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THE SOLUTION OF A SYSTEM OF HIGHER-ORDER DIFFERENCE EQUATIONS IN TERMS OF
BALANCING NUMBERS

AHMED GHEZAL* AND IMANE ZEMMOURI

ABSTRACT. In this paper, we are interested in the closed-form solution of the following system of nonlinear
difference equations of higher order,

1 1
u = — v =—————nmeN
Nt T T Ul S g 0,

and the initial values u_; and v_j;, j € {0, 1, ..., m} are real numbers do not equal 34. We show that the solutions
of this system are associated with Balancing numbers. As consequence, these solutions are also associated with
Pell numbers, Pell-Lucas numbers, and Lucas-Balancing numbers. It is shown that the global stability of positive
solutions of this system holds. Our results are illustrated via numerical examples.

1. INTRODUCTION

Many researchers have interested in different types of difference equations, and we mention but are not
limited to the homogeneous linear difference equation of the 2nd-order,

Upt1 = QUp + Bunflvn > 1;

where o, 5 € R or C such that 5 # 0, in particular, we give information about Balancing (resp. Pell) sequence
that establishes a significant part of our study, defined as follows

Bn+1 - 6Bn - anh (resp‘ Pn+1 = 2Pn + Pnfl); n Z 17

with initial conditions By = Py = 0 and By = P; = 1. The following Binet formula of the Balancing (resp.
Pell) numbers gives,

n _ pn

By=2"" P, =2B,,, (see.,[11])

a—1b
where @ = 3 + 2v/2 and b = 3 — 2v/2. The search for solutions in the closed form of difference equations
or systems has attracted the attention of many mathematicians (see., [1]- [26]). So, in this paper, we seek
to provide a class of system of nonlinear difference equations which can be solved in explicit form, but the
solutions are expressed by Balancing numbers, is the following system of difference equations,

1 1

T T

and the initial values w_,, ..., 4o, V_m, ..., o are real numbers do not equal 34.
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2. MAIN RESULTS

To solve system (2.3) we require to utilize the following lemmas.

Lemma 2.1. Consider the homogeneous linear difference equation with constant coefficients
(2.0) Wnt1 — 34wy, +wp—1 =0,n >0,

with initial conditions wy, w_1 € R. Then,

w_1 wo
2By, = —

4 7T
where (B,,,n > 0) is the Balancing sequence and (P,,,n > 0) is the Pell sequence.

w_
P4(n+1) - 71P4n7

Wo
Vn >0, w, = —Bopio —
n=y,w 4 2n+42 3

Proof. Difference equation (2.0) is ordinarily solved by using the following characteristic polynomial, A\* —
34X + 1 = 0, roots of this equation are
M= 174 12V2 = a? Ny = 17 — 122 = b2

These roots are linked to the roots of the Balancing number sequence. Then the closed form of the general
solution of the equation (2.0) is

Vn > —1, w, = c1a®™ + b,

where wy, w_1 are initial values such that

w,lz——l——

wo = C1 + C2
C1 C2
a? = b?

and we have

a?wy — w_1 —b2wy + w_1
Cc1 = ,Co = )
a0 241/2
after some calculations, we get
awy —w_1 o, —brwotw_1,,,
wp, = a
24+/2 24+/2
_ wo a2(n+1) _ b2(n+1) w1 a?n — p2n
4 a—b 4 a—b '
The lemma is proved. U

Lemma 2.2. Consider the homogeneous linear difference equation with constant coefficients
(21) 911—0—1 + 340, + 0,1 = 07 n > Oa

with initial conditions 6y, 0_1 € R. Then,

n(0 0_ n (0 0_
n > 07 en = (_1> (£32n+2 + 41B2n) = (_1) (80 4(n+1) + 81P4n> )

where (B,,,n > 0) is the Balancing sequence and (P,,,n > 0) is the Pell sequence.

Proof. The difference equation (2.1) is ordinarily solved by using the following characteristic polynomial,
A? + 34X + 1 = 0, roots of this equation are

A = — (17+ 12\/5) — g = — (17— 12\/5) —

These roots are linked to the roots of the Balancing number sequence. Then the closed form of the general
solution of the equation (2.1) is

vn > —1, 0, = (—1)" (1a®" + &b*"),
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where 0, 0_; are initial values such that

b =c1+C2

C1 52 )
971 == _7 - be
and we have
~ a290 +6_1 _ —b290 —0_4

C1 = ,Co = 9
T 241/2
after some calculations, we get
200 + 60— —b%00 — 6_
o (£ b
24/2 24/2

" 6, a2(n+1) _ b2(n+1) 0_1, a2n — p2n
= —1 —_— — — .
(=1 < 4 ( a—1b + 4 a—>b

The lemma is proved. O

Lemma 2.3. Consider the following system of rational difference equations

{ Tn+l = 34yn — Tp-1

2.3)
Yn+1 = 345571 —Yn—-1

n>0

9 — )

with initial conditions xg, x1, Yo, y1 € R. Then,

Ton = B Banyo — L7 Ban = %2 Pnya — 5+ Pan,
Yon = L Banyo — 5 Ban = L Panya — 7 Pan,
Tont1 = L Banta — 7 Bany2 = B Panis — 7 Pana,
Yont+1 = L Banta — L Banyo = % Psngs — L7 Panga.

Proof. From system (2.3), we get the following system

n>0

) — )

(2 4) Tn+1 + Yn+1 = 34 (xn + yn) - (xn—l + yn—l)
Tnt1l — Yntd1 = —34 (xn - yn) - (‘rnfl - y’nfl)

Using the change of variables w,, = z,, + y,, and 6,, = z,, — y,,, we can write (2.4) as

Wn41 = 34wn — Wnp—-1 7 > 07
9n+1 = *340n - on—l -
by Lemmas 2.1 — 2.2, we have
W w_ w w_
Vn 2 0, Wp = ZOB27L+2 - TIBQTL == §0P4(n+1) - ?1])4117
L0 6 /6 6
Vn >0, 0, =(-1) (szQ”“ + 41an) =(-1) (;P4(n+1) + 81P4n> )

hence, the closed form of general solution of the system (2.3) is (z,,,y,) = (22t @n=fu) » > 0. The
lemma is proved. O

2.1. On the system (2.3). In this subsection, we consider the following system of difference equations of
1st-order,

1
34—1)n’vn+1 - 34 —u,

To find the closed form of the solutions of the system (2.3) we consider the following change variables

(23) Upr1 = ,n e Np.

Yn—1 Tn—1
Up = y Un = )
n Yn
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then the system (2.3) becomes

,n > 0.

Tn41 = 34yn — Tp—-1

Yn+1 = _34xn — Yn—-1
By Lemma 2.3, the closed form of general solution of the equation (2.3) is easily obtained, in the following
Theorem

Theorem 2.1. Let {u,,, v,,n > 0} be a solution of equation (2.3). Then,

S Binyo —voBan  Psnia —volsn
2n — - 9
Bipta —voBipte  Penys — voFsnt4
" _ Bania —uoBant2  Penys —uolPsnta
2n+1 — - )
Bint6 — uoBanta Pgpy12 — uoPanis
S Bini2 —uoBan  Papta —uolsn
2n — - )
B4n+4 — o Bap42 Pgy s — uoPpya
an+4 — VoBanto P18 — v0Pspta
Van41 = =

Bant6 —voBinta  Pent12 — voPsnis’
where (B,,,n > 0) is the Balancing sequence and (P,,,n > 0) is the Pell sequence.

Proof. Straightforward and hence omitted. O

2.2. On the system (1.0). In this paper, we study the System (1.0), which is an extension of System (2.3).
Therefore, the System (1.0) can be written as follows

1 1

U(m4+1)(n+1)—t = y U(im~+1)(n+1)—t

34 — Vi1t 34— Uit

fort € {0,1,...,m} and n € N. Now, using the following notation,

Unp,t = u(m+1)n—t7 Un,t = v(m—&-l)n—ta te {07 ]-a ceey m} )

we can get (m + 1) —systems similar to System (2.3),

1

1
rara— 0] 1,t:7n€N0
3471}”#&7 n—+ ) )

Unp41,t = 34—
— Un,t

fort € {0,1,...,m} . Through the above discussion, we can introduce the following Theorem

Theorem 2.2. Let {uy,,v,,n > —m} be a solution of equation (1.0). Then, fort € {0,1,...,m},

Bini2 —v_tBan  Peaya —v_4Dsn

UQ(m+1)n—t = = )
B4nE4 —U—tBants  Psnts — v—1Psnta
_ Banya —u—tBany2  Psnis — u—tPsnta

U 1)(2n+1)—t = =
(mA1)(2n+1) B4n+6 - uftB4n+4 P8n+12 - uftP8n+8,

_ Banto—u—tBan  Pepypa—u_Pyp
V2(m+1)n—t = B
4n

- b
o U_tBynio  Penys — u_1Pangs
An+4 — U—tDan+2 Psyys —v_1Psnia

v 1)(2n+1)—t = =
(m+1)(2n+1) Bant6 — V—tBanta  Psny12 —v—¢Pspys’

where (By,,n > 0) is the Balancing sequence and (P,,,n > 0) is the Pell sequence.
Proof. The proof of Theorem 2.2 is based on Theorem 2.1 for (m + 1) —systems (1.0). O

Corollary 2.1. Let {u,,, v,,n > —m} be a solution of equation (1.0). Then, for t € {0,1,...,m},

 Pin2Qani2 — v—1 P1nQun
U2(m+1)n—t = 2
4n

}-34@471 4 — Uy PanioQuango’
int+4Qan+a — U—t Pant2Qanto

U(m+1)(2n+1)—t = ,
(mA1)( ) Piry6Qunte — Ut PintaQanta
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PypioQunyo — u—1 PipnQun

P47H]—D4Q4n 4= U_ fP4mP2Q4n

An+4Wan4+4 — V—tLan+2&an42
Pi16Qan+6 — V-t Pint4Qanta’
where (P,,,n > 0) is the Pell sequence and (Q,,,n > 0) is the Pell-Lucas sequence.

V2(m4+1)n—t =

U(m+1)(2n+1)—t

Proof. We see that it suffices to remark

a —bat +07 1
= =-P,Q, . [11]).
o bl a b 2 @n (see., [11])

n

O
Corollary 2.2. Let {u,,,v,,n > —m} be a solution of equation (1.0). Then, for t € {0,1,...,m},
" ~ Canyz = Ciny1 — v (Cang1 — Can—1)
2D Cys — Cings — V—t (Cangs — Ciang1) Banta
" _ Canys — Canyz — Ut (Canys — Canpa
() e )= G = Cants — t—t (Cants — Cants)’
" __ Canys = Cangr — vy (Cansr — Cin—1)
2t s — Cangs — Ut (Canys — Cant1) Banya
" _ Canis — Cany3 = v (Cang3z — Cania
() G ) =t O 7 — Cants — 0t (Cants — Cants)’
where (Cy,,n > 0) is the Lucas-Balancing sequence.
Proof. We see that it suffices to remark 16B,, = Cp,41 — Cp,—1 (see., [11]). O

Remark 2.1. There are many systems whose solutions can be expressed by Pell, Balancing and Lucas-Balancing

numbers, which are

1 1
7Un+1 = (SkivnvmeNOakz ]-7

Up+1 =
— Un—m

Ok — Vn—m
where &, = a* + b* € {6;34;198;1154;6726; ...} , k > 1. Using the results of Theorem 2.2, we get

B@nyyk — v—tBakn

U m n—
20mty) BQk%-&-l — v ka(2n+1)

2k(n+1) — U—t (2n+1)k

U(m+1)(2n+1)—t = Bans sy — tu—tBorgnry)

B@nyyk — u—tBagn

V2(m+1)n—t =
B2k%+1 —u_¢Bani1yk

2k(nt+1) — V—tBent+ )k

= k> 1.
Um+1)2n+1)—t = B

2n+3)k — U— tB2k(n+1)
3. GLOBAL STABILITY OF POSITIVE SOLUTIONS OF (1.0)

In the following, we will study the global stability character of the solutions of system (1.0). Obviously, the
positive equilibriums of system (1.0) are

U, = (ﬂhfl) =a? (1, 1) and Uy = (ﬂg,@g) = b2 (1, 1) .

Let the functions fi, fo : (0, +oo)2(m+1) — (0, +00) defined by
1 1
/ / _ / / —
fl (g[):mﬂ y0:m> - 34 _ Yn—m ) f2 (g(]:nﬂ yO:m) 34 _ Lo )
where 2, = (20, 21, -, 2m) - Now, it is usually useful to linearized system (1.0) around the equilibrium
point Us in order to facilitate its study. For this purpose, introducing the vectors X, := (X,,Y, ) where

mn» - n
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X, = (@n, Tn-1, s Tp-m) ad Y, = (Yn,Yn—1, ---» Yn—m) - With these notations, we obtain the following

representation
(3‘1) KnJrl = Fmim
where
/ 4
Q,(m—l) 0 Q(m,—l) b
F = I(m—l) Q(mfl) O(m—l) Q(mfl)
m ’ 4 )
Q(mfl) b O(mfl) 0

Om-1) Q1) Im-1) Q-1

with O ;) denotes the matrix of order k x [ whose entries are zeros, for simplicity, we set O := O 1) and
Oy = Ok,1) and I(,,) is the m x m identity matrix. We summarize the above discussion in the following
theorem

Theorem 3.1. The positive equilibrium point Uy is locally asymptotically stable.
Proof. After some preliminary calculations, the characteristic polynomial of £}, is
Pr, (A\) = det (Fm — /\1(2(m+1))) =A1(AN)— Ay (N,

where A; (\) = A2mFD and Ay (\) = b8, then |As (\)] < |[A1 (A)], VA @ |A| = 1. So, according to Rouche’s
Theorem, all zeros of A; (A) — Az (A) = 0 lie in the unit disc |A\| < 1. Thus, the positive equilibrium point Uy
is locally asymptotically stable. O

Corollary 3.1. For every well defined solution of system (1.0), we have lim u,, = lim v,, = b?.

Proof. From Theorem 2.2, we have

Bapto —v_1Byp

lim us(yy, = lim
+1)n—t
( ) Banta —v_tBanyo

1-— V_¢ 7354”
. n+2
=lim —
antd
Bant2 —t
1-— U_tb2 2
a“ — V_¢

Bants — u_tBanyo

lim vy, = lim

+1)(2n+1)—t
Binie — u—_tBinya
Byny2

1—u_
u t Banta

= lim
Bin+e
B4n+4
1— ’ll,_tb2
=" =

Uy
a? —u_y
Rest of the proof of lim v,, is similar to the proof of lim u,,, which completes the proof of Corollary 3.1. O

The following result is an immediate consequence of Theorem 3.1 and Corollary 3.1.

Corollary 3.2. The unique positive equilibrium point Us is globally asymptotically stable.



Pan-Amer. J. Math. 2 (2023), 9 7

4. NUMERICAL EXAMPLES

In order to clarify and shore theoretical results of the previous section, we consider some interesting nu-
merical examples in this section.

Example 4.1. We consider interesting numerical example for the difference equations system (1.0) when m = 1 with
the initial conditions u_1 = 2/3, ug = 4, v_1 = 0.4 and vy = —2/3. The plot of the solutions is shown in Figure 1.

Figurel.The plot of the solutions of system (1.0), when m = 1 and we put the initial

conditions u_y = 2/3,up = 4,v_1 = 0.4 and vy = —2/3.

Example 4.2. We consider interesting numerical example for the difference equations system (1.0) when m = 2 with
the initial conditions

T 0 1 2
u—; |0 4 —1.32
v_; ||2 5 0.16

Table 1. The initial conditions.

The plot of the solutions is shc 5

Figure 2. The plot of the solutions of system (1.0); when we put the initial conditions in
Table 1.

Example 4.3. We consider interesting numerical example for the difference equations system (1.0) when m = 3 with
the initial conditions
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1 0 1 2 3

u_; || 3 4 2 0.2

v_; |[04 2/3 —1 39

Table 2. The initial conditions.
The plot of the solutions is shown in Figure 3.

2.5 b

0.5 - 4

-0.5 [ B

Figure 3. The plot of the solutions of system (1.0); when we put the initial conditions in
Table 2.

In these examples, we show that the solutions of the system (1.0) for some cases are globally asymptotically
stable.
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