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CHARACTERIZATIONS OF BELLIGERENT INTERIOR GE-FILTERS IN GE-ALGEBRAS

DANIEL A. ROMANO*, RAVIKUMAR BANDARU, SEOK-ZUN SONG, AND YOUNG BAE JUN

ABSTRACT. The notion of GE-algebra is introduced by Bandaru et al. as a generalization of Hilbert algebra.
The consept of interior GE-algebra is introduced by Lee et al., and related properties are investigated. GE-filter
study at GE-algebra using interior operator was conducted by Song et al. In this paper, various properties that
belligerent interior GE-filter could perform were explored, and necessary conditions have been established for
interior GE-filter to turn into belligerent interior GE-filter. As a result, the characterization of belligerent interior
GE-filter was established.

1. INTRODUCTION

Hilbert algebras arises in the theory of von Neumann algebras in Commutation theorem and Tomita-
—Takesaki theory. In mathematics, a commutation theorem explicitly identifies the commutant of a specific
von Neumann algebra acting on a Hilbert space in the presence of a trace. In the theory of von Neumann
algebras, a part of the mathematical field of functional analysis, Tomita-—Takesaki theory is a method for
constructing modular automorphisms of von Neumann algebras from the polar decomposition of a certain
involution. Diego [6] proved that Hilbert algebras form a variety which is locally finite. Bandaru et al.
[1] attempted generalized research in Hilbert algebra, and as a result they introduced the concept of GE-
algebra. They investigated several properties (see [1-4,9]). The notion of interior operator is introduced
by Vorster [12] in an arbitrary category, and it is used in [5] to study the notions of connectedness and
disconnectedness in topology. Interior algebras are a certain type of algebraic structure that encodes the
idea of the topological interior of a set, and are a generalization of topological spaces defined by means of
topological interior operators. Rachtinek and Svoboda [8] studied interior operators on bounded residuated
lattices, and Svrcek [11] studied multiplicative interior operators on GMV-algebras. Lee et al. [7] applied
the interior operator theory to GE-algebras, and they introduced the concepts of (commutative, transitive,
left exchangeable, belligerent, antisymmetric) interior GE-algebras and bordered interior GE-algebras, and
investigated their relations and properties. Later, Bandaru et al. [10] introduced the notions of an interior
GEfilter, a weak interior GE-filter and a belligerent interior GE-filter and investigated their relations and
properties. We are well aware that every belligerent interior GE-filter is an interior GE-filter, and that the
reverse is generally not valid by providing examples (see [10]).
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This paper is carried out with the following intentions:

- To explore properties which belligerent interior GE-filter can unfold.

- To find conditions under which interior GE-filter can be belligerent interior GE-filter.
- To form the characterization of belligerent interior GE-filter as a result.

2. PRELIMINARIES

Definition 2.1 ( [1]). By a GE-algebra we mean a non-empty set £ with a constant 1 and a binary operation
* satisfying the following axioms:

(GED) zxz =1,

(GE2) 1%z =1z,

(GE3) x + (y*2) =z * (y * (z* 2))
forall z,y,z € L.

In a GE-algebra £, a binary relation “<” is defined by
(2.1) Vz,ye L) (z <y < xzxy=1).

Definition 2.2 ([1,2,4]). A GE-algebra L is said to be

o transitive if it satisfies:

(2.2) (Vo,y,2 € L) (xxy < (z*x)*(2%y)).
o left exchangeable if it satisfies:

(2.3) (Vo,y,z € L) (x* (y*x2) =y * (v*2)).
o antisymmetric if the binary relation “<” is antisymmetric.

Proposition 2.1 ( [1]). Every GE-algebra L satisfies the following items.

(2.4) Vzel)(zxl=1).

(2.5) (Ve,y e L) (z* (z*xy) =x*xy).

(2.6) (Ve,ye L) (z <y=xx).

2.7) (Vo,y,z€ L) (xx (y*2) <yx*(T* 2)).
(2.8) Vrel)(l1<zx = z=1).

(2.9) (Ve,y e L) (x < (y*x) xx).

(2.10) (Ve,y e L) (z < (z*y) xy).

(2.11) (Vo,y,z€ L) (x<y*xz = y<zx2).

If L is transitive, then

(2.12) (Va,y,z€ L) (e <y = zxx<zx*xy, yxz<x*x2).
(2.13) (Vo,y,z € L) (xxy < (y*2)x (x*2)).
(2.14) Va,y,z€ L) (z<y,y<z = x<2).

Lemma 2.3 ([1]). In a GE-algebra L, (2.13) is equivalent the following argument.

(2.15) (Vo,y,z € L) (xy < (25 2) * (2 xy)).
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Definition 2.4 ([1]). A subset G of a GE-algebra L is called a GE-filter of L if it satisfies:

(2.16) 1€G,

(2.17) (Vr,yeL)(xxyeG,xeG = ye€g).

Lemma 2.5 ([1]). In a GE-algebra L, every GE-filter G of L satisfies:

(2.18) (Vz,ye L) (z<jy,z€G = y€G).

Definition 2.6 ( [2]). A subset G of a GE-algebra L is called a belligerent GE-filter of L if it satisfies (2.16) and
(2.19) (Ve,y,ze L)(xx(yx2z) €G,xxye G = x*xz € ().

Definition 2.7 ( [7]). By an interior GE-algebra we mean a pair (£, §) in which £ is a GE-algebra and £ :
L — L is a mapping such that

(2.20) (Va € L)(z < B(2)),
(2.21) (Vz € L)((BoB)(z) = B(x)),
(2.22) (Vo,y € L)(z <y = B(x) < B(y)).

Definition 2.8 ( [10]). Let (£, ) be an interior GE-algebra. A GE-filter G of L is said to be interior if it
satisfies:

(2.23) Vx e L)(B(x) e G = z €Q).

3. BELLIGERENT INTERIOR GE-FILTERS

In what follows, let (£, 5) denote an interior GE-algebra unless otherwise specified.

Definition 3.1. Aninterior GE-algebra (£, 8) is said to be transitive (resp., left exchangeable and antisymmetric)
if £ is a transitive (resp., left exchangeable and antisymmetric) GE-algebra.

Example 3.2. 1. Let £ = {1,a,b, ¢, d} and define binary operation * as follows:
d

I = T e T = S S
— Q2 Q= Q|
O = = O oo
O = = O O o
— Q Q. =

*
1
a
b
c
d

If we define a mapping 5 on £ as follows:
1 ifx=1,
B:L,— L,z +— c ifxe{bc},
d ifz € {a,d},
then (£, 8) is a transitive interior GE-algebra.

2. Let £ ={1,a,b,c,d} and define binary operation = as follows:

*x|1 a b c d
1{1 a b ¢ d
all 1 1 ¢ d
b1l a 1 d d
cll a b 1 1
di{l a 1 1 1
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If we define a mapping 5 on L as follows:

1 ifx e {1,b},
B:L— L ©+— a ifr=a,
d ifze{cd},
then (£, 5) is a left exchangeable interior GE-algebra.

3. Let £L = {1, a,b, c,d} and define binary operation = as follows:

O = o = oo
—= A = Q| &

[ T =
> o = = o o

QU O 8 | *
L o 0o = Q|

If we define a mapping /5 on L as follows:

1 ifze{l,c}
B:L— L, z+—> b ifx € {a,b},
d ifx=d,

then (£, 5) is an antisymmetric interior GE-algebra.

Definition 3.3 ( [10]). A subset G of L in (£, 3) is called a belligerent interior GE-filter in (L, () if G is a
belligerent GE-filter of £ which satisfies the condition (2.23).

Lemma 3.4 ([10]). Every belligerent interior GE-filter is an interior GE-filter in (L, 3).

Proposition 3.1. Every interior GE-filter G in (L, 3) satisfies:

3.1) (Vz,ye L)(B(z*(zxy)) €G = zxy ).

Proof. It is straightforward by using (2.5) and (2.23). O
Corollary 3.5. Every belligerent interior GE-filter G in (L, 3) satisfies (3.1).

Corollary 3.6. Every belligerent interior GE-filter G in (L, 3) satisfies:

(3.2) (Ve,y e L)(zx(xxy) €G = z*xy € G).

Proof. Let z,y € L be such that z x (x *y) € G. Since z * (v *xy) < B(x * (z * y)) by (2.20), it follows from
Lemma 2.5 that §(z * (z *y)) € G. Hence = x y € G by Corollary 3.5. O

Corollary 3.7. Every belligerent interior GE-filter G in (L, ) satisfies:

(Ve,y e L)(zx (zxy) € G = Blxxy) € G).
Proof. 1t is straightforward by the combination of Lemma 2.5, (2.20) and Corollary 3.6. O
Corollary 3.8. Every belligerent interior GE-filter G in (L, 3) satisfies:

(Vz,yc L)(x*(x*xy) € G = B(xxy) € q).

Proof. 1t is straightforward by the combination of Lemma 2.5, (2.20) and Corollary 3.6. O
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In (L, B), we consider the following argument.
(€X) (Vz,y,z € L)(Brx (y*2)) € G = (zxy)x (zx2) €G).

The following example shows that any belligerent interior GE-filter G in (£, 3) does not satisfy the argu-
ment (3.3).

Example 3.9. 1. Let £ = {1,qa,b, ¢, d} and define binary operation * as follows:

*x|1 a b ¢ d
1{1 a b ¢ d
all 1 d ¢ d
b1 1 1 1 1
c|ll 1 d 1 d
d|1l a a ¢ 1

If we define a mapping /5 on £ as follows:

1 ifx=1,

BiL s Low s a ifze{a,c},
’ b oifz—b,
d ifz=d,

then (£, ) is a left exchangeable interior GE-algebra. But it is not transitive since
(bxc)x(dxb)x(d*xc))=1x(axc)=1*xc=c#1.

Let G = {1}. Then we can observe that G is a belligerent interior GE-filter in (£, ). But it does not satisfy
(3.3)since B(ax (bxc)) =Pax1l)=p(1)=1€Gbut(axb)x(axc)=dxc=c¢g.

2. Let £ ={1,a,b,¢,d, e} and define binary operation = as follows:

c d e

D QU O S ¥
e T e e e e
Q Q= = = 2|2
Q2 O~ Q o
QO O = = o o
—_ = 0 = QS
— = 0 = Q0

If we define a mapping 5 on L as follows:

ifr =1,
ifx =0,
if z € {a,c},
d ifx e {d, e},

B:L— L x+—

L o =

then (£, 8) is an interior GE-algebra. But it is neither transitive nor left exchangeable since
ax(cxb)=axe=d#e=cxd=cx(axb)
and
(bxc)x((dxb)x(d*c))=1x(axc)=1xc=c#1.

Let G = {1}. Then we can observe that G is a belligerent interior GE-filter in (£, ). But it does not satisfy
(8.3)since flax (bxc)) =pPlaxl)=p(1)=1€Gbut(axb)x(axc)=dxc=c¢G.
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Based on the example above, we present conditions under which belligerent interior GE-filter can satisfy
the argument (3.3).

Proposition 3.2. If (L, B) is transitive, then every belligerent interior GE-filter G satisfies the arqument (3.3).

Proof. Let G be a belligerent interior GE-filter in a transitive interior GE-algebra (£, ). Then G is an interior
GE-filter in (£, ) by Lemma 3.4. Let z,y, z € £ be such that 5(z * (y* 2)) € G. Then z  (y * z) € G by (2.23).
Using (2.2), (2.5) and (2.7), we have

xx(yx2) <yx(xxz) < (zxy)*(x*x(z*2)) = (x*xy)* (zx*2).
Hence z * (y * z) < (z * y) * (z * 2) by (2.14). It follows from Lemma 2.5 that (z * y) * (x * 2) € G. O
Corollary 3.10. Every belligerent interior GE-filter G in a transitive interior GE-algebra (L, 3) satisfies:
(3.4) (Vz,y,ze L)(xx(yx2z) € G = (zxy)*(rx2) €G).
Corollary 3.11. Every belligerent interior GE-filter G in a transitive interior GE-algebra (L, 3) satisfies:
(3.5) (Va,y,z € L)(z* (yx2) €G = B((x*y) * (x*2)) €G).
The following example shows that any interior GE-filter G in (£, 3) does not satisfy the condition (3.3).

Example 3.12. Let £ = {1, a, b, ¢,d} and define binary operation x as follows:

*x|1 a b ¢ d
111 a b ¢ d
all 1 d ¢ d
bl a 1 1 1
cll a 1 1 1
d|l a 1 ¢ 1

Then (£, 8) is an interior GE-algebra where 3 is given as follows:

1 ifz=1,
B:L— Lxr— a ifz=a,
b ifxe{bcd},

We can observe that G := {1, a} is an interior GE-filter in (£, 5). But G does not satisfy (3.3) since 5(a * (b *
) =pBax1)=p(1)=1cGbut(axb)*(axc)=dxc=c¢QG.

We explore the conditions under which GE-filter can be belligerent GE-filter.

Theorem 3.13. Let G be an interior GE-filter in (L, 3). If it satisfies the condition (3.3), then G is a belligerent
interior GE-filter in (L, 3).

Proof. Let G be an interior GE-filter in (£, 5) which satisfies the condition (3.3). It is clear that G satisfies
(2.23). Letz* (y*2z) e Gand z *xy € G. Since = * (y * z) < B(x * (y * 2)) by (2.20), it follows from Lemma 2.5
that 8(x * (y x 2)) € G. Hence (z x y) * (z * z) € G by (3.3), and so = * z € G since G is a GE-filter of £. This
shows that G is a belligerent GE-filter of £. Therefore G is a belligerent interior GE-filter in (£, 3). O

Proposition 3.3. If (£, 8) is transitive and left exchangeable, then every interior GE-filter G in (L, 5) satisfies the
condition (3.3).
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Proof. Letz,y,z € Lbe such that S(xz* (y*z)) € G. Then z  (y * z) € G by (2.23). Using (2.2) and (2.12), we
have x x (y x z) <z ((z *xy) * (x % z)). Since G is a GE-filter of £, it follows from (2.3) and Lemma 2.5 that

wx(wx((zxy)xz)) =z ((zry)*(rx2) €G.

This induces B(x * (z * ((x * y) * 2))) € G by combining (2.20) and Lemma 2.5. Using (2.3) and (3.1), we get
(wxy)*(@xz)=ax((wry)=2) €G. =

Corollary 3.14. If (L, () is transitive and antisymmetric, then every interior GE-filter G in (L, 3) satisfies the
condition (3.3).

Combining Theorem 3.13 and Proposition 3.3, we obtain the following theorem.

Theorem 3.15. In a transitive and left exchangeable interior GE-algebra (L, 3), every interior GE-filter G is a
belligerent interior GE-filter in (L, ).

Corollary 3.16. In a transitive and antisymmetric interior GE-algebra (L, ), every interior GE-filter G is a belliger-
ent interior GE-filter in (L, j3).

Proposition 3.4. If (L, 3) is transitive and left exchangeable, then every belligerent interior GE-filter G satisfies:
(3.6) (Vo,y,z € L)(B(z) €G, Blax(y*(y*2)) €G = yxz€Q).

Proof. Let G be a belligerent interior GE-filter in (£, ). Then it is an interior GE-filter in (£, §) by Lemma
3.4. Letz,y,z € G besuch that 5(z) € Gand S(z * (y * (y * 2))) € G. Then z € G by (2.23) and

Blyx(yx(xxz))=PBax(yxyx=2))eg

by (2.3), which implies from (GE1), (GE2) and Proposition 3.2 that

zx(y*xz)=yx(rxz)=1x(yx(x*2))=(y*xy)*(yx(rx2))€q.
Since G is a GE-filter of £ in (£, 8), we have y x z € G. O
Corollary 3.17. If (L, B) is transitive and left exchangeable, then every belligerent interior GE-filter G satisfies:
(3.7 (Vo,y,2€ L)(B(x) € G,z % (y*x (yx2)) €G = yx*z € Qg).
Corollary 3.18. If (L, B) is transitive and left exchangeable, then every belligerent interior GE-filter G satisfies:
(3.8) (Vz,y,ze L)z € G, Blax(y*x(y*2)) €G = y*xz€q).
Corollary 3.19. If (L, B) is transitive and left exchangeable, then every belligerent interior GE-filter G satisfies:
(39) (Vo,y,2 € L)(B(x) € G, Blw* (yx (y*2))) €G = By*2) €9).

Corollary 3.20. If (L, B) is transitive and antisymmetric, then every belligerent interior GE-filter G satisfies the
arguments (3.6), (3.7), (3.8) and (3.9).

We provide conditions for a subset to be a belligerent interior GE-filter.

Theorem 3.21. Let (L, B) be a transitive and left exchangeable interior GE-algebra and let G be a subset of L con-
taining the constant 1 in (L, 5) which satisfies (2.18). If it satisfies (2.23) and (3.6), then G is a belligerent interior
GE-filter in (L, ).
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Proof. Assume that a subset G of £ in (L, ) satisfies the conditions (2.18), (2.23) and (3.6). Let z,y € £
besuch thatz xy € Gand z € G. Thenz xy < f(xr *xy) and =z < S(z) by (2.20). It follows from (2.18)
that S(z * y) € G and B(x) € G. Using (GE2), we have S(z % (1% (1 xy))) = B(z *y) € G. This induces
y = l*y € G by combining (GE2) and (3.6). Hence G is an interior GEfilter in (£, 5). Let z,y, z € £ be such
thatx * (y+xz2) € Gandzxy € G. Since x * (y * 2) < Bz * (y x 2)) and = *x y < S(z * y) by (2.23), we have
Bz * (y*z)) € Gand B(x *xy) € G by (2.18). Since (L, §) is transitive and left exchangeable, we get

It follows from (2.18) that S((z * y) * (z * (z x 2)))) € G. We use (3.6) to induce z * z € G. This shows that G
is a belligerent GE-filter of £, and consequently G is a belligerent interior GE-filter in (£, 3). O

Corollary 3.22. Let (L, ) be a transitive and antisymmetric interior GE-algebra and let G be a subset of L containing
the constant 1 in (L, 8) which satisfies (2.18). If it satisfies (2.23) and (3.6), then G is a belligerent interior GE-filter

in (L, ).
We provide examples illustrating Theorem 3.21 as follows.

Example 3.23. Let £ = {1, a, b, ¢,d} and define binary operation = as follows:

*|1 a b c d

111 a b ¢ d

all 1 b 1 1

b|1 d 1 d d

c|l 1 b 1 1

dj1 1 b 1 1

Then (L, 3) is a transitive and left exchangeable interior GE-algebra where 3 is given as follows:
1 ifz=1,
BiL — Loz { " foe{a,c},

b ifx=0,
d ifz=d,

Let G := {1, b}. Then G satisfies (2.18), (2.23) and (3.6). Also, we can observe that G is a belligerent interior
GEfilter in (£, ).

The following example shows that Theorem 3.21 does not have to be valid for an interior GE-algebra
(L, B) which is neither transitive nor left exchangeable.

Example 3.24. Let £ = {1, a,b,¢,d, e, f, g, h} and define binary operation = as follows:

*|1 a b ¢c d e f g h
111 a b ¢ d e f g h
all 1 1 ¢ d e 1 g g
bll1 1 1 ¢ ¢ 1 1 1 1
c|ll a a 1 e e f e e
dj1 111111 11
e/l 1111 1 1 1 1
fll a a 1 e e 1 h h
gl1 1 1 111 f 1 1
hi1 1 1 1 1 1 1 1 1
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Then (£, 8) is an interior GE-algebra where 3 is given as follows:

1 ifze{l,c}
B:L — L, v +— a ifze{a,b,d e g, h},
f ifz=f

Sinceax (fxg)=axh=g#h=fxg=fx(axg)and

(axf)x((gra)x(gxf)) =1x(1xf)=1xf=f#1,

we know that (£, ) is neither transitive nor left exchangeable. Let G := {1, c}. Then G satisfies (2.18), (2.23)
and (3.6). But G is not a belligerent interior GE-filter in (L, §), since a* (b*d) = axc=c€ Gandaxb=1€ G
butaxd=d¢GgG.

By aggregating the above, we obtain the following characterizations:

Theorem 3.25. Let (L, () be a transitive and left exchangeable interior GE-algebra. Given a subset G of L, the
following arguments are equivalent.

(i) G is a belligerent interior GE-filter in (L, B).
(iii) G is an interior GE-filter in (L, ) which satisfies (3.3).
(iv) G contains the constant 1 and satisfies (2.18), (2.23) and (3.6).

Corollary 3.26. Let (L, 3) be a transitive and antisymmetric interior GE-algebra. Given a subset G of L, the follow-
ing arguments are equivalent.

(i) G is a belligerent interior GE-filter in (L, B).
(iii) G is an interior GE-filter in (L, ) which satisfies (3.3).
(iv) G contains the constant 1 and satisfies (2.18), (2.23) and (3.6).

4. CONCLUSION

In 2021, Bandaru et. al. have studied GE-algebras which are a generalization of Hilbert algebras, and
Lee et al. have used interior operator to introduce interior GE-algebra. Song et al. have introduced the
“(belligerent) interior GE-filter” by studying the filter theory in the interior GE-algebras. Based on these
study, in this manuscript, we have explored the various properties that belligerent interior GE-filter could
perform. Using these properties, we have found conditions under which interior GE-filter could convert
to belligerent interior GE-filter, and as a result we have established characterization of belligerent interior
GE-filter.

Using the results or ideas in this paper, we will first study different forms of filter theory in GE-algebra,
and further study interior substructures in another algebraic structure in the same context as GE-algebra.
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