aio) — Tiog(F), and for (4,5) € II = {0, 1,...,n} x
(4,9)€J

{0,1,...,m} \ (JU{(,0),(a,b)}) we have pios (Ai;) < fiog (Aio). Hence, for any given ¢ > 0 and all

sufficiently large r, we get

(Tog(Aij) + ) (log r)!o=A0) Uif (i, §) € J,
3.19 T (r,Aij) < ’ _
o ) { (log )40 < (log r) <072 if (i, j) € 11
and
(Tiog (F) + €) (log )™= 0)if 1oy (F) = priog (Aso),
(3.20) T(r,F)< ) pglog(F)+s fog(Ar)—¢ - & &
(Og ’/‘) < (log ’/‘) ) if plog(F) < Ulog(AZO)-

By substituting (3.9), (3.11), (3.15), (3.19) and (3.20) into (3.6), for all sufficiently large r € E1, we get

(Tiog(Aw0) — ) (logr) < 40) < 37 (105 (Aij) + ) (log )/ 2=
(i,5)€J

+ Y (logryest0)=¢ L (1og ryes(Aat) e 1 0 (log (logr)) + O ((log T)plogmflﬁ)
(i,7)ell
+ (Mg (F) + €) (log r)*o=410) 1 0 ((log r)pl"g(f)*E) + (log 7ﬂ)/\log(;%m)+1+s
< (11 4 (mn+m+n)e) (logr)=A0) L O (log r)Hes(A0) =<
+(log r)es(Aa) = 1+ O (log (logr)) + O ((log r)”‘og(f)_1+5)

(3.21) +0 ((10g )" +) 4 (10g pyhes (31 ) 1+

We may choose sufficiently small € satisfying

. 1 Tiog(A10) — 71
0 <2¢ <min {Mlog(Am) — thog(Aab), Hiog (Al0) — Alog <Azo> -1, m )

for all sufficiently large r € E, by (3.21) we have
(Tiog(At0) — 71 — (mn +m +n + 1) &) (log r)Hrox(Aw)=¢ < (log r)ProstH)Fe

this means, 105 (A10) — 26 < piog(f) and since € > 0 is arbitrary, then piog (f) > fu10g(Ai0)-
Further, for the homogeneous case, by substituting (3.9), (3.15), (3.19) and (3.20) into (3.13), for all suffi-
ciently large r € E;, we get

(Fios(Ai) = 7 = (- + ) ) log )= 410) < O ((logr)eso)=)

(3.22) +(log 7)o (42412 1 O (log (log 7)) + O ((log r)"** /749 4 (log r) (a5)+1+e.
We may choose sufficiently small ¢ satisfying

1

0 < 2¢ < min {:u'log(AlU) - Mlog(Aab)7Nlog(AlO) - )\log (fll()> -1

"nm+m+n

Ilog(AlO) - T}

for all sufficiently large r € E,, by (3.22) we have
(Tiog (Aio) = 7 — (nm +m +n) ) (log r)#o=(A10) = < (log p)osH71Fe

that is, p10g(A10) — 2¢ < piog(f) — 1 and since € > 0 is arbitrary, then piog(f) > ft10g (Ai0) + 1.
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Case (iv): When fi105(Ai0) = thiog(Aab) = prog(S) and
T3 = > Tlog (Aij) + Tlog(F) + T1og (Aab)
Prog (Aij)=H10g (A10),(4,5)#(1,0),(a;b)
= T2 + Tiog(F) < Tiog(A0),
Ty = > Tog(Aij) + Tiog (Aab)-

Plog (Aij)=og (Ai0),(1,5)#(1,0),(a,b)
Then, by substituting (3.11), (3.15), (3.16), (3.19) and (3.20) into (3.6), for all sufficiently large r € E;, we

have
(T1og(A10) — 73 — (mn +m + n + 2) ) (log r)1es(40) < O ((log r)”l‘jg(A“’)*s)

+0 (log (logr)) + O ((log r)’“”g(f)’1+5)

(3.23) +0 ((log T)pIDg(f)Jre) + (log r)A“’“’( )+1+5

Now, we may choose sufficiently small ¢ satisfying
. 1 Tiog (Ar0) — 73
0 < 2¢ < min {/ilog(AlO) )\hjg <14l0> 1, m s
for all sufficiently large r € E;, we deduce from (3.23) that

AI,O)*& )Plog(f)""‘S

(Tiog(A10) — 73 — (mn +m + n + 2) ) (log ) es( < (logr

)

this means, 105 (A10) — 26 < piog(f) and since € > 0 is arbitrary, then piog (f) > fu10g(Ai0)-
Further, for the homogeneous case, by substituting (3.15), (3.16), (3.19) and (3.20) into (3.13), for all suffi-
ciently large r € E;, we get

(T10g(A10) — 72 — (mn +m + n + 1) ) (log r)!es(40) < O ((log T)ulog(Alo)%)

(3.24) +0 (log (log 7)) + O ((log T.)Plog(f)—l-i-e) + (log r))\log(%m)+l+€.

Therefore, for € satisfying

1
0 < 2¢e < min {,ulog(Alo) — )\log <Alo> -1

and for all sufficiently large r € E4, by (3.24) we have

Ilog(AlC') — T2
"mn+m+n+1

(Tiog (Aio) = 72 = (mn +m +n + 1) ) (log r)os(A0) =2 < (log r)Pesl =142

that is, f110g(Ai0) — 26 < prog(f) — 1 and since € > 0 is arbitrary, then piog(f) > fiog(Aio) + 1. The proof of
Theorem 1.9 is complete.

4. PROOF OF THEOREM 1.10

Let f be a meromorphic solution of (1.2). If f has infinite logarithmic order, then the result holds. Now, we
suppose that piog(f) < co. By (3.1) and Remark 2.1, for sufficiently large r, we have

7’ AlO Z Z mir, AU +m(r Aab)

1=0,i#l,a 7=0

j=0,5#b 1=0,i#l,a j=0
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() ) o

Z ZT’I"A” )Y+ T(r,Awp) + Z T(r, Aij)

1=0,i#l,a j=0 J=1
Dz +¢)
+ Z T(ﬂAa] Z Z Z+C)
7=0,5#b 1=0,i#l,a 7=0
(z + ¢ f(J)z—l—ca)) ( f(z—i—ca))
+ + ) om (o,
Zozw:éla ( (= +Cl> Z < (2 +ca) "\
f(]) (24 cq)
. — T(r,F)+2T(2 1).
@ +Z (n L)) et v 2ren ) + 00)
By substituting (3.3) and (3.4) into (4.1), for any given ¢ > 0 and all sufficiently large r, we obtain
m(r, Ay) < Z ZTTAU )+ T(r, Awp) +ZT7“AZJ Z T(r, Aaj)
1=0,i#l,a 7=0 7=0,57#b
(4.2) +0 (log* T (21, f)) + O ((1ogr)mog(f)—1+5) +T(r, F) + 2T(2r, f).
Let us set
(43) 0= 5(OO,A10) > 0.

Now, we divide this proof into four cases:
Case (i): If max{jiiog(Aab), Plog(S)} < pog(Aio), then by the definition of fu105(Ai0) and (4.3), for any given
€ > 0 and all sufficiently large r, we have

(4.4) m(r, Ay) > gT(r, Ap) > g(log T)“‘%(A“’)*% > (log r)’“"g(Al”)*E.
By substituting (3.10), (3.11) and (4.4) into (4.2), for all sufficiently large r, we get
(log r)tee(A0)=¢ < O ((log r)?*<) + O(log (log))

(4.5) +0 ((1og r)Plog(f)*Hg) +0 ((log r)plog(f)+€> _

Now, we choose sufficiently small ¢ satisfying 0 < 3e < pi0g(Ai0) — p, for all sufficiently large r, it follows
from (3.10) that
(log T)Hlog(AlO)_Qf < (log r)plug(f)+57

this means, 105 (A10) — 3¢ < piog(f) and since € > 0 is arbitrary, then piog (f) > fuog(Aio)-
Similarly, for the homogeneous case, by (1.1) and (3.3) and (3.4), we obtain

m(r, Ayp) < Z ZTTAU +T(r, Aup) —I—ZTTAZJ Z T(r, Aaj)

1=0,i#l,a 7=0 7=0,5#b

(4.6) +0(log (log 7)) + O ((1Og T)mog(f)—ua) ,
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Then, by substituting (3.10) and (4.4) into (4.6), for all sufficiently large r, we have
4.7) (log r)tes(A0)=¢ < O ((logr)?**) + O(log (logr)) + O ((log r)pIUg(f)_1+E) .
For the above ¢ and all sufficiently large r, we deduce from (4.7) that

(log r)/Llog(AZO)_Qs < (log 7a)mog(f)—1+5’

that is, puog(Ai0) — 3 < piog(f) — 1 and since € > 0 is arbitrary, then piog (f) > fiog(Aio) + 1.
Case (ii): If B = piog(S) < phog(Ai) = Hiog(Aas) and 5110g(14l0) > zlog(Aab), then by the definition of
Tlog(Ai0) and (4.3), for any given e > 0 and all sufficiently large r, we have

m(r, A) > (6 —&)T(r, A) > (6 =€) (Ti0g (Ato) — ) (log r)#roAr0)

> (07105 (A0) = (Tiog(Ai0) + 6)e + £2) (log r)tes (o)

(4.8) > (0T105 (A1) — (Ta0g(At0) + 0)2) (log 7)res(Aro),
By substituting (3.8), (3.11), (3.16) and (4.8) into (4.2), for all sufficiently large € E5, we get
(6zlog (Alo) - I10g (Aab) - (Ilog (Alo) + d + 1)€) (1Og r)/Llog(AlO) S 0 ((log ,',,)[34-6)

(4.9) +0(log (logr)) + O ((log r)plog(f)*”rf) +0 ((10g T)Plog(f)%) ]

Now, we choose sufficiently small ¢ satisfying

0T 105 (A10) — Tiog(Aab) }

O<2€<min{ulog(Alo)ﬁ, o (A)+ 041
Tlog

for all sufficiently large r € E, by (4.9), we obtain
(0T 108 (A10) = Tiog (Aab) — (Tiog(Aio) + 8 + 1)) (log )res(Ai0) =<

< (logr)PostH+e,

this means, 105 (A10) — 26 < piog(f) and since € > 0 is arbitrary, then piog (f) > fu10g(Ai0)-
Next, for the homogeneous case, by substituting (3.8), (3.16) and (4.8) into (4.6), for all sufficiently large
r € By, we have

(6zlog (Alo) - Ilog (Allb) - (Ilog (Al()) + 4 + 1)8) (1Og r)ulog(AlO) S @ ((log T)ﬁ—i_e)

(4.10) +O(log (logr)) + O ((1og r)moﬂf)*l“) .
For the above ¢ and all sufficiently large r € E5, from (4.10), we obtain
(5110g(A10) ~ Tog (Aab) - (Ilog(AlO) +4d+ 1)8) (1Og ,,,)Itlug(Alo)—E
< (log r)plog(f)_1+57
that is, p10g (A10) — 26 < piog(f) — 1 and since € > 0 is arbitrary, then piog(f) > ft10g(As0) + 1.
Case (iii): When piiog (Aap) < phiog(Aio) = piog(S) and
T = > Tog(Aij) + Tog (F) < 0T104(Au0)-
plog(A'ij):iu'log(Alo)’(i’j)¢(170)7(a7b)
Then, by substituting (3.9), (3.11), (3.19), (3.20) and (4.8) into (4.2), for all sufficiently large € F;, we get

(511()%(/1[0) -7 — (Ilog(Alo) +d+mn+m+n+ 1) ¢)(log 1")"1"%(‘4’0)
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<0 ((log r)“lvg(Azo)*E) + (logr)te=(Aav)+e 1 O(log (log 7))

(411) 10 ((logrysM=14¢) 1 0 ((log ryros(H+<)

We may choose sufficiently small ¢ satisfying

. Tlo (Alo) -7
2 Ajp) — A £
0 < 2¢ < min {,U/log( lO) Mlog( ab)7 Ilog(AZO) TS tmn+m+n+ 1}7
for all sufficiently large € Ey, by (4.11), we obtain
(07105 (A10) = T1 — (T10g(Ar0) + 6 +mn +m + n + 1) €)(log r)H1os(Ar0) ==
< (logr)Pros)+e
this means, jii0g(Ai0) — 26 < prog(f) and since € > 0 is arbitrary, then piog(f) > fiog(Aio)-
Further, for the homogeneous case, by substituting (3.9), (3.19), (3.20) and (4.8) into (4.6), for all sufficiently
large r € E1, we get

(0T10g (A10) = 7 = (T1og(Ar0) + 8 + nm + m + n) €) (log r)#es(Ai0)

(4.12) <0 ((1ogr)‘“°g("‘l°)‘5) + (log r)esAa) 2 1 O(log (log 7)) + O ((logr)f’log(f )—“E) :

For ¢ sufficiently small satisfying

0<2€<min{u (A10) — ptiog (Aus) Tiog(Ai) =7 }
log\ 4110 log\/1ab ,Ilog(AlO) To+nm+m+n )
and for all sufficiently large r € E;, from (4.12) we conclude

(3Tscs(A10) = 7 = (Tig((Aro) + 8+ rm 1+ 1) €)(log r) <40 < (logr) st~ 14<,

that is, puog(Ai0) — 26 < prog(f) — 1 and since € > 0 is arbitrary, then piog (f) > piog(Aio) + 1.
Case (iV): When ,LL]Og(AlQ) = ,ulog(Aab) = plog(S) and

T = > Tiog (A7) + Tiog(F) + Tiog (Aab) < Tiog(Aio)-
plog(A'ij):Mlog(Alo)a(iﬂj)i(lvo)=(aab)

Then, by substituting (3.9), (3.11), (3.19), (3.20) and (4.8) into (4.2), for all sufficiently large € E;, we get

(0T10g(A10) — 73 — (I1og(Al0) +d+mn+m+n+ 2) ¢)(log r)”log(A“J)

(4.13) <O ((log r)““’g(A’O)%) + O(log (logr)) + O ((log r)m“g(f)*l“) +0 ((log r)”log(f)JrE) .

0T (Ar0)—T3
Trog (A10)+o+mn+m+n+2

Tlog

Now, we may choose sufficiently small € satisfying 0 < 2e <
r € B, we deduce from (4.13) that

for all sufficiently large

(5I1Og(Al0) — T3 — (I1og(Al0) +5+mn+m+n+ 2) e)(log r)"log(A“))_s
< (log T)plog(f)"rs,

this means, fi105(A10) — 26 < piog(f) and since € > 0 is arbitrary, then piog (f) > ft10g(Ai0)-
Also for the homogeneous case, by substituting (3.9), (3.19), (3.20) and (4.8) into (4.6), for all sufficiently
large r € E1, we have

(07105 (A10) — T2 — (Ti0g(Ai0) + 6 + mn +m + n + 1)) €) (log r)1os (A1)
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(4.14) < 0 ((logry=419)-¢) 1 O(10g (10g 7)) + O ((log r)e=t)=14<1)

0T (Ar0) —T2
T1og (AL0) F0+mnt+m+n+17

Thus, for sufficiently small ¢ satisfying 0 < 2¢ < for all sufficiently large r € Fy,

from (4.14) we obtain
(5I1og(AIO) — Ty — (I1og(Alo) +5+mn+m+n+ 1) e)(log T)’”"g(AlO)_E
< (logr)Pesth)=tte,
thatis, 105 (Ai0) — 26 < piog(f) — 1 and since € > 0 is arbitrary, then piog(f) > ftiog(Aio) + 1 which completes
the proof of Theorem 1.10.

5. EXAMPLE

The following example is for illustrating the sharpness of some assertions in Theorem 1.10.

Example 5.1. For Theorem 1.10, we consider the meromorphic function

(5.1) f(z) = 1

25
which is a solution to the delay-differential equation

Ao (2)f(z —2i) + A11(2) f (z + 1) + A1o(2) f(2 + 9)

(5.2) +A01(2)f(2) + Ao (2) f(2) = F(2),
where Az (z) = 2(z — 20)%, A(2) = 2e, Aw(2) = 12, An(2) = &, Awo(2) = & and F(z) = 5245

Obviously, A;j(z) (¢=0,1,2,5 =0,1) and F(z) satisfy the conditions in Case (iii) of Theorem 1.10 such
that
5(OO,A20) =1> 0,

thog(A11) = 0 < max{piog (F), prog(Ai), (i,7) # (1,1),(2,0)} = pog(A20) = 1
and
> Tiog (Aij) + Tiog (F)) = 3 < 0710 (A20) = 4.
Plog (Aij)=p10g(A20),(4,5)#(1,1),(2,0)
We see that [ satisfies
/u'log(f) =1= plog(A20)~

The meromorphic function f(z) = Z is a solution of equation (5.2) for the coefficients Ao(z) = 3(z —
2i)7, An(z) = L Alo(z) = 5 AOl(Z) = %, AQQ(Z) = % and F(Z) = 3(2 — 22.)2. Clearly, AU(Z)

z—1) 22417 2
(1=0,1,2,5 =0,1) and F(z) satisfy the conditions in Case (iv) of Theorem 1.10 such that

6(0071420) =1> 07

tiog (A11) = max{piog (F), prog(Aij), (i,7) # (1,1),(2,0)} = pog(As20) =1
and
) Tiog(Aif) + Tog(F) + Tiog(A11) = 6 < 7305 (A20) = 7.
Prog (Aij)=H10g (A20),(3,5)#(1,1),(2,0)
We see that f satisfies piog(f) = 1 = tiog(A20)-

Author’s contributions: The study was carried out in collaboration of all authors. All authors read and
approved the final manuscript.
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